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1 Basic Matrix Algebra

1.1 Vectors in R"

Much of the discussion will be concerned with real numbers. The set of real numbers
is denoted by R. If x is a real number, then x is an element of R, which is written
x 2 R. Anarray of n real numbers, X1; X2; ¢¢¢; Xn, arranged asa row [Xz; Xz; ¢¢¢; Xp]

or as a column

X1

Xn
is called an n-tuple. An n-tuple, n = 1; 2; 3; ¢¢¢, is a special case of a vector: a
(1 £ n) row-vector or an (n £ 1) column vector. Generally, n-tuples are elements of
an n-dimensional vector space de ned over the eld of real numbers, R. Here, the
set of real numbers and the eld of real numbers are synonymous. If X represents an
n-tuple of real numbers, then x is said to be an element of n-dimensional vector space

de ned over the eld of real numbers, R. This vector space is written R" whereupon



X2 R"and

2 3
X1
X2
X = :
Xn
Xi 2 R"; i =1; 2; ¢¢¢; n. The column vector, X, may also be represented as a row
by transposing it to yield x~:
XT= % X 06C X

Normally, if x 2 R", then x is to be thought of as a column or (n£ 1) vector. If
w and z are each elements of R", they are said to be conformable, whereupon their
sum, w + z, and their scalar product may be de ned. If the elements of w and z are

w; and z;, i = 1; 2; ¢¢¢; n, then
2 3 2

3 2
W1 Z; Wi +271
Wo Zo Wy + 75
W+2z= + =

Wn Zn Wn + Zn
The scalar (or inner) product is de ned by
x

z= wiz; 2 R.

W>



Of course, because w”z is a real number (referred to as a scalar, in general),

The scalar product of two (conformable) vectors plays an important role because it
is a means of measuring length. For x 2 R", the (Euclidean) length of x is written
kxk and is de ned by

P— theasye

kxk =" (x>x) = XZ

thus ensuring that length is always a positive number, or zero.
Consider now k < n vectors x:4; X:p; ¢¢¢; X:, from R". These may be arranged

as n rows and k columns denoted by X
2 3

X11 X2 €CC  Xgk
X21 X22 C€CC  Xox

[Xi1; Xi2; €CC; xi] = =X

an Xn2 Xnk

Xis an (n£ k) matrix. X may be expressed as k columns of n elements x;; in R",

j =1;2;¢¢¢; k, or as n rows of k elements x;: in R¥, i =1; 2; ¢¢¢; n:
2 3

X1

Xo.

Xn:



Combining the two alternative vector notations, X:; and X;:, the nk individual real
numbers comprising X are x;;, i = 1; 2; ¢¢¢; n; j = 1; 2; ¢¢¢; k, the subscripts i; j
denoting position in the i'th row and j'th column.

Some discussion will be centered on the linear model
Vi = Xi1 1 +Xizg 5+ 0CC+ Xj  + (1.1)

in which i =1; 2; ¢¢¢; n, n > k as above. Equation (1.1) may also be written as
<
Yi= X j+ (1.2
i
where j =1; 2; ¢¢¢; k; or as
y=X1 ;+Xo 5+ ¢+ Xy  +" (1.3)
where y, the k vectors x:j and " are all n-tuples of elements y;, X;; and "; respectively.

Finally, let — 2 R¥ be the (k£ 1) vector of elements ~;; —,; ¢¢¢; —,, then equations
(1:1), (1:2) and (1:3) may be written compactly as

y=X +", (1.9
X being an (n £ k) matrix. In the usual interpretation, y; X:1; X.2; ¢¢¢; X are vectors
of n observations on each of the k + 1 variables, — is a vector of k coet cients and "
is regarded as a vector of n unknown errors. Giveny; X and , then" =y X .
In practice, neither — nor " is known and hence must be estimated in some way. To
begin to study this problem, it is useful to understand some of the theory of linear
spaces. As a rst step, some of the algebra of matrices is reviewed.
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1.2 Some Simple Matrices

Generally, vectors will be denoted by lower case letters and matrices by upper case
letters: thus x will generally be a column vector and X a matrix. Consider the (n£ m)
matrix A of elements a;; 2 R; i = 1; 2; ¢¢¢; n; j = 1; 2; ¢¢¢; m. It is common to
write A = [a;;] to describe a matrix and its elements. If n & m, then A is said to
be rectangular; if n = m, then A is said to be square. Matrices of elements from R
are said to be real matrices, meaning matrices comprising real elements. A matrix
comprising zero elements is called the null matrix.

When A is square and a;; = %;; where %;; is Kronecker's delta (i.e. ; = 1 for

i =j and £ =0 fori & j, i; j = 1; 2; ¢¢¢; n) then
2 3
1 0 0 ¢¢¢ O

010 ¢cec O

A=8001 ¢¢c 0z=1I

0 0 0 ¢e¢ 1
| is the identity matrix. When | is (n £ n), it is common to write the identity matrix
as I so that its order, (n £ n), is recognized explicitly in the notation. Similarly, an
(n £ m) matrix is said to be of order (n£ m). If a matrix is simply of order n, then

it is square with n rows and n columns.



As in the case of the matrix X in section 1.1, the notation
2 3

a;r az ¢CC anm
a;z ax 0CC an
A = [a51] =
aim axm ¢¢¢ anm
Thus, A is (m£ n).
If A and B are of the same order, then A+B and Aj B are de ned as the matrices

C and D respectively as follows

A+B = [aij +bij]:C

Matrices that are not of the same order cannot be added together or subtracted from

one another. If | 2 R, i.e. , is a scalar, then

5

A = ,A: [,aij].

5

This operation is called scalar multiplication.
The product of two matrices A and B, say AB, is only de ned when the number
of columns of A is equal to the number of rows of B. Thus if Ais (n£ K) and B is

(k£ m) then

AB = aiqbqj

10



for g =1;2; ¢¢¢; k; i =1;2;¢¢¢; nand j = 1;2; ¢¢¢; m. The product, AB, then

has order (n£ m). Writing down the orders explicitly:

A B _ C _th_b_i_
(MEK(KEmM) (MEm) T

Thus, the inner orders must be the same (k) and the outer orders (n; m) determine
the order of the product. It follows that, if AB is de ned, BA is not de ned unless
the outer orders are the same (n =m). When (n=m), AB is (n£ n) and BA is
(k£ k), whereupon AB & BA.

Notice that, for vectors x and y in R", while the scalar, or inner, product X~y is
a scalar, the outer product xy~ is an (n £ n) matrix.

Matrix multiplication and addition have the distributive property
(A+B)C=AB +AC
and both operations are associative

(A+B)+C = A+ (B+C)

(AB)C = A(BC).

Since AB & BA in general, matrix multiplication is not commutative. For any

(n£ m) matrix A,

IhWA=A=Aln.

11



If A= A", A is said to be symmetric, because aij = aji, except wheni = j. A
cannot, therefore, be symmetric unless it is square. The rule for the transpose of a

matrix product is
(AB)” = B™A”. (1.5)
Notice that both A”A and AA™ are both symmetric, since by applying rule (1:5)
-A>A = AA
-AA> = AA~.

Turning back to equation (1:4), a matrix of some importance in connection with the

estimation of this equation IS

w

XTXi1 XyX ¢¢ xiTXi

XZXip XX €6C Xi7Xi

XigXip XigXip €0 XiZXi

2 3
P
2 P

P,
X|k Xi1 Xik Xi2 ¢CC Xik

If the rst column of X is xj; = 1 for all i, then equation (1:1) becomes

Yi= 1+ X2 o+ i+ Xk

12



a linear model with a constant term, ;. In this case,

2 - - 3
n Xio Xia ¢ee Xik
, P P P
Xi2 Xi2 Xi2 Xi3 ¢ee Xi2 Xik
oy P P P P
XX= Xi3 Xi3 Xi2 X% ¢ee Xi3 Xk
P P P P,
Xik Xik Xi2 Xik Xiz ~ C¢CC Xik

which is clearly symmetric.

