Probability and Statistics
Fall 2000

LecT. 7: JOINT DISTRIBUTIONS CONDITIONAL DISTRIBUTIONS,

INDEPENDENCE OF RANDOM VARIABLES (CB 4.1-4.2, 4.6)

Definition 1 A N -dimensional random variable is a function from the sample space to RN .

Definition 2 Let (X,Y) be a discrete bivariate vector. Then the function fxy(z,y) from
R? to R, defined by

fxy(@,y) = Pr(w e QX (w) = 2,Y(w) =),

is the joint probability mass function of (X,Y).

Example: Toss a coin three times. The sample space is

Q= {HHH,HHT,HTH,HTT,THH,THT, TTH, TTT}.

An example of a bivariate random variable is (X,Y"), where X (w) is the number of heads
in the first two tosses, and Y (w) is the number of heads in the last two tosses. Assuming
the coin is a fair one, and the probability of heads is 1/2 at every toss, with different tosses

independent events, the joint pmf is

1/8 if (z,y) = (0,0) (we{TTT}),
1/8 if (z,y) = (0,1) (we {TTH}),
1/8 if (z,y) = (1,0) (we {HTTY),
) 2/8 if (z,y) =(1,1) (we {HTH,THTY),
Per(®0) =9 18 it (o) = (1,2) (we {THH)}),
1/8 if (z,y) = (2,1) (we {HHT?}),
1/8 if (z,y) = (2,2) (we {HHH}),
0 otherwise.

\
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The fact that we define two random variables does not change the definition of the probability

mass function for any of the variables. Ignoring the definition of Y (w), the pmf for x is

1/4 ifz=0 (we {TTT,TTHY),
fe(e) =) 24 ife=1 (we{HTH HTT,THH THT}),
Y=Y 14 ifa=2 (we {HHT,HHH}),

0 elsewhere.

Similarly we can calculate the pmf for Y. In the context of joint random variables we
typically refer to these single variable probability mass functions as marginal probability

mass functions. In general they can be calculated from the joint pmf as
fx(x) = Pr(w € QX (w) = z)
=Prwe QX (w)=xz,—-00 <Y(w) <o0) = fxy(z,vy),
y
and similarly

fy(y) = foy(a:,y)-

Given the joint pmf we can calculate probabilities involving both random variables. For

example,

Pr(X<1Y>1)=PrweQX(w) <1L,Y(w)>1)= > fxy(z,y)

z<l1,y>1

= f(0,1)+ f(1,1)+ f(1,2) =1/2.

Alternatively we can have joint continuous random variables:

Definition 3 Let (X,Y) be a continuous bivariate vector. Then the function fxy(x,y) from

R? to R is the joint probability density function of (X,Y) if it satisfies
[, Py (@ y)dady = Pr(w € Q(X (@), Y (@) € A),

for all sets A.
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Example: Pick a point randomly in the triangle (0,0),(0,1),(1,0). Let X be the z—
coordinate and y be the y—coordinate. A reasonable choice for the joint pfd appears to

be

fXY(xay) =G

for {(z,y)|0 < x < 1,0 <y < 1,z +y < 1} and zero otherwise (that is, constant on the
domain). What is the appropriate value for ¢? Note that we know that the probability of

the entire sample space is equal to one, so:

l=PrweQ)=Pr((X,)Y)e{(r,y)0<z<1,0<y<lz+y<1})

1 rl—y
= ny(x,y)d:Edy:/O/o cdxdy

{(z,y)|0<x<1,0<y<1,z+y<1}

1
:/ c-(1—y)dy =c/2.
0
Hence ¢ = 2. (Note here that in general we can write such integrals in different ways:

T pl-y 1 rl—2x
g(w,y)dwdyzfofo g(x,y)dwdyzfofo 9(z,y)dydz,

\/{(z,y)0<z<1 O0<y<l,z4+y<1}

depending on the order of integration, without changing the result.) The marginal pdf’s are

in this case defined as
00 1—x
Ix(x) :/_ fXY(fU,y)dy:/O 2dy = 2 — 2z,

for 0 < z < 1 and zero otherwise. Similarly

fr(y) =2 —2y, 0 <y < 1, and zero otherwise.
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Expectations are calculated in pretty much the same way as before, but now involving

double sums or integrals:

Er(X,Y) = [

T

Lr($7 y)fXY(xv y>dyd$a

for continuous bivariate random variables, and
E[T<X7 Y)] = Z Z T(I, y)fXY(xa y),
Ty

for discrete bivariate random variables.

