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Candidates should attempt each and every question. Please answer questions 1{
10 on the examination question paper, by circling the best answer. Questions 11{20
should be answered in the examination answer booklet provided to you. Each answer

can earn a maximum of 5 marks.

Throughout the examination, the linear model y = X + " will be used, y and
" being (n£ 1) vectors, X being an (n £ k) matrix of rank k and ~ being a (k £ 1)
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vector of coex cients. X andy are observed, " and  are not observable, but  is known
to lie in a subset of a k-dimensional subspace of R". Sometimes X = X; ;+ X, ,
in which X1 is (n£ kj) and X, is (n£ ky), k1 + ks =k. R[X]=L, R[X;]=L;and
R[X;] = L,; X = with components ; 2 L; and 1, 2 L,. L will be considered a

~xed subspace and y » N(*; § %?) with * 2 L and § a pd matrix of order n. Finally,

n (o]
— 2 — = Inj P
when § = |n,S = W .

Part |

Multiple Choice Questions

1. The distribution of A”y+ b, where A is a known, ~xed, (n £ m) matrix of rank m

and b is a xed vector in R™, is
e) None of the above
3 - 1
2. 1fF=X X>8i1X '"X>§i1 then Fis
a) A projection matrix on L along [§1L]”
c) ldempotent but not symmetric

e) Both a) and ¢)



3. If Q is a non-singular, (n £ n) matrix such that Q8§ Q™ = I, then Qy »

n i (@]
N(Q%; I,%2) and =5~ s distributed as

~ n1> i11O
a) A2(n; 4); £= ——

%2

n_ o
4. Let§ =1, F= XHEEY s 3 test for the null hypothesis

kos?

n (o]
= P'Pl . . .
5. M—Hy>(l_Pl)y will be distributed as

c) T(k,=2); (nj k)=2g, centrally when1 2 L,

s .
- : il
6. Let Z be an (n£ k) xed matrix of rank k such that Z~X ' exists. Let
s .

R [Z] = M. The projection matrix X Z=X Hiz> may be described as
d) On L along M?

7. In question 6, let Z now be (n£ m), m , k, of rank m, and consider the
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3
il
orthogonal projection matrix on M, say Q = Z Z>Z ' 'Z>. Let R[QX] = My a
k-dimensional subspace of M. The projection matrix on M, along L7 is

3

b) OX X=OX ‘X

3 -

il
c) ZMo X>ZMg ' X> where Mo is an (m £ k) matrix such that Mo = R [ZMo]

e) Both b) and c)



>§i1XX>§i1Xi]‘X>§i1 ) ) )
8. 2 ( 7 ) > is distributed as

b) A2 (k; )

9. If Hy: A1 =0; 1 2 L is to be tested, the regression subspace on Hy is Ly and

Ly \Lis
b) R[P - Po] where Py is the orthogonal projection matrix on Lo
¢) R[PA]
e) b) and c)

10. If B™ is a partial isometry matrix of order (k £ n) for the subspace L, then B

is de ned by
a) kB”xk =kxk for all x 2 L
b) B>x =0forall x2 L~?
c) BB = Ik
d) BB =P

e) a) and b) OR c¢) and d)




Part |1

Other Questions

11. ® =~ i® L is invariant under §. Eg. Let 8§ =1,(1j %) +ee”h0<h<l,
where e is the equiangular vector in R" and the rst column of X. Then Pe =e and

s .
PSP = P Ih(1j % +ee’% P
s .
= P@j%+ee™ P
s .

= In(lj % +ee"% P

= §P.

If PSP = §P for some P on L, then L is invariant under §.

12. For- =§- 1, ) 5

s=f

Yo %2

and the regression subspace 12? [I23— X] = La, let P. be the orthogonal projection on
L, then P, = (I, - P). Let§ z = . Then (OLS) = fi(GLS) i® L, is invariant
under -. This is the case because

Po-P, = (|2— P) (§ - |n)(|2— P)

= §-P



= (B -Mh)(I2-P)

= -P..

