Probability and Statistics
Fall 2000

LECT. 16: LARGE SAMPLE PROPERTIES

OF MAXIMUM LIKELIHOOD ESTIMATORS, CB 7.3.4-7.4.2

If there is an Minimum Variance Unbiased Estimator with variance equal to the Cramer—
Rao bound, then the MVUE is equal to the Maximum Likelihood Estimator (MLE). In this
case everything works out fine. The question arises what to do when this is not true. We
can still calculate the maximum likelihood estimator. It is no longer unbiased, so it cannot
be the MVUE. Nevertheless, it is going to have very similar properties approximately, in a

large sample sense.

Example

Let X4,...,X, be a random sample from an exponential distribution with arrival rate \*:
fx(z; \*) = A exp(—zA*). The Cramér-Rao bound for the variance is A**/N. The log

likelihood function is

N
LA) =) "Inx -\,
i—1

and the maximimum likelihood estimator is A = 1 /z. What can we say about the large

sample properties of this estimator. Using a law of large numbers we have
7 B[X] =1/,

SO
A=1/z 2 1/E[X] = A"

Using a central limit theorem we have

VN - (z = 1/X7) = N(0,1/772).



Lecture 15, EC203a 2000 2
Then we can use the delta method to establish that
VN - (9(2) = g(1/A") =5 N (0.9 (1/X7)*/A").
Applying this with g(a) = 1/a, and thus ¢’(a) = —1/a?, we get
VN - (1/2) = X)) =5 N0, A\ /X*2) = N(0, A*2).
Hence, approximately,
A~ N, N2/N).

So, approximately, in large samples, this maximum likelihood estimator is unbiased, and
has variance approximately equal to the Cramér-Rao bound. This is true in general for

maximum likelihood estimators. O

Result 1
Let Xi,...,X, be a random sample from fx(x;0*). Let 0 be the maximum likelihood

estimator:

N
0 = argmax, > In fx(z;0).

i=1

Then 6 is consistent for 0*:
0 -2 0%,

and 6 has asymptotically a normal distribution:
VN —07) -5 N0, (07,

where Z(0*) is the single observation information matrix:

8 In fX
00

8 In fX
00

82 In fX

(") = E 7

(X;07) -

(X;@*)} - —E[ (X;07)].
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(]
First let us interpret this result relative to the Cramer—-Rao bound. The CR bound
implies that no unbiased estimator has a variance smaller than
(") '/N.
The maximum likelihood estimator has an limiting normal distribution

VN = 0*) = N0, Z(6%)71),

implying that for fixed, large N,

~

VNG — 0%) ~ N(0,Z(6%) ).
This in turn implies that
émle ~ N(e*a I(Q*)_l/N)

Now if this distribution was exact, the mle would be the minimum variance unbiased es-
timator. These distributions are however not exact, but only hold in large sample sense.
In large samples, however, the maximum likelihood estimator cannot systematically been

beaten: either the estimator must have a bias or a larger variance.

Example

To illustrate what this means consider an example we have looked at before, where the max-
imum likelihood estimator differs from the minimum variance unbiased estimator. Suppose
Xi,..., Xy are a random sample from a normal distribution with unknown mean g and un-
known variance o2. We are interested in the variance ¢?. The minimum variance unbiased

estimator is
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The maximum likelihood estimator is

i
N

As the sample gets large, the two estimators get close to each other. They are both consistent

and have the same large sample distributions.
VN - (W —0?) =5 N(0,2 - oY),

and
VN - (Ws — 0?) =5 N (0,2 ),

O

Proof of Result 1:

For each value of 6, we can apply a law of large numbers so that

1, 1 &
)= 5 2 In fx(X;;0) — E[ln fx(X;0)].
i=1

In addition we know from Jensen’ inequality that
0" = argmaxE[ln fx(X;0)].
To get the result that
L0 = B ! Lo)] = o
argmax = argmaxF | =07,

we need that the convergence is not just pointwise, but uniform in 6, that is,

sup
0

This implies that the convergence to the limit is not much weaker for some values of 6 than

for others. It requires stronger regularity conditions than pointwise convergence. (Sufficient



Lecture 15, EC203a 2000 )

but not necessary is that In fx(x;0) < k(z), with k&(X) < oo.) In large samples at the
maximum likelihood estimator the derivative of the log likelihood function must be equal to

Zero:
290 =

Now expand the derivative of the log likelihood function around the true value of theta:

0= 92(0) = T(07) + = (0) - (6 0),

for some 0 between 0* and 6. In large samples 0 — 0*, and therefore 6 — 0*. Rearranging

this gives

or

V- 0-0 = [0 /5] [0/ VR

In large samples

9L N Pl fy - )
—w(e /N _N 892X x4;0) = I(6%),

converges in probability to the information matrix Z(6*). The second part,

O g) VN = Nz““fx v 6N (0,Z(0%) ),

because it satisfies a central limit theorem with variance equal to the information matrix.

This completes the argument.

Finally, let us consider the case where there is more than one parameter. Let § = (0, 6;).

The extension of Result 1 to this case is Result 2
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Let Xi,..., X, be a random sample from fx(z;65,607). Let 0 be the maximum likelihood

estimator:

N
(0o, 01) = argmaxy, 4, Zln fx(i;60,01).

i=1

Then (6y,0,) is consistent for (65, 07):

%\ o, (%
01 o )’

and (6o, 0;) has asymptotically a normal distribution:

éO_QS d 0 * ) —1
(g ) ((5) e o),

where Z(60,07) is the single observation information matrix:

105,07) = E [ Zlée;x (X:05,07) - S5 (X505, 07) - 25505, 07) - Z%Q;‘X (X065, 07)
| ol (X565, 07) - T (X505, 07) TR (X505, 67) - T (X5 0, 67)

00000¢ 000061

32In f . 22Inf .
aelnaef (X 65, 07) aelnae)f (X 65, 07)

_ | s 32'"fX<X;esﬁT)]