If A and B are square matrices of order n, and AB = I,, then B is said to be
the inverse of A, and A is the inverse of B: B = Ailand A = Bil. When the
inverse of A exists, A is said to be invertible. An invertible matrix is also said to be
non-singular. If A and B are square matrices of the same order and AB is invertible,

(AB)' ! = Bi lAi ! for then

AB(AB)'! = ABBI!Ail=,,

(AB)i'AB = BilAilab=1,.

1.3 Some Special Types of Matrices

A square matrix A = [a;jj] is said to be diagonal if aj; = 0 for i & j and some or all of
the diagonal elements are non-zero. If all elements above the diagonal are zero and
some or all elements on and below the diagonal are non-zero, then the matrix is said
to be lower triangular. Itis then clear how an upper triangular matrix is constructed.

13



A square matrix, A, is idempotent if A = A%. An idempotent matrix is often called
a projection matrix for reasons that will become obvious. If an idempotent matrix is
also symmetric, A = A~ = A?, then it is said to be an orthogonal projection matrix.
Projection matrices play a crucial role in the statistical analysis of linear models like
(1:4).

If X is a vector and A is square such that x>Ax = x"Ax >0 8x & 0, then A

is said to be positive de nite (pd); if x”Ax = x"Ax , 0 8x & 0, then A is non-

negative de nite (nnd) or positive semi-de nite. If | x> AXx=j Xx"Ax >0 8x &0,
then A is negative de nite. If A=A~ = A?, then A is nnd unless it is pd, whereupon

A=1

1.4 Orthogonal Matrices and Eigenvalues

An orthogonal matrix, M, is square and invertible such that Mit = M. If Ais a

real, square symmetric matrix, then there exists an orthogonal matrix, M, such that

M~AM = o (1.6)

in which @ is diagonal having diagonal elements ;i (say, i = 1;2; ¢¢¢; n). If Ais
invertible, then all the _; will be non-zero. If the largest square sub-matrix of A that
is invertible has order r < n, then r of the _; will be non-zero and the remaining

(nj r) will be zero. The non-zero elements _; are called eigenvalues or characteristic

14



roots or proper values. Notice that
MAM =o _, AM = Mz, 1.7

Let the rst column of M be m. Then, if _ is the rst eigenvalue of o, (1:7) implies

Am =m_ and hence
(Ajl,)m=0. (1.8)

Equation (1:8) will hold for any column, m, of M choosing the appropriate , from the
diagonal elements of &. Thus (1:8) is quite general in the sense that for each _, there
will be a corresponding m. Indeed, the solution to m in (1:8) is called the eigenvector
corresponding to the eigenvalue (or characteristic or proper value) ,. More on this
later.

If Ais pd, it is invertible and all eigenvalues in & will be positive. Taking the
reciprocal of the square root of each and forming a corresponding diagonal matrix,

say @i %, it follows from (1:6) that
gisMAMa iz =oidooiz=|
Putting M= 3 = Q, this last equation may then be written as
Q>AQ =1. (1.9

Equation (1:9) may be regarded as a de nition of a pd matrix and, since M and o
are invertible, Q is also invertible.

15



1.5 A Special Matrix Product
The Kronecker product of two matrices, A and B, is written A- B and is de ned by
A- B= [aij B]

IfAis(nf m)and Bis(p£ q), then A- Bis(np£ mq). The following are properties

of the Kronecker product:
(A- B)(C- D)=AC- BD,
whereupon A and C and B and D must be conformable pairs,

A- (B+C) = (A- B)+(A- 0),
(A-B) = (A-DN(- B);
when A and B are invertible,

[A— B]i1:£Ai1_ Bilu.

1.6 Scalar Functions of Square Matrices

The trace of a square matrix, A, is the sum of its diagonal elements. This is written:

X
trA = aii.

If A, B and C form a square matrix product, for example Ais (n£ p), Bis (p£ r)
and Cis(r£ n)sothat ABC is (n £ n), then tr ABC = tr BCA =tr CAB. In regard

16



to a Kronecker product of square matrices, tr (A - B) = trAtr B. Quite clearly, the
trace of a square matrix is a scalar.
The determinant of a square matrix may be calculated in a variety of equivalent

ways. The classical expansion is basedzupon the (%E 2) case. If

dix a1z
a=g ™ L

dp1 a2

then the determinant of A, written det A or j A, is given by
det A =apax i appas.

Then if Ais (3£ 3)

2 3

dil dr ais
det@ a,, ay ay 2= a1 (82833 | A23832)

dz1 azx as3
i a2 (anass i asds)
+ ajz(azias2 i azeasi)

which equals
—anAn i anAp + anAs (1.10)

in which Aij equals the determinant obtained by eliminating row i and column j

(1; 3 =1; 2;3). If now
Aij = (i DA (1.11)

17



then (1:11) allows (1:10) to be written as:
>
detA = alelj. (112)
]
Equation (1:12) is a way of calculating the determinant of A by expansion of the st

row. Equally, the same result would be obtained by expanding the second row or

column and following the same rules. In the present (3£ 3) case,

detA = j ay (a2833 i azpas) (1.13)
+ay (a11ass | azan)

i A3 (a11832 i aznadjy)

which reduced to (1:10). Generally, let A = [aj;] and (i 1)i+j Aij = Ajj where
Aij is the determinant formed by deleting the i'th row and the j'th column of A
(1; J =1; 2; ¢¢¢; n), then

X J—
detA = ajjAij for any xed i

X _
= ajjAij for any xed j.
i
For any two conformable square matrices, A and B, det AB = det A£ detB. If
two columns (rows) of A are interchanged, det A merely changes sign. If a proportion
of one row (column) is added to or subtracted from another, then the determinant
remains unchanged. This last property is a re°ection of the role played by linear

dependence in determining the value of a determinant. Let the columns of A be

18



aip; aip; ¢¢C; a:m. Then these columns are said to be linearly independent if for scalars

.1 .2 €CC; . the equation
L1+ an + 00C+  maim =0 (1.14)

implies that ,; = ,, = ¢¢¢= _,, = 0. If, on the contrary, equation (1:14) implies that
not all _; are zero, then a:; aiz; ¢¢¢; a:m are said to be linearly dependent. Assuming
linear dependence, say of the form 4; ,,; .3 are non-zero, ,4; ,s; ¢¢¢; ., are each

zero, then

. — - .52 . - 5 3 .
a, = j==a,j =aj
Sl 5 1

= @®ja; +®sza:s

in an obvious notation. In this case, taking ®, times column two from column one,

and then ®3 times column three from the remainder yields:

5

detA=det 0 a5, a3 ¢¢ am
Expanding by the rst column then yieldsdet A = 0. Thus a square matrix containing
linearly dependent columns (rows) has determinant equal to zero.
1.7 The Rank of a Matrix

A square matrix whose determinant is zero is said to be singular. Non-singular ma-

trices are invertible; singular matrices are not invertible. For any matrix, square or

19



rectangular, square matrices may be formed by eliminating rows and columns and
then corresponding determinants may be calculated. If the largest non-vanishing de-
terminant, formed of the elements of a matrix by eliminating rows and columns, is
of order r, then the matrix is said to have rank r. If the matrix is (n £ n) of rank
r, then r - nand the matrix has r linearly independent rows and columns, and the
remaining (n j r) rows and columns respectively are linearly dependent on them. If
the matrix is rectangular of order (n£ m) of rank r, then r - minfn;mg. As an
example, consider the (n £ k) matrix X of equation (1:4) with k < n. This matrix
can never have rank greater than k; normally its rank is k, in which case X is said to

be of full rank, i.e. its rank is as large as it can be.

