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Candidates should attempt each and every question. Please answer questions 1{

10 on the examination question paper, by circling the best answer. Questions 11{20

should be answered in the examination answer booklet provided to you. Each answer

can earn a maximum of 5 marks.

Throughout the examination, the linear model y = X¯ + " will be used, y and

" being (n £ 1) vectors, X being an (n £ k) matrix of rank k and ¯ being a (k £ 1)
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vector of coe± cients. X and y are observed, " and ¯ are not observable, but ¯ is known

to lie in a subset of a k-dimensional subspace of Rn. Sometimes X¯ = X1¯ 1+ X2¯ 2

in which X1 is (n £ k1) and X2 is (n £ k2), k1 + k2 = k. R [X] = L, R [X1] = L1 and

R [X2] = L2; X¯ = ¹ with components ¹1 2 L1 and ¹2 2 L2. L will be considered a

¯xed subspace and y » N(¹ ; § ¾2) with ¹ 2 L and § a pd matrix of order n. Finally,

when § = In, s2 =
n
y>(In¡ P)y
(n¡ k)

o
.

Part I

Multiple Choice Questions

1. The distribution of A>y+ b, where A is a known, ¯xed, (n £ m) matrix of rank m

and b is a ¯xed vector in Rm, is

a) N
³
A>¹; A>§ A¾2

´

b) A degenerate normal distribution with mean A>¹+ b

c) Â 2 (m; ±) ± =

(
(A>¹+b)>(A>¹+b)

¾ 2

)

d) N
³
A>¹ + b,A>§ A¾ 2

´

e) None of the above

2. If F = X
³
X>§ ¡ 1X

´¡ 1
X>§ ¡ 1, then F is
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a) A projection matrix on L along [§ ¡ 1L]?

b) Symmetric but not idempotent

c) Idempotent but not symmetric

d) A projection matrix on L along N
h
§ ¡ 1X>

i
= § ¡ 1L?

e) Both a) and c)

3. If Q is a non-singular, (n £ n) matrix such that Q§Q> = In, then Qy »

N(Q¹; In¾2) and
n
y>§ ¡ 1y
¾ 2

o
is distributed as

a) Â 2 (n; ±) ; ± =
n
¹>§ ¡ 1¹
¾2

o

b) Some unknown form, because § ¡ 1 is not idempotent

c) A doubly non-central F(n; 1) distribution

d) Â 2 (k; n)

e) None of the above

4. Let § = In. F =
n
y>(P-P1)y(n¡ k)

k2s2

o
is a test for the null hypothesis

a) ¹ = 0

b) ¯ = 0
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c) ¯ 1 = 0

d) ¹1 = ¹2

e) ¯ 2 = 0

5.
n
y>(P-P1)y
y>(I-P1)y

o
will be distributed as

a) Â 2 (k2; ±) ± = 0 when ¹ 2 L1

b) F(k2; n ¡ k1) centrally when ¹ 2 L1

c) ¯ f(k2=2) ; (n ¡ k) =2g, centrally when ¹ 2 L1

d) t(n ¡ k1), non-central at all times

e) ¯ f(k2=2) ; (n ¡ k1) =2g, centrally when ¹ 2 L1

6. Let Z be an (n £ k) ¯xed matrix of rank k such that
³
Z>X

´¡ 1
exists. Let

R [Z] =M. The projection matrix X
³
Z>X

´¡ 1
Z> may be described as

a) On M along L?

b) On L along M

c) On M along L

d) On L along M?
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e) None of the above

7. In question 6, let Z now be (n £ m), m ¸ k, of rank m, and consider the

orthogonal projection matrix on M, say Q = Z
³
Z>Z

´¡ 1
Z>. Let R [QX] = M0 a

k-dimensional subspace of M. The projection matrix on M0 along L? is

a) X
³
X>QX

´¡ 1
X>Q

b) QX
³
X>QX

´¡ 1
X>

c) ZM0

³
X>ZM0

´¡ 1
X> where M0 is an (m £ k) matrix such that M0 = R [ZM0]

d) (Q - P)

e) Both b) and c)

8.