Example (ctd): Consider the expected value of XY in the previous example:

11—z

1 -z 1 1
E(XY) :/0 /0 Qxydydx:/o ry? dx:/o x(1 — z)*dx

0

43: 3:6 —|—2:U

1
3 2

= -2 dr = —.

/Oaz r° + xadx . D

Recall how the conditional probability of events was defined:

PT(E] ﬂEg)

PT(E1’E2) = PT(EQ)

provided Pr(E;) > 0. We can do the same thing for bivariate discrete random variables:

Definition 4 Given two discrete random wvariables X and Y with joint probability mass

function fxy(x,y), the conditional probability mass function for X given' Y =1y is

~ fxv(x,y)
fxiy(zly) = i)

provided fy(y) > 0.
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Example (ctd): Consider the distribution of X given that ¥ = 1. In that case we are
conditioning on w € {HTH, HHT,THT,TTH}

/4 =0 (we {TTHY),
2/4 w=1 (we{HTHTHT}),
Pav@Y =D=9 14  5-9 (we{HHTY),

0 elsewhere.

Note that this is the same as the marginal pmf of X. This is not true if we condition on

Y = 2. In that case we condition on w € {HHH,THH}:

1/2 =1 (we{THH}),
Fav@lY =2)={ 12 w=2 (we{HHH))
0 elsewhere.

For continuous bivariate random variables things are a little more complicated because
the probability that they take on a particular value is zero, and conditional probabilities
are not defined when the probability of the conditioning event is zero. Nevertheless, the
definition of conditional probability density functions is very similar to that of conditional

probability mass functions:

Definition 5 Given two continuous random variables X andY with joint probability density

function fxy(x,y), the conditional probability density function for X given'Y =y is

fxy(zly) = bifi(—éf)

To see why this works we first look at the conditional cumulative distribution function where

we condition on Y € (y,y + A), which does have positive probability for nonzero A:

PriX <z,y<Y <y+A)
Priy<Y <y+A)

Pr(X <2)|Y € (y,y+ A)) =

- f;”A fxy (u,v)dvdu

o0 f;’+A fxy (u, U)dvdu'
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Now take the limit as A goes to zero. In that case both numerator and denominator go to
zero, so to get the limit we have to use 'Hospital’s rule and differentiate both numerator

and denominator with respect to A. In that case we get:

o ffoo fXY(uﬂy)du _ ffm fXY<u7y)du
Fxiv (aly) = I Fxv(u, y)du fr () '

Take the derivative with respect to x to get the conditional probability density function:

~ fxv(x,y)
fX\Y(:E|y) - fY(y) :

This is not, however, the conditional density of X given Y = y. Its interpretation is that of
the limit of the conditional densities, conditioning on y < Y < y + A, and taking the limit

as A goes to zero.

Definition 6 Let (X,Y) be a bivariate random vector with pmf/pdf fxy(x,y). Then the

random variables X and Y are independent if

fxv(z,y) = fx(x) - fr(v),

where fx(x) and fy(y) are the marginal pdf/pmf’s of X and Y.

Result 1 The two random variables X andY are independent if and only if the joint pdf/pmf

can be written as

fxv(z,y) = g(z) - h(y),

for all —oo < x < 00, and —oco < y < 0.

Proof:
If X and Y are independent, then we can choose g(x) = fx(x), and h(y) = fy(y) and the
result is trivial. Now suppose we can factor the joint density of X and Y as fyy(z,y) =

g(x) - h(y). Then the marginal density of X is

fx(r) = /yfxy(fv,y)dy = g(fﬂ)/yh(y)dy-
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Similarly

fr(y) :/foY(SU,y)dSUIh(y)/xg(:v)d:v.