1.8 Determinants as the Product of Eigenvalues

In regard to square, symmetric matrices like the matrix A in equation (1:6), notice
i ¢
that det A = det 'M™AM because M is an orthogonal matrix implying that M~ =

Mil and

i > ¢ >
det M"TAM = detM~ detAdetM (1.15)

= deti 'M detA det M.

Now the determinant of any square matrix is the same as the determinant of its
transpose; and the determinant of the inverse of a matrix is equal to the reciprocal
of the determinant of the matrix itself. Thus (1:15) reduces to detA. Since also

20



i ¢
det ' MPAM = deta = Qin:1 . i» the product of the eigenvalues of A, the determinant

of A is seen to be the product of its eigenvalues.
When A is square but not symmetric, the same rule (that det A is the product of
its eigenvalues) holds, but for a di®erent reason: there will exist a non-singular (but

not necessarily real) matrix Q, such that
Q'AQ =T, (1.16)

T being an upper triangular (not necessarily real) matrix whose diagonal elements
are the eigenvalues, _;, of A. Since the determinant of an upper (or lower) triangular
Qn

matrix is simply the product of its diagonal elements, detA = detT = ~;_, . as

before.

1.9 Determinants as Areas and VVolumes

An important application of determinants, which plays a vital role in multiple in-
tegration theory and hence in multivariate probability, is the evaluation of areas of
parallelograms in R? and of hypervolumes of n-dimensional parallelepipeds in R".
An example in R? is given in Figure 1. Here, interest centres on the area of the par-
allelogram de ned by the sum of the vectors z and w, that is the area OABC. The
sum, w + z, is represented by bl":’.. The area of the parallelogram OABC is the same
as the area of the rectangle OHGC de ned by the sum of the vectors r and w. The
vector r has been constructed so that r and w are orthogonal, or at right angles to one

21



B 0
Figure 1.1

Figure 1:
another. When vectors are orthogonal, their scalar product is zero. Thusr =z j wy
for some positive fraction p and hence
w (zjwh=0
implies
w”z = W Wi
or

i > ¢i1 >
WHL=W W W W™ Z.

¢.q

Setting w wew i tw = P, it follows that P = P~ = P?, so P is an orthogonal

projection matrix. Thus
r=(2j P)z.

Recall, rst, that the matrix formed by w and z, say A, has a determinant whose

22



value is una®ected by replacing z by (z | wp) = (2§ P)z:
det A =det|w:z]=det[w:zi wy], (1.17)

because a determinant is una®ected by taking away from any one column a Xxed
proportion of another. Recall also that while the columns of A are not orthogonal, w
and (I j P)z are orthogonal by construction. Now the area of interest is OHGC and

this is obviously kw k ¢kr korkwk ¢k (I, j P)z k. WritingB =[w: (I, j P)Zz],
JAj =det[w: (I i P)z] = jBj
and

i ¢
jBj = det? 'B>B
2 3

_ det%g w”w 0 é

0 z2(,ij P)z

because (I, i P)=(I2i P)” =(l. i P)% Thus

P

JA] = fw>w:z=(l2§ P)zg
= kwk¢k(l2j P)zk
= kwkctkrk:

Thus the area of OABC equals the area of OHGC equals k w k ¢k r k, the determinant

of the matrix comprising the co-ordinates of the vectors w and z.
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The same result could have been obtained by applying equation (1:16), or (1:6) if
appropriate. This would be equivalent to forming the vector r and then rotating the
axes (X; y) about 0 to become the axes (a; b). When this is done, w and r respectively

have co-ordinate vectors of the form
2

3 2 3
ai 0
§ Lau§ &
0 by
in the new co-ordinate system. That these vectors would have these co-ordinates in

the system (a; b) is obvious, since w lies on the a-axis and r lies on the b-axis.

As an example, let the matrix A be given by:
2 3

6 2
A=§ Z)jAj=14.
2 3

The matrix A is represented in gure 1 by the two vectors w and z:
3

8% ']

yielding A as speci ed below. The vector r may be determined fromr =z j wu and

w”r =0. Hence wr =6(2j 6u)+2(3j 2W) =0. Solving for u yields:
2 3

2:1
i cj_ ¢
It then follows that kwk?krk? = ‘w”w r~r = (36 + 4) (0:7? + 2:12) = 196. Thus
kwkkrk = pm = 14, as already determined for jAj. Taking the alternative route,

24



r=(l2i P)zin which

Il
f%e} )}
o
©
<
w
URNN

0:3 0:1
Thus
2 32 3
01 03 2
hiPz = § £4
i 0:3 09 3
2 3
§ i 0:7 Z
2:1
as before.

1.10 Vectorization

It is occasionally useful to transform a matrix into a vector. As will become evident
in chapter two, the axioms of a vector space, which de ne what may be regarded as
a vector, apply also to matrices. Therefore it is quite legitimate to regard a matrix
as a vector, in the sense that a matrix is an element of a vector space.

If Ais an (n£ m) matrix of m columns a;;j; 2 R" and n rows a;: 2 R™ for

25



i =1;2; ¢¢¢;nand j =1; 2; ¢¢¢; m, then
2 3
a1

a.o
VeCcA = 2 RMM

am

and
>
VecA” = 2 R™,

Of course, (vecA) is (1£ nm) which cannot be equal to vecA= which is (mn £ 1).

Also

i =

VeCA~ ~ = a;:; ap; ¢¢¢; a,:
whereas

(VecA)” = g2 ar; 0ee; a:

An important result for later application is the vectorization of a real matrix
product. If A, B and C are respectively (n£ m), (m£ p) and (p£ k) real matrices,

their matrix product is of order (n£ k) and hence vec(ABC) must be an nk-tuple.
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This nk-tuple is obtained from
£ o]
vec(ABC) = C~ - A vecB.

The matrix C”- A is of order (kn £ pm) and vecB is (mp £ 1), thus vec(ABC) must
be (kn£ 1) or an nk-tuple. In the case of a matrix product AB, this may be written
AB = ABI, = I,AB whereupon, applying the rule,

vec (ABly) = [l,- A]vecB

£ o
B” - I, vecA

vec (InAB)

it must clearly be the case that

vec(AB) = [lp- A]vecB

£ o]
= B~ - |, VvecA.
For the matrix product ABCD,
i ¢
vec(ABCD) = D~ - AB vecC

i ¢
= 'D”- A vec(BO).

1.11 An Important Partitioned Inverse

Let A and C be symmetric, non-singular matrices of order (m£ m) and (k£ k),

and let B be an (m £ k) matrix of rank k. Using these matrices, let the (mk £ mk)
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symmetric matrix D be de ned by

2
ngA BZ. (1.18)

It is taken that all the inverses in expressions to be developed below exist.
Before proceeding, it should be made explicit that matrices that are partitioned,

like D, may be treated as if the sub-matrices are elements. For example, if

2 3
P Q
==§
R S
then, provided the products exist
2 32 3 2 3
A B P Q AP+BR AQ+BS
be=§ © 4§ " &-§ L
B> C R S B P+ CR B~ Q+CS
Similarly
2 3
F)> R>
£~ =§ 4
Q> S>
Returning to D of (1:18), a formula for Di ! is
2 _ ¢ _ ¢ 3
_ 'Aj BCitg> ! i 'Aj BCiB> "'BCi!?
Di ! =§ _ é (1.19)

¢. i ¢
i 'cjB>AilB 'B>Ail 'ci B>Ailg !
In (1:19) it should be noticed that, since D is symmetric, so is Di t and hence

. n-. 0}
iniBoite=litpcil= o BAB  IBRAIL
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or

'ai Bcitg="gcit=aitB i BAIIB" L,

(1.20)

That Di ! in (1:19) is indeed the inverse of D is easily checked by post-multiplying

