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LEcT. 12: EVALUATING ESTIMATORS, SUFFICIENCY, CB 7.3.1, CB 6.1.1

We are still in the context of a random variable X with a probability density (mass)
function fx(z;0*), for some unknown 6*, and with the function fx(:) known. We have
considered three approaches to estimating 8* — Bayesian, Method of Moments and Maximum
Likelihood. How should we think about comparing these estimators. Given an estimator

W(X), and a realization x, our estimate is W (z). The estimation error is
W(z) — 6.

We clearly want to make this error as close to zero as possible. Suppose we measure the

“loss” as a result of the estimation error as quadratic in the error:
Loss = (W (z) — %)%

Given two estimators Wi (X) and W5(X) we can then attempt to choose between them on
the grounds of expected loss, in this case mean squared error. For an estimator W (X) this

equals
E[(W(X) — 6*)2.

Is this a useful criterion for choosing estimators? Consider a random variable X with an

exponential distribution with mean p. We have a single observation. Recall
E[X] = p,
E[X?) = 2u*.

So consider the four estimators
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WQ(X) =2 X7
and, based on the fact that F[X?] = 22

W5(X) = /X2/2 = X/V2,

and finally,
Wy(X) = 3.

Which of these estimators is best in terms of mean squared error? In general, for linear

estimators,

Bl X +b—p)?|=(EBla-X+b—pu)*+V(a- X +)

—((a=1)-p+b’+d® 2=0*+b-(a—1)-p+ ((a—1)2+1) - p2

Calculating this for all four estimators we get

E[(Wh —w)*] = u?,

E[(Wy — p)*) =5 4%,

E[(Ws —p)’] = (4—2-v2) 4%,
and

E[(Wy — ) = (3—p)*.
We can rule out the second and third estimator (the latter only barely), but we cannot

determine whether W, or W is better; the answer depends on the value of u which is

exactly what we are trying to estimate. The conclusion is the mean squared error is not a
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generally useful criterion for evaluating estimators because there are many estimators that

cannot be ranked according to this criterion.

We therefore add a condition to the estimators, implying that the set of estimators we
look at is limited enough for the criterion to be useful. If you look at the example you see the
reason that we cannot rule out Wj, although that clearly is a silly estimator, is that it does
extremely well in some cases, namely when p is close to 3. It does so, however, at the expense
of doing really badly for other values of . We therefore limit the search to estimators that
do well in some sense everywhere. Specifically we restrict ourselves to unbiased estimators,

that is estimators with
EW(X)] =0,

for all possible values of 8*. This clearly rules out W3 in the above example.

This does not, however, come without a price. It rules out some estimators that are
perfectly sensible. Suppose X has a normal distribution with mean ;. and variance o2, with

both p and o2 unknown. Consider the two estimators for o:

W= S 2
= ——> (. — 1),
' N—1:5

and the maximum likelihood estimator
1
- ~ Z:

The first estimator W is unbiased while W5 = W1 (N — 1)/N is not. To see this, consider

A R E v AR E S W R R

i=1

N N

D (wi—x) (T —p) =T —p) D> (ri—

i=1 i=

—_
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Hence

oc’=F [% Z;(:zcZ - p)ﬂ =F [% > (i — ZE)2] +0?/N,

1=

—_

which implies

1Y N -1
E|— =) =0 ———.
[ N ;(:U z) ] o I
However, the mean squared error of W5 is lower than the mean squared error of W;. In

other words, by restricting ourselves to unbiased estimators we are limiting ourselves in a

serious way, and not just getting rid of useless estimators.

Now let us consider the following problem. We have a random variable X from a dis-
tribution fx(z;6*). We are looking for the estimator that minimizes mean squared error
among all unbiased estimators, or what is called the minimum variance unbiased estimator.
This is a “big” problem, and we will put some structure on this search. The first step is to

consider sufficient statistics.