13. For x and z in R¥

h3 - 3 “ Y - 3 "y . -3 " K
= = . 1 . . i .
D x;~ : z: = D x; x8ilx "x78ily: z; x78ilx "x7gily
- 3 '_1 3 ,'l -
. i . R R
= x; X811 ""x78ilg8ix x7gilx Tz %2
3 .

i L.
. 1
= x xX78§ilx Tz ¥2,

3 - 3 - 3 -

1 1 . il — .
Thus D = x>x ' "x”8x x>x ' ¥%2and D~ = x7§ilx ' %2 If* =" thenitis
possible to write § x = xM for some ns M (k £ k); thus § ix = xMi ! and

3 - 3 -

1 A il il
3/—2D = XX XXM x“x
4
. -
il
= M XX
3 ’.
1
= x"xMmi!
s .
Lt
= x7§ilx .

2 2
"
g ' z+§ zwithni g > k is H. This model has



2 3 2 3
X 0 P O
regression subspace L, = RE z with op given by z = P,. When
0 Xj 0 Py
2 3 2 3 2 3 2 3
_ _ _ Yi X 7_ " X
Ho: = = , = + . Of course, = X the
yi X "I X
orthogonal projection onto L is P. Thus
“(P.j P i 2k
F—y (Pi P)y ni » F(k;nij 2k)

v (i Py K
non-central on H, central on Hy. Hence:
1. Fit each period separately and determine

2 — rSn
Si="

2. Fit the model on Hy, yielding S? = %>

residuals on Hy.

3. Form

F=

“ where " =

2 _ n>n
St ="

OO N
UNRN

and * are the

Si SfiShni %

St + Sfi

Kk

4. If F>F(k; nj 2k),.o5 €.9. then Hy is rejected, if not, do not reject Hy. Alterna-

tively, state a p-value and make an appropriate conclusion.

15. Checking that %2 = %2, is vital because Ho and H are formulated on the



assumption that %2 = %%,. The required test is (from Question 14)
—s”
—”11"‘ ; » F(ntj kn2j k):

nzi k=11

The denominator here is S and the numerator is S,. The tables for F usually given

only probabilities in the upper tail. If therefore S{ > S7, the test above is satisfactory.
b
Otherwise use %29- » F(n2 i k;nyj k).

16. When k > (n j q), the second-period regression can be made to t perfectly.

Recognizing this

2

P, O

=
0 Thig
3_A _’> 3_A _'
which is still an op. Then y” (P.j P)y may be written ™, i = x7x1 i~ +
3 - 3 -
>

i X2©  yni X2© andy” (lhi Pa)y=y'(lgi Pi)yi. Thus

y“(P=i P)y qik
Yr(qi P)ynig
A . =

T X T+ i XS Vi X g k.
¥i (qi P)Y niag

3 - 3 -

If B> =0 is as given, then
2 3

1 i1 0 0 O

0 2 0 0 1 =0

0 0 2 j10

implies

1i 2 =0



Since k =5 and r = 3, the number of independent coext cients is 2. Let these be ®;

and®,. Set®, = ;) ,=0

2 1
2 3
_1
_2
- 4=
_4
5

2

Then B™M

as is required.

and 5 = j20®,. Setting ;=®,; , =2®,. Hence

3
0
02
®
1§ = M®.
®7
2
0
2 3
1 0
3
0 0 O 1 0
0 0 1 0 1
2 i1 0 0 2
i2 0



3 - 3 -
18. 7= x>X ''x*y = X>AX ''x>Ay EA"=0.
= A N > ’il > N > ’il >
i = X AX X Ayj XX Xy
3 ’_1' 3 ’_1 -
= XTAX'T XTAj XTAX XX '"X>y
3 “.1h i
= X°AX '~ XCA(.i P)y
3 ’.
= X*AX ' TXZAMy.
19.
3 g 3 ’_1 3 ’-1
D~i”" = X>AX '"X>AMD[y]MAX X>AX '
3 '_1 3 '_1
= X”AX '~TXAMAX X”AX ' %%
Hence
3 -A’h 3_ -A’ii13_ -A'
T D 7j T
> ? > ’11.3 > ,il > ? > ’i ,i13 > ’il >
y"MAX X>AX XZAX ' TXTAMAX XZAX XZAX ' X>AMy

3,2
. N Y
1

y>MAX X>AMAX ' x>AMy

3/42

= Q

1> MAX(X>AMAX)" 1 x> Amt
%

Q» A2(k; 1) = . Hence if 2 L; £+=0.

20. Let AX = W. Then
3 - .
Yy MW WMW ' wEMy
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consider the following regression
y=X +W°=r

If this were a regression with r » N(0; %°mly) the standard F-test for Ho : p= 0 is

3

-
y"MW WMW ' “W=My n; 2k
y>(ni Pa)y ok

» F(k;nij 2k)
P being the op onto R[X : W]. It follows that
kF=Q

when Yloi2el = 22§ § A2(k; 1) +=0when® 2 L.
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