Di ! by D. This yields

i G i T
'Ai BCiB> "'A; 'A; BCilB” 'BCi B>
- ¢ i ¢

= 'aj BCcitB=1*'A; BCi1B>

= |rn

i il >¢i1 i il >¢i1 i1

Aj BC''B Bi Aj BC''B BC'"C=0
| . >ail q:il >ail i . >ail q:il >
i Ci BA''B B"A'"A+ Cj B A''B B =0

e g=ai 18" 1 B=Al B+ 'C B=aitgiic
- ic; praishitic; goaiis’
= Iy
1.12 Useful Inverses and Projection Matrices
Re-writing equation (1:21) using equation (1:20) yields
‘A BCilB>¢i1Ai AiB'ci B A 1gtitg = Im:
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(1.22)

(1.23)

(1.24)



Post-multiplying throughout by Ai !, there results
i . ¢i 1 - - i - ¢i 1 -
Aj BCilB~ '"=Ail+AilB Cj BAilB ' "B>AIl, (1.25)

Equation (1:25) nds application in the random-coet cients model associated with

the linear model (1:4), i.e. model (1:4) augmented by the relation
T=A°+A (1.26)

in which Ais a (K£ m) (m - k) known matrix of rank m, ° is an m-tuple of co-
e+ cients and A is a (k£ 1) vector of errors, independent of " in (1:4). Associated
with A is an (m £ n) pd matrix @ . Setting
2 3 2
§° " %-§
X

A B
> inil B> C

3
and applying (1:25),
i >¢i1_ S . i1 i i1 >a i1 ¢i1 >c i1
§ + XoX =8i+j §i X mit+X78§iIIX ""X7§i4, (1.27)

The matrix on the left-hand side of (1:27) is the inverse of the matrix associated with
the composite error, "+ XA, obtained by substituting (1:26) into (1:4).
Two applications of equation (1:19) arise in least squares estimation theory applied

to model (1:4). First, it is often useful to have available a particular form of the pd
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5

. ¢. " .
matrix IX>X "1 when X = X1: X2 . Applying (1:19),

2 3.,
XSX1 X3Xo
> i ¢ i ¢ T
_§ "Xy MX, SXEMX XX, XX ilé
B - ¢ - ¢. - ¢.
MG TS X XX Y 'XoM X, T
¢,

in which Mi = I X; XX ' 21X i = 1; 2. Setting

- ¢
Pi=X; XX 1,

notice that P; = P;7 = P? and hence that Mj = M;” = M2, Thus P; and M; are

orthogonal projection matrices. Also, P7M; = P;M; = 0 and P; + M; = |,,. For any

y 2 R", Piy+Mjy=y. Let Pijy =uand Mjy =v. Thenuv =v u=0anduandv

are orthogonal to one another. Finally, the rank of an orthogonal projection matrix is
. U R PR

equal to its trace and trP; = tr X; X{X; '" X7 =tr X{7X;i 'TX{Xi =trlk=k

and trM; =tr (1§ P;) =(nj k). Moreover, K+ (nj K) =n.

A second application of equation (1:19) is in terms of evaluating the projection

- ¢
X ' %=X 1 X>in terms of X1 and X;. Using the inverse (1:19),

i ¢ i ¢. i ¢.
XX T = X XEMoXL TS M, + X YXOMXe T TXSML (L.28)
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With
i > ¢i1 >
Fi = Xy XTMxX; " XTM,
i~ q:il >
Fz - )Q XZNMXZ X2M1
— i > ¢i1 >
P = X XX X7,
equation (1:28) becomes

P=F,+F,. (1.29)

Here, P = P” = P2, F; = F2 and F, =F3 but neither F; nor F is symmetric. While
P is referred to as an orthogonal projection, F; and F, are referred to as oblique

projections. In model (1:4)
y = X +"
= Xl_l -+ X2_2 + "

where =

—>—>
1 2

. Py is the least squares estimator of X , F;y and F,y are the

corresponding least squares estimators of X; ; and X, , respectively.
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2 \Vector Spaces

2.1 Introduction

The aim of chapter one was to review some of the theory of matrices from the classical
viewpoint of manipulative algebra. Along with a number of speci ¢ de nitions and

properties of matrices, three points were noted:

1. A vector in R" may be regarded as a special case of an (n £ m) matrix simply

by setting m = 1.

2. Any (n£ m) matrix, A, de ned over the eld R, may be transformed into a
(nm £ 1) vector by the operation of vectorization. Thus, vecA is an (nm £ 1)

vector.

3. Let M be the set of all (n £ m) matrices de ned over R and let , 2 R. Then

for any pair, Aand BinM,A+B2 Mand (A2 M.

Point 1 suggests that matrices are more general objects than vectors, but this
seems to be contradicted by point 2, since any matrix may be written as a vector. As
will become apparent, matrices and vectors are merely special examples of a class of
objects which obey the property recognized in point 3. This property is fundamental
to the de nition of a linear or vector space.

33



It is the purpose of this chapter to introduce the theory of linear or vector spaces
and to explain, in reasonable detail, a particular type of vector space with which
there will be especial concern. This is a Euclidean space and such a space is the
setting for the linear model outlined in equations (1:1){(1:4). A Euclidean space is a
vector space endowed with a means of measuring the length of vectors and the angles
between them. The means of measuring lengths and angles is the scalar product.

The st step is to characterize point 3 above in the form of a de nition.

De nition 1 A set V of elements X; y; z; ¢¢¢ is said to form a vector space over the

led Fif:

(a) For every two elements x and y in V, there is associated an element z in V

called the sum of x and y, written X +y = z.

(b) For every x in V and every . in F, there is an element _x in V called the

product of x and ..

These operators must obey the following axioms.

(1) Vector operations:
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Commutativity: X+y=y+X
Associativity: (xX+y)+z=x+(y+2)
Zero: V contains an element, 0,

such that x+0 = x8x in V.
Negativity: For every x in V, there exists an

element (j x) such that x + (j X) = 0.

(2) Scalar Multiplication:
of a vector: Ix =x
®(xX)=0" (X) ®, 2F;
of a sum of vectors (® + )X =0x+ X
or scalars ® (Xx+y)=0x+0y. |
The theory of vector spaces is much more general than is suggested by the examples

of R". Two examples illustrate the point.

Example 1 The set of all polynomials of degree not exceeding some natural number,
n, constitutes a vector space, whereas the set of polynomials of degree exactly n does

not. To see this, the following example sut ces:
i ¢ i ¢
Bt + e+t =2t

This is not a polynomial of degree n = 3, but it is a polynomial of degree not exceeding
n=3 M1
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Example 2 The set of all real matrices of order (n £ m), A; B; C; ::: constitutes a

vector space since A+ B = C lies in the same set and so does , A where , 2 R. For

example
2 3 2 3 2 3
1 4 6 1 75
gz 1%"'?2 1%2542:
3 3 6 1 9 4
and
2 3 2 3
14 2 8
282 17=84 2
33 6 6

The answer in each case is a (3£ 2) matrix of real numbers. This example merely

illustrates point 3 in the opening paragraph of this sections. ®

The elements of a vector space are generally called vectors. There is some confu-
sion caused by this terminology in examples 1 and 2. Thus a matrix is an element
of a vector space, namely the set of all real matrices of the same order. This implies
that a matrix is a vector; and, in a formal sense, it is. Yet there will be no serious
confusion so long as it is recognized that a matrix will be called a matrix and that
such a matrix is an element of a vector space. As will become apparent below, vector
spaces may be distinguished by their dimensionality. In the case of the vectors from
R", R"is said to be an n-dimensional vector space. In the case of (n £ m) matrices of
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real elements, these are elements of R™, notwithstanding the fact that such matrices
may be thought of as m vectors drawn from R". Of course, if A is an (n £ m) matrix,
then vecA 2 R™. In respect of example 1, a terminology may be used corresponding
to that of example 2. Thus polynomials of degree not exceeding n may be recognized
as polynomials while also appreciating that such polynomials are elements of a vector
space.