Example

Suppose (X,Y) has a joint pdf

frx(y,x;0) = 0 exp(—x0) \/12_7r exp (_%y2> _

In other words, X and Y are independent, Y is standard normal and X has an exponential
distribution with arrival rate #. How is Y useful for estimating 67 It clearly is not. Hence
any estimator that is “optimal”, should depend only on X and not depend on Y. This
concept of all the information about the parameter being contained in part of the random

variables is call sufficiency. O

Definition 1 A statistic T(X) is a sufficient statistic for a parameter 0 if the distribution
of X giwven T" does not depend on 6.

First consider the example above. In that case T'(X,Y) = X is a sufficient statistic.

The distribution of (X,Y’) given X does not depend on 6. This is clear: the conditional
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distribution of Y given X is standard normal, and given X, X is a degenerate random
variable.

Intuitively, a sufficient statistic captures all the information about 6 that is available in
the sample. The distribution of X given T" does not change depending on the value of 6, so

there is no point in using those values.

Example
Suppose X1, ..., Xy have Binomial distributions with parameters 1 and p. The joint pmf of
X TR X N is

fxyxn(@i, ..o zN; D) :pZXi (1 _p)NfZXi_

A guess for a sufficient statistic is the number of successes, T' = > X;. The pmf of T is

binomial with parameters N and p:

it = () weamm

The conditional pdf of X;,..., Xy given T' =t is

N
le,...,XN|T('CE]7'"7:UN’T:t):1/< t )7

for t = 3" x;, and zero elsewhere. This distribution does not depend on p, and so the order

of the successes and failures is not important, only the total number. O

There are two issues left. One is the question how to find sufficient statistics, and second
how to actually use the result that you only have to consider estimators that are a function

of the sufficient statistics.
First consider the problem of finding a sufficient statistic. The most important tool is

the following factorization theorem:

Result 1 (FACTORIZATION THEOREM )
Let fx(z;0) denote the pdf of a random variable X. A statistic 7' = #(X) is a sufficient
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statistic for 0 if and only if there are functions g(¢) and h(x) such that the pdf can be written

as

fx(z;0) = g(t(z);0) - h(x),
for all values of 6.

Proof of the Factorization Theorem (for the discrete case only).

First we proof that the factorization implies that 7" is indeed sufficient. Consider the

marginal density of 7"
fr(t;0) = Z frx(t, z;0).

Conditional on X = z, T has a degenerate distribution, as it is a function of X: pr(T' =1t) =1

for ¢t = t(x) and zero elsewhere. Hence,
Jrx(t,z;0) = fx(2;0) = g(t;0) - h(x),

for t = t(x), and zero elsewhere. Then
fr(t;0) = g(t;0) Zx: h(z).

The conditional density of X given T' =t is then

_ fxr(x,t;0) g9(t;0) - h(z) h(z)
t0)C h(z)  E.h(z)

PoreT =0 =" 50

for x such that T'(x) = t, and zero elswhere.

For the second part of the result, suppose that the conditional distribution of X given

T =t does not depend on #. Then the marginal density of T is

fr(t;0) = frx(t, z; 9)/fXT(=”3|T =1).
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Hence we can choose h(x) = fx(x) and g(¢;0) = fr(t;0) and the factorization is trivial.

Example

Suppose X, ..., Xy are iid exponential with arrival rate A\. The joint pdf is

N N
Ixy xy (@, 2N ) = H Aexp(—x;\) = AN exp(— Z:z:M)
i=1

i=1
Hence T' = " X, is a sufficient statistic. O

Example

Suppose X, ..., Xy are iid cauchy with parameter 6. The joint pdf is

N 1

AN =1l -7
fxixn (@, N A) o T4 (2 —0)?

This cannot be simplified and there is no one—dimensional sufficient statistic. O

Sufficient statistics are not unique. Any one-to-one function of a sufficient statistic is
a sufficient statistic. Also, the full set of X’s is always a sufficient statistic, but we are
more interested in sufficient statistics of dimension lower than the sample space. Ideally
we would like to find minimal sufficient statistics, sufficient statistics that can be written
as a function of any other sufficient statistic. For example in the exponential example,
Ty = (X1, Xs,...,Xy) and T = 3 X; are both sufficient statistics, but 75 can be written as
a function of T, but not the other way around. If for any sufficient statistic 7" we can write

T as a function of T, then T is minimal sufficient.