(
y>§ ¡ 1X(X>§ ¡ 1X)

¡ 1
X>§ ¡ 1y

¾2

)
is distributed as

a) Â 2 (n; ±)

b) Â 2 (k; ±)

c) An unknown distribution because § ¡ 1X
³
X>§ ¡ 1X

´¡ 1
X>§ ¡ 1 is not idempotent

d) Â 2 (n ¡ k; ±)

e) None of the above
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9. If H0: A>¹ = 0; ¹ 2 L is to be tested, the regression subspace on H0 is L0 and

L?0 \ L is

a) L \ N
h
A>

i

b) R [P - P0] where P0 is the orthogonal projection matrix on L0

c) R [PA]

d) a) and b)

e) b) and c)

10. If B> is a partial isometry matrix of order (k £ n) for the subspace L, then B

is de¯ned by

a) kB>xk = kxk for all x 2 L

b) B>x = 0 for all x 2 L?

c) B>B = Ik

d) BB> = P

e) a) and b) OR c) and d)
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Part II

Other Questions

11. If ^̄ is the OLS estimator of ¯ and ~̄ is the GLS estimator of ¯ , state the necessary

and su± cient condition for ^̄ = ~̄. Illustrate your answer with a simple example.

12. You are given the following two-equation model
2
6664
y

w

3
7775 =

2
6664
X 0

0 X

3
7775

2
6664
¯

°

3
7775 +

2
6664
"

´

3
7775

where y, X and ¯ are as discussed above, w is (n £ 1) ; ° is (k £ 1) and
2
6664
"

´

3
7775 » N (0; ­ )

where

­ =

2
6664
In¾2" In¾"´

In¾ ´" In¾2´

3
7775 =

2
6664
¾ 2" ¾"´

¾ ´" ¾2´

3
7775

O
In.

Demonstrate that the OLS estimator of

2
6664
¯

°

3
7775 is the same as the corresponding GLS

estimator, by writing 2
6664
X 0

0 X

3
7775 = In

O
X.

13. In y = X¯ + "; " » N(0; § ¾2), given that ^̄ (OLS) = ^̄ (GLS), D
h
^̄

i
= D

h
~̄

i
.

Find D
h
^̄

i
and show that it is equal to D

h
~̄

i
, when ^̄ = ~̄.
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14. The model y = X¯ + "; § = In, is divided into two time periods 1; 2; ¢¢¢; q

and q+1; q+2; ¢¢¢; n. Let q and (n ¡ q) be each greater than k. In the ¯rst period

(I) the coe± cients vector is ¯I, in the second period (II) the corresponding vector is

¯ II. Brie°y explain how to test the null hypothesis ¯ I = ¯II.

15. In question 14, how would you check that ¾ 2 for period I is the same as ¾ 2 for

period II. Why is this important?

16. Suppose now, in question 14, that (n ¡ q) < k. Explain how you would modify

your answer to question 14 to test H0: ¯ I = ¯ II.

17. In the model y = X¯ +"; § = In, it is desired to test that H0: B>¯ = 0 where

k = 5 and B is the (5 £ 3) matrix of rank 3

B =

2
6666666666666666664

1 0 0

¡ 1 2 0

0 0 2

0 0 ¡ 1

0 1 0

3
7777777777777777775

:

Express H0 in freedom equation form and con¯rm that, if ¯ = M® is this form, then

B>M = 0.

18. In the model y = X¯ + "; § = In and two estimators of ¯ are proposed

^̄ =
³
X>X

´¡ 1
X>y and ~̄ =

³
X>AX

´¡ 1
X>Ay where A is the orthogonal projection

on another subspace of dimension K ¸ k, such that X>AX is non-singular. EA" =
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AE" = 0. Show that

~̄ ¡ ^̄ =
³
X>AX

´¡ 1
X>AMy

where M = (In ¡ P) :

19. Given
³
~̄ ¡ ^̄

´
takes that form displayed in question 18, ¯nd its dispersion

(variance-covariance matrix), treating both X and A as ¯xed, and hence show that

³
~̄ ¡ ^̄

´> h
D

³
~̄ ¡ ^̄

´i¡ 1 ³
~̄ ¡ ^̄

´
=
y>MAX

³
X>AMAX

´¡ 1
X>AMy

¾2
= Q.

How is Q distributed?

20. Let AX = W in question 19. An estimate Q̂ of Q in the same question may

be obtained by replacing ¾ 2 with ¾̂2. This may be done by calculating the F{statistic

for the null hypothesis H0: ° = 0 in the regression

y = X¯ + W° + r,

where, on H0, r » N(0; In¾2). Show that

Q̂ = kF

and state the approximate distribution of Q̂ when n is 'large'.
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