Vectors de ned over the eld R are called real vectors; the spaces in which these
vectors lie are called real vector spaces. In econometrics, real vector spaces are of
great importance, especially real vector spaces endowed with a scalar product. Before
introducing a scalar product, three important features of general vector spaces are

introduced. These are dimensionality, basis and co-ordinates.

2.2 Dimensionality, Basis and Co-ordinates

If X; y; z; ¢¢¢; w are vectors in a vector space and ®; ; °; ¢¢¢; p is a corresponding
set of scalars, then

X+ y+°z + ¢+ uw
is said to be a linear combination of the vectors X; y; z; ¢¢¢; w with coez cients
®;, ; °; ¢ee;

De nition 2 Let V be a vector space. The vectors x; y; z; ¢¢¢; w in V are said to
be linearly dependent if there exists a corresponding set of scalars ®; ; °; ¢¢¢; y, not
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all zero, such that the linear combination

X+ y+°z+ ¢¢¢+puw = 0. (2.1
The vectors x; y; z; ¢¢¢; w are said to be linearly independent if the equality

X+ y+°z+¢¢+puw =0
impliesthat ® = =°=¢¢=p=0.1

Let the vectors Xx; y; z; ¢¢¢; w be linearly dependent. Then there exists scalars
such that equation (2:1) exists with at least one coet cient non-zero. Let® & 0. Then
equation (2:1) may be re-written

o

X =i 6y i @z i =W (2.2

Putting -z =,; iz =1; ¢¢¢; j £ = A, then
X =y + 1z + ¢+ Aw (2.3)

and x may be expressed as a linear combination of the remaining vectors. Going the
other way round, if equation (2:3) holds, then equation (2:1) will also hold by setting
® =il = _;°=1¢¢¢ p=A. Thus if a set of vectors is linearly dependent,
then one vector can be expressed as a linear combination of the others and if one
vector may be expressed as a linear combination of the others, then those vectors are

linearly dependent.
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De nition 3 A vector space V is said to be n-dimensional if it contains n linearly

independent vectors and any (n + 1) vectors in V are linearly dependent. B

The idea of a basis follows directly from the idea of dimensionality.

De nition 4 Any set of n linearly independent vectors in an n-dimensional space V

is called a basis of V.

From the de nition of a basis comes the idea of co-ordinates. Co-ordinates are a

product of the following theorem.

Theorem 1 Every vector in an n-dimensional vector space V can be represented as

a linear combination of basis vectors.

Proof. Letes; ep; ¢¢¢; e, be a basis of V. For any arbitrary X in V, X; es; ez; ¢¢¢; e,
represents a linearly dependent set of vectors. Therefore there will exist scalars

®o; ®1; ¢¢¢: ®,, not all zero, such that

®oX + @161 + ®re, + ¢CC+ ® e, = 0.

Now ® & O for if it were zero, then the basis vectors would be linearly dependent

which they cannot be. Thus ®, & 0 and

SO PO PO
|®01| ®O2I---I ®O n-
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This proves that x may be expressed as a linear combination of the basis vectors.
To prove uniqueness, let there be two linear combinations of the same basis vectors

which equate with x:

X =161+ .6 + CCC+ e,

and

X =»81 + »,6; + CCC+ » €.

Subtracting, it follows that

0=C(1i»)e1+(L2i »)ey+ee+( i »,)en.

Since ej; ey; ¢¢¢; e, are linearly independent vectors, it follows that (,1§ ») =
G2i %) = 6¢= (,ni ») =0, implying that ,; = »; ,, = »; 66¢; ., = »,.
Thus, the representation is unique. &

In theorem 1, it may be taken that, relative to the basis e;; e,; ¢¢C; e,, X is
determined by the unique set of coet cients ,1; . 2; ¢¢¢; ... These coet cients are
called the co-ordinates of x relative to the basis e;; e»; ¢¢¢; e,. This basis may be
de ned as an (n £ n) matrix since each ej is an (n £ 1) vector. Let this matrix, called

a basis matrix, be de ned as

[e1; e2; ¢¢C; en] = E,
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and let

be the co-ordinate vector relative to E. Thus

Let another basis of V be [g1; g;; ¢¢¢; g,] = G which again is an (n £ n) matrix,
and let the co-ordinates of x relative to the basis matrix G be p, another (n£ 1)

co-ordinate vector of components pi; [; ¢¢¢; Un:

X = Gp.

The two bases must be linearly dependent, because they together represent 2n vectors
of an n-dimensional vector space. Thus each g; may be represented uniquely as a linear

combination of the basis vectors comprising E, i.e.

gi=E ; 8i=1;2 ¢¢;n (2.4)

in which " isan (n£ 1) vector of co-ordinates. Equation (2:4) may be expressed as

[01; 92; ¢¢C; gn] = E[ 4 5, ¢CC; ] (2.5)
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whereupon, writing B =[ ;; ,; ¢¢¢; ], since B is another (n £ n) matrix and
G = EB: (2.6)
It follows from the representation of x that
Xx=E, =Gu=EByu 2.7)

and immediately , = Bu: B must be invertible because equation (2:6) indicates that
the rank of G (which must be n since it has n linearly independent columns, by
de nition) is equal to the rank of EB. But E also has rank n, since it is a basis
matrix. Hence, B also has rank n. Therefore, g = Bil_ . If the matrix B (whose
columns represent the co-ordinates of the basis matrix G relative to the basis matrix
E) is known, then G = EB and the co-ordinates, y, of x relative to the basis G are
also known from the co-ordinates, ,, of x relative to the basis E viap=Bi?!_.
Finally note that if x = E, andy = Ey, then x+y = E, + Ep = E(, +}),
i.e. given the same basis, addition of vectors corresponds to the addition of their

co-ordinates.

2.3 Euclidean Space

A Euclidean space is a real vector space endowed with a scalar product, i.e. amapping
R"™ ¥ R. The purpose of a scalar (or inner) product is to provide the means to
measure length and angle in the space. Vectors have length and direction and these
ideas may be given numerical expression once the scalar product is de ned.
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The natural scalar product for any two vectors x and y in R" is
. X
X7y =Xy (2.8)
i
for all i =1; 2; ¢¢¢; n, the x; and y; being the co-ordinates of x and y relative to the

basis [eq; ey; ¢¢¢; e] = 1,. Notice the following properties of x~y for every pair of

vectors in R":

) X7y =y

i) (X)Yy=.xy);  .2R

i) (X+2)°y =x"y+x7z

iv) x”x, 0 with equality only if x =0.
The scalar product X7y is just a special case of x”Ay where A = I,,. A more general
scalar product would be

XX
XCAY= Xy
i ]

for 1; j = 1; 2; ¢¢¢; n, subject to the following conditions corresponding to (i){(iv)
immediately above for every pair of vectors in R":

i) X Ay =y AX;

i) (X)"Ay=, ix>Ay¢; . 2R

iii) (x+2)” Ay = XAy + x"Az;

iv) x~Ax . 0 with equality only if x =0.
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Condition (i) implies that y”A”x = y~Ax and hence that A is a symmetric matrix.
Condition (iv) implies that A is a pd matrix. This last condition is required to
measure length as PW and so x”~Ax must be a pd quadratic form for a real
square root to exist. In practice, A may be chosen as a matter of convenience.
Because there are many possibilities for de ning a scalar product, a more general
notation is required. Usually, this takes the form (x; y) or hx; yi; sometimes [X; y]. To
indicate a particular product, for example the one that takes the form x~Ax above,
it would be usual to de ne this relative to X~y in the following notation: (:;:) is the

natural scalar and h:; :i = (;; A:). A general de nition of a scalar product is now set

out as

De nition 5 If for every pair of vectors x; y in R" there is associated a real number

(X; y) such that

) 0Gy)=(y; %)

i Lxy)=.xXy): .2R

i) (X +X%2; ) = (X3 y) + (X2; Y)

iv) (x; X) ., 0 with equality only when x = 0,

then (x; y) is called the scalar product de ned on R" and R" is then referred to

as an n-dimensional Euclidean space.
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X
1

Figure 2.1

Figure 2:
De nition 6 Let x be a vector in Euclidean space in which the scalar product (;; :)
¢ (

is de ned. By the length of x is meant the positive number kxk = X; X), unless

x = 0, whereupon kxk = 0.