The product is equal to

Fx(@) - frly) = g(@)h(y) [ g()dr [ h(y)d

T

= fxv(z,y) /

T

/fXY(:Ev y)d:zcdy = fXY(:Ea y)v
Yy
which completes the proof. O

Result 2 Let X and Y be two independent random variables. Then
(i) fxy(zly) = fx(x), and
(i) fyix(ylz) = fr(y).

Example (ctd): In the previous example we had
fxv(z,y) =2, O<z<l, 0<y<l, z+y<l, and zero elsewhere.

It may appear that X and Y are independent by the previous results: choose g(x) = 2 and
h(y) = 1. The reason this does not work is because of the restrictions on the values of X

and Y. To see this write

fxv(z,y)=2-1{0<z <1} - {0<y <1} -H{z+y <1},

for all —co < 2 < 0o and —oo < y < oco. The indicator function 1{A} is equal to one if
the argument is true and zero if it is fals. This indicator function 1{z + y < 1} cannot be
seperated into a function of x and a function of y and therefore X and Y are not independent.

O

Consider two random variables X and Y with means py and py and variances o% and

0% respectively. The covariance of X and Y is defined as

C(X,Y) = E[(X = px) - (Y = py)],
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and the correlation coefficient as
pxy = C(X,Y)/(oxov).

The mean and variance of the sum X + Y are
EX +Y] = px + py,

and
V(Xy) =o0% +o0y +2-C(X,Y).

If the two random variables are independent, the covariance is zero (note that the reverse is

not necessarily true), and the variance simplifies to the sum of the variances 0% + o%.

To see how tricky conditional probability density functions can be with continuous ran-
dom variables, consider the Borel-Kolmogorov paradox. The joint density of two random

variables X and Y is

fyx(y,z) = exp(—z — y),

for x,y > 0. The marginal density function of X is
fx(z) = exp(—z).

The conditional density of X given Y =1 is
fxy(@ly = 1) = exp(—z),

because X and Y are obviously independent.

Now consider the transformation from (X,Y’) to (X, Z) where Z is (Y — 1)/X. The
inverse of the transformation is X = ¢1(X,Z) = X and Y = ¢(X,Z) = XZ + 1 with

Jacobian (the correction factor that we have seen before in the univariate case)

%%(;U,Z) %(I,Z) — ]' < :|l‘|
“H(r,2) F2(w,2) 0 x ’
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the joint density of Z and X is

fzx(z,x) =x-exp(—x — xz — 1),

for z > —1/x and = > 0.

Let us calculate the marginal density of z. For z > 0, the marginal density is

! N /OOO z(z+ 1) exp(—z(z + 1))

fz(2) = /Oooxexp(—gg(z +1))e 'dr =¢ —

1
e(z+1)%

For z < 0, the marginal density is

1
z+1

fz(2) = /O_UZ:EeXp(—x(z +1))e tdr = ! /O_l/zx(z + 1) exp(—z(z + 1))

[ ~1/z —-1/z

B e(zl—i- 1) ' __"E exp(—z(z + 1)) . +/0 / exp(—z(z 4 1))dz
- —-1/z

- o FeR /) - e+ )| ]

_ 6(21 5 % exp((z +1)/2) — . Jlr . exp((z +1)/2) + i}

Take the limit as z | 0 and 2 1 0 to get in both cases f7(0) = e~
The conditional density of X given Z = 0 is then

fxiz(z]z =0) = %{i;) e x exp(—1),

for x > 0. The paradox is that Z = 0 implies, and is implied by, Y = 1, yet the conditional
density of X given Z = 0 differs from that of X given ¥ = 1.

The reason is in the way the limit is taken. In one case we take the limit for 1 <Y < 1494.
In the other case we take the limit 0 < Z < §. The latter is the same as the limit 1 < Y <
1 4+ dx which is clearly different from the first limit. For fixed § the latter conditioning set

obviously includes more large values of X.