Example 3 In 2-dimensional Euclidean space, the vector x has co-ordinates x; and
X, as indicated in gure 2.1. The scalar product de ned on this space is (X; y) = x7y.

Thus

and
kxk? = X™x = X2 + X5.

It follows that kxk = IP(x% + x3), which is the same length as according to Pythago-

ras' Theorem. B

Let x and y be two non-zero vectors in R" on which the scalar product (:;:) is
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f(t)<0
Figure 2.2

Figure 3:
de ned. Let t be a real number. Axiom 4 of de nition 5 requires
Xi ty;xity), 0
with equality only if x =ty. Consequently
G x) i tOGY) i tly; )+ y) . 0.
From axiom 1 of de nition 5, this last expression becomes
;iEi 20 y)t+;x) =), 0. (2.9)

Thus the value of t must be such that f (t), a quadratic form in t, is always positive
or zero, and never negative; thus f (t) may be like f; (t) or f5(t) in gure 2, but not
like 2 (t). The quadratic T (t), therefore, can never cross the t-axis (diagram 2.2)
i.e. T (t) can never have two distinct real roots. If T (t) cannot have two distinct real
roots, then in equation (2:9) it must have either two coincident roots or imaginary

roots. Hence
40 y)" - 4yry) (X X) (2.10)
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i.e. in ax?® + bx + ¢; b?> = 4ac when coincident roots emerge, or b®> < 4ac and hence

the roots are imaginary. Thus from equation (2:10)
0 Y)* - 06 X) (¥ Y). (2.12)
Inequality (2:11) is known as the Cauchy-Schwartz Inequality. It implies
06y) g (2.12)
For this reason, it is possible to state

De nition 7 By the angle p between two non-zero vectors in n-dimensional Eu-

clidean space is meant

%

%
u =cosi ! M

kxk kyk

The bounds expressed by equation (2:12) are the bounds of the cosine function
and this is the justi cation for using De nition 6. It is helpful, nevertheless, to explore

the geometry in R? that lies behind De™ nition 6.

Example 4 Consider x and y in R" on which the natural scalar product X~y = (x; y)
is de ned. The notation is described in gure 2.3.

The basis in the space is



e Y1 X

Figure 2.3

Figure 4:

Relative to the basis

01 X2 X2

and

The lengths of x and y are quite natural in view of Pythagoras' Theorem

g
kxk® =x7 +x5 . kxk = * (X + x3),

(o I
kyk®> =yZ +y5 o kyk= " (yZ +y2).

Moreover
X2 X1
S ke OO T ik
_ Y. _N
sinpy, = _kyk’ COS Ly _kyk'

Now interest centres on the angle between x and y, that is g =y, j My and cos(ly i
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Hx) = COS Hy COS Hx + sin Py sin px: Therefore

X1y1 + XoY2
kxk kyk

__Xy

~ kxk kyk”

CoSp =

It follows that the Cauchy-Schwartz inequality is vindicated in this case and that
x~y = kxk kyk cos .

When p =4 = 90%, cosp = 0 and hence X"y =0; x and y are said to be orthogonal.

Ifu=0cosu=1andif u=1% = 180% cosp = j 1: In these two cases X and y are

co-linear. For example, when p =20

x~y = kxk kyk

kyk
— 2 RyR
= kxk K

_ oy YK
= XK

Setting , = lfo(L'ﬁ, C2Rand Xy =x7(x) ) y=_x Ifu=% then , <Oandy

would be opposite in direction to x. H

De nition 8 If for any pair of vectors x and y in Euclidean space
kx + yk? = kxk? + kyk?,

then x and y are said to be orthogonal.
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De nition 8 implies that (x; y) = 0 and is in fact a straightforward statement of
Pythagoras' Theorem. Notice also that the statement holds for any scalar product.
If for example h:; :i = (:; A:), then

kxk = " (Xx>AX).
. ¢ :
Moreover, if x“Ay =0 then x and y are orthogonal relative to the scalar product
h:; :1. Thus relative to h:; :i
kx +yk? = (x+y)  A(x+Y)

= X AX+ X“Ay + y~AX + y~Ay

X_AX + 2X~ Ay + y~ Ay
= kxk® + kyk? + 2x~ Ay.
Thus kx + yk? = kxk? + kyk? only when x”Ay =0, i.e.
hx; yi = (x; Ay) = 0.

De nition 9 In n-dimensional Euclidean space, the vectors x;; X; ¢¢¢; X, are said

to be pairwise orthogonal if
kXq + Xp + 10+ X k2 = kx k2 + kxok? + ¢¢¢+ kx,, k2.

If the vectors Xq; Xo; ¢¢C; X, constitute a set of non-zero, pairwise orthogonal vectors
in n-dimensional Euclidean space, these vectors constitute a basis of the space, called
an orthogonal basis.
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Notice that any vector x in Euclidean space may be normalized to have length

one, by the simple device of scalar multiplication by , = ﬁ Thusif z = Z= then

kzk = E)(z;z)

S
L (X x)
kxk?2

De nition 10 The non-zero vectors e;; ez; ¢¢¢; en, of an n-dimensional Euclidean
space are said to form an orthonormal basis if they are pairwise orthogonal and if, in
addition, each has unit length; that is if (ej; ej) = #j where %j; is Kronecker's delta

bj=120¢;, n(i.e. y=0foriGjand fx;=1fori=j). W
Before moving on to discuss orthogonal bases, one theorem and one de nition will
be introduced.

Theorem 2 In Euclidean space, let x and y be two vectors. Then kx+yk - kxk+kyk.

Proof.
kx +yk? = (x+y; x+y)
= (xx)+20¢y)+ (5 Y).
Now (Xx; y) - kxk kyk: Hence
kx +yk? = (x+y; x+Y)

(X; X) + 2kxkkyk + (y; y).
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But

(x; X) + 2kxkkyk + (y; y) = kxk? + 2kxkkyk + kyk®

(kxk + kyk)?.
Thus
kx +yk - kxk +kyk. R

De nition 11 The distance between the vectors x and y in Euclidean space is de ned

as kxj yk.m

Every n-dimensional Euclidean vector space contains orthogonal bases, and hence
orthonormal bases. Let e; (i=1; 2; ¢¢¢; n) be an (n£ 1) vector with zeros every-
where except in the i'th position which is unity. Then e;; e3; ¢¢¢; e, constitutes an

orthonormal basis:
[e1; es; ¢CC; en] = 1.

Moreover, e ~ e which has one in every position; e is called the equiangular line
in R". Every n-tuple x in R" may be written x = I,,x, whereupon X; is seen to be the

i"th co-ordinate of x relative to the orthonormal basis matrix I,. Finally, consider

(ei; X) = eX



i ¢
Also Iei>ei = 1. Hence
2 3

i X= Xi

i i1 o . . .
e; e;ej '~ e is an example of an orthogonal projection. Before turning our attention

to these, it is important to introduce the concept of a subspace.

2.4 Subspaces

A subset of vectors in a vector space is called a subspace if it forms a vector space
according to De nition 1. Consider the basis matrix I, of R". The rst k columns
of In form an (n £ k) matrix Ex and the remaining (n j k) columnsann£ (nj k)
matrix En; k. Clearly Ex has rank k and En; « has rank (n j k). Ex may be regarded
as a basis of a k-dimensional subspace and E,,; « as a basis for an (n j k)-dimensional
subspace. Let the ~rst subspace be denoted L and the second as L?. It is clear that

any vector in L is orthogonal to any vector in L? because

E7 Ep, « = 0.
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This implies that for all p 2 RX and all 1 2 R"ik:

(Ekll)> Enik? = WE(Enkt

= 0

Thus any vector in L, written Egy, is orthogonal to all vectors in L7, written Ep; k2,
indeed, the superscript ? denotes orthogonal complement since L + L7 = R" , by
de nition, and both L and L~ intersect, by construction, only at the origin = ;.
In this particular case, there is only intersection at the origin; it is then usual to
write LO L? = R™ where © denotes direct sum; however, it is not necessary for the
subspaces to be orthogonal. Thus two subspaces L and M might not be orthogonal
yet L\ M = ; in which case we could write LO M =V, say, and M would be the

complement of L in V.

De nition 12 Let L be a subspace of an n-dimensional Euclidean space R". A vector

in R" is orthogonal to L if it is orthogonal to every vector in L. l

Two orthogonal subspaces of great interest in econometrics may now be intro-
duced. Consider the linear model introduced earlier in equation (1:4)

y=X +",

where X has k linearly independent columns and n rows. The ~rst subspace in R"

of interest is the range (or span) of X which is the set of all vectors that are linear
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combinations of the columns of X:

a

©
R[X]= x2R":x=X_:, 2R

5 5

Clearly, R[X] is a subspace. With x; =X_,3 and X =X, 2, X1+ X2 = X (,1+.,2) =
X,,, = .1+ ., Hence, X, = x 2 R[X]. Alsoif® is a scalar and x 2 R[X],
x® = X,® = Xyu; p2 RX, hence ,x 2 R[X]. Since X has rank k, it is always possible

to form k linearly independent linear combinations of its columns such that
XM =W

where M is a (K£ k), non-singular matrix Then the rank of W = the rank of X
© a

and RW]= W2R":w=Wy; p2 RK . But Wu = XMp = X_; say, and hence

R[X] =R [W] . Clearly the dimension of R [X] is k.

The other subspace of interest is the null-space or kernel of X~:

a © a

£
N X = z2R":Xz2=0

£ n £ o
Clearly, N X~ is a sub space, for if z; and z 2 N X~ then X~ (z; +2,) =
£ @
X7z = 0. z3 +2z, = z, whereupon z 2 N X~ . Moreover, if Xz = 0, then

£ o

X=(,z)=,X"z=0,, 2Rand ,z2 N X~ .
. £ o -
Theorem 3 For the (n £ k) real matrix X of rank k, N X~ = R[X]".

£ o
Proof. Let z2 N X~ , then X~z = 0 which implies, for all , 2 R¥, . Xz =0 or
£ @
(X.Yz=0andz 2 R[X]?. Letz2 R[X]?: Then X>z =0andz2N X> .H
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£ ©
The dimension of R[X] = rank X = k. The dimension of N X~ = the number
of columns of X=j rank X> = (nj k). The dimension of N [A], where A is any
matrix, is called the nullity of A. Moreover, in view of Theorem 3, it is clearly the

case that, if A has order (n £ k) and rank p,
£ o
dmR[A]+dimN A~ =p+(nj p)=n
and this is equivalent to saying
rank A + nullity of A~ =n.

Of course, the nullity of X = kj rank X =k j k = 01i.e. N [X] contains only the
zero vector. i.e. X~z = 0 has no solution save z = 0.

Every vector subspace may be represented as the range or the null-space of a
matrix. Let V1 and V, be subspaces of R" of dimension k; and k. Let X; and X, be
(n£ ky) and (n £ ky,) matrices of rank k; and k,. Then V; could be de ned as R [X;]

and V, as R[X2].

Theorem 4 If V; and Vs are subspaces of R", then (V1 + V2)” = V7 \ V;.
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Proof. Let Vi3 = R[X;] with X; an (n£ ki) matrix of full rank. Let Vo, = R[X3]

with X, an (n £ k,) matrix of rank k, Then

(Vi+V2)? = [RIXJ+RI[X”

b?
= R X15X2
2 3
X7
- NG
X3
8 2 3 O
e g =
= sz R™ u:OB
- X3 -
= V/\V,

] £ o £ o
sinceN X7 =V7and N X7 =V7. 1

Theorem 5 (V1 \ V,)” = V7 + V7.

£ _o £ o
Proof. LetVi = N X7 and Vo, = N X7 . Where X; and X, are appropriate

n£ k,) and (n £ k,) matrices of rank k,; and k, respectively. Then
( 1) ( 2) 81 2 2p 5 Y. 3
© £ o £ oA, 2 X7 =

N XT \N X7 "= u2R“:§ Zu=0 :

= x> =
- 2 >’

It follows that
© £ _=m £ _m?5 e
N X2 \N X3 = R X;X,
= R[X1] +R[X7]

= V/+V;,. R
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3 Projection and Least Squares

3.1 Projection Matrices

The idea of orthogonal projection arises in its simplest form when there are two
arbitrary vectors in the plane R?, separated by an acute angle y, as indicated in

Figure 3.1. A perpendicular is dropped

from the vector y onto the line on which the vector X lies, yielding another vector
which will be labelled m = Py. Here P is the matrix that transforms y into m, and
the vector di®erence (yj m) =(l2 j P)y is labelled r. The problem is to determine
the matrix P. Clearly, sincey, X, m and r all lie in the plane R?, P must be a (2 £ 2)
matrix.

Notice rst that, since x and m are co-linear, m must be obtainable from x by
scalar multiplication. If this is written m = x_, then _ is a positive fraction because

m is in the same direction as x but shorter. Indeed, , is nothing more than the

1 s

proportion of the length of x by which the vector x must be reduced to have the
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length of m. Thus

_ kmk
> kxk’

where length is determined by the natural scalar product which, for x and y, will be

written (X; y) = x~y: It follows that

m=Py=x_= “mﬂ
T EX T

Now it was established in chapter 2 that (X;y) = kxkkykcospu and cosp =

Thus
ek
X~y = kxkkyk m = kxkkmk,
or
Xy
kmk = o
Substituting (3:2) into (3:1),
% Xy Y
m =Py =X 2

But kxk? = x™x, whereupon

m = Py = x(x"x)1 1x7y,

il

implying that P = x 'Xxx

(3.1)

o

kmk
kyk -

(3.2)

(3.3)

(3.9

x~, a (2£ 2) matrix as required. Notice that P is

symmetric and idempotent, P = P> = PZ; this may be checked by applying the rules
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for transposition and matrix multiplication. This symmetry and idempotence of P is
no coincidence, but rather a consequence of the orthogonality of mand (y j m) =r,

for m™r =0 implies

(Py)"(l2i P)y=0

£ o
ory” P7(I,j P)y = 0 forall y, which cannot be unless P~ = P”P. Upon trans-

posing P~ in the last expression,

This is quite a general rule: if the line x is replaced by the k-dimensional linear
subspace L, while y in R? is replaced by y in R", k < n, the required (n£ n)
projection matrix, P, that takes y in R" orthogonally into Py in L, will have the
properties of symmetry iP = P>¢ and idempotence (P = P?). These properties are a
consequence of the orthogonality condition arising from the natural scalar product.
Consider again the linear model (1:4) of chapter 1 and let R[X] =L, L being a
subspace of R" on which the natural scalar product is de ned as before. The vector

y is an element of R" and the vector X is set equal to . Then (1:4) becomes
y=1+" (3.5

wherey 2 R"and 1 2 L % R"™ The coez cient vector  in equation (1:4) is unknown

and so the location of * in L is unknown; T must therefore be estimated and this
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may be done by setting T = 2 where 2 is the orthogonal projection of y on L, that is,

& = Py in which P is the orthogonal projection matrix from R" onto L. This leaves "

to be estimatedas* =y j 2 = (I, j P)y, ™ being orthogonal to 2, i.e. *2 L?. Since

orthogonality is de ned according to (:; ;) and L has basis matrix X, then 2 = Py =
3 .

X" say;and "= yi X* =(l,i P)y is required to be orthogonal to every vector

x in L, that is, setting x = X_; for all , 2 RX,

3 -
A

Gyi A=) (i Py)=."X yi X* =0.

Thus

XY LTI =0

for all , 2 R and since the last equality must hold identically in ,

A |

¢.
— X>X|1X>y
and
A i > ¢i1 >
X* =Py =X XX Xy,

- ¢

This reveals that P = X 'X>X ' 1 X> and again P = P~ = P2,
Another property of P that is important is that it is unique for L. For suppose
that W = XM is another basis matrix of L, M being non-singular of order k. By

corresponding arguments to those used above, the orthogonal projection matrix from
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R" to L relative to the basis matrix W is W 'W>W " *W>. But
i > ¢i 1ya> _ i >\ > ¢i 1y i>y>
W W”W  "W”=XM M"X"XM "“M~X~.
: : . : : i ¢
By the rule for inversion of a matrix product and the non-singularity of M and X=X ,
i ¢ 1 q L
XM M7X"XM '"M”X= = XMMi+ X=X M~ ' T MTX™
- ¢
= X'x*x x>
= P
Thus the matrix P is invariant to the basis used to represent L. P is, of course, nnd
and, not surprisingly since P depends only on X, R[P] = R[X]. Moreover, the rank
i > ¢i 1> i > ¢i 1>
OfP=trP=trX X°X "X =tr XX "X°X=k.
Finally note that for all x 2 L,
YixX)=i®»H+®ix). (3.6)
Now (2j x) 2 L and (yj ®), by de nition, is orthogonal to every vector in L,
including ® § x).Thus(yi @i ) =i x)"(yi ®)=0and
ky i xk=kyj 2k®+kdj xk? (3.7)
which is a representation of Pythagoras' Theorem. Since X is any vector in L and 2 is

unique (because y is given and P is unique), x may be chosen so as to make ky j xk?

as small as possible. Equation (3:7) indicates that
minky j xk? =kyj 2k? (3.8)
x2L
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i.e. that by choosingx =2 =Py, (yi X)”(y i X) is minimized for given y and all
X in L. This is the principle of least squares: the sum of squares (y j X)~ (y i X) is
made least by setting x = Py = 2, An alternative way of saying the same thing is
that the shortest distance between y and the hyperplane L is k(I i P)yk.

For any x 2 L, x may be represented uniquely by x = X_ for some , 2 RX;
because X is a basis of L. Thus if P is the orthogonal projection from R" onto L,

then

px = X x>x"i XX, =X, =x.
Since x is any vector in L, then Px = x 8x 2 L. In the orthogonal compliment L7 of
L in R", recall that L? = R[X]? = N £X>m, of dimension (nj k). Letz 2 L?. Then
Pz =X iX>X¢i 'X>z and since z 2 N £X>m, X~z =0, a condition that holds for
every z 2 L?. Thus, given that P is the orthogonal projection onto L, then Px = x

for every x 2 L and Pz = 0 for every z 2 L?. Indeed, for any vector y in R", there

exists a unique decomposition
y=x+2z (3.9)
withx 2 L and z 2 L?. Moreover
Py=Px+Pz=x+0=x
and

(Ihi P)y=(>Uni Px+(,i P)z=0+z =2
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Since P is the unique orthogonal projection matrix onto L, then (I, j P) is the unique
orthogonal projection matrix onto L?:

Suppose now that Ly isa subspace that lies entirely inL: Lo % L% R". Lo maybe
formulated as L subject to a set of r linear restrictions, r <k, like Ax=0,x2 L, A
being a given (n £ r) matrix of rank r. Then Lo = L\ N £A>0 = ©x 2L:Ax= Oa.
Alternatively, X, = XM, where M is a known [k £ (k j r)] matrix of rank (k j r),
and Xg is a basis of Lp. The unique orthogonal projection matrix from R" onto
Lo, is then given by Py = Xo ixgxo(t‘ Xz = XM =5 xMTT L MEXE. The last
expression cannot be simpli ed because M is not invertible. Let xo be any vector in
Lo. Since Xp isthe [n£ (k j r)] basis for Lo, Xo has unique representation Xo = Xo,
for some . 2 RKi". Thus Xo = Xo, = XM, . Notice that Pox = X and that Pxg =
PXM, = XM_ = Xy, = Xq. It follows that PPy = PXM I=xxm’ M = Po.

Moreover PoP = P,. Indeed, if P and Q are orthogonal projection matrices and

PQ=0Q, QP =Q then R[Q]% RI[P].

3.2 Means and Decompositions

The equiangular vector in R", which was introduced in chapter 2, plays an important
role in statistics as the following special case will reveal. Let x be a vector of n
observations x; (i =1; 2; ¢¢¢; n); x will be regarded as an element in n-dimensional

Euclidean space R" on which the natural scalar product is de ned. The equiangular

64



vector in R" is de ned by e~ = [1; 1; ¢¢¢; 1]. The orthogonal projection from R"

onto the equiangular line E = Re] is

. P i )
Notice that e®x = x”e =  X; and that e”e = n. It follows that e~e ile>x =

1" x;j =%, the mean of the observations Xx1; X2; ¢¢¢; Xn. Thus
2 3 2 3

% X117 %

* Xoj %
pX = =e% (Ini px= ,

% Xni %

P
and it follows immediately that x™ (Inj p)x = (X i %)% because (In j p) is sym-
metric and idempotent.
Suppose now that the n observations Xi; X,; ¢¢¢; X, represent a randomly selected

sample from a population which has mean * and variance %2. Then
(xiet)=pxie)+(nip)(xie?) (3.10)

is the unique decomposition of the vector (xj et) 2 R" into p(x j e*) on E and
(Ini P (Xxiet)onE? Notice carefully that the dimension of E (= rank p)is dim
E =1while dmE? =rank (Inj p) = (nj 1); also, sincee2E, (Ini ppe=0. The

£ @
decomposition (3:10) thus corresponds to the decomposition (3:9), where N e~ =
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E”. Now the right-hand side (RHS) of (3:10) comprises two orthogonal vectors and

hence their scalar product is zero. Consequently,
(xie) (xie)=(xjer) p(xiel)+x (Ini p)x (3.11)
and, in more familiar statistical notation, (3:11) may be written
2 2 = 2
Xii )'=nkj )+ Xii %)°. (3.12)

The decomposition (3:11) or (3:12)) is important in the development of the F- and
t-distributions, on the assumption that the population from which x is drawn is
normal.

Note rst that the rank of the left-hand side (LHS) of (3:11), and hence of (3:12),
is n, the " rst term on the RHS has rank 1 and the second term has rank (nj 1).
Thus the ranks on the RHS sum to the rank of the LHS. Secondly, if the population
from which x is drawn is normal, then each

ii 1

Z—» NIDO; )5 i =12 ¢oe;n.
4

Hence, dividing (3:12) throughout by %2, the LHS is distributed as the sum of squares
of n independent N (0; 1) variates, that is, as a central A% (n) distribution. Thirdly, as
a consequence of the sum of ranks on the RHS being equal to the rank of the LHS and
n o] Np o]
n(%i 1)? Xii %2

F)
the known distribution of (X i 1)2, —=— and —=—= are independently

distributed as A2(1) and A2(nj 1). Hence their ratio adjusted by rank (that is
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degrees of freedom) is

2 nng)*(i 1220 3

%2
4n-pwe5» F@;njl.
(nj 1)%2

Hence, eliminating %2, taking the square root and re-arranging

i3t 1) (3.13)

n

P
where s? = ﬁ Xi i 9()2. The expression (3:13) should be familiar from elementary

statistics.

Turning back now to the model (1:4) of chapter 1, let the rst column of X be e,

so that the model may be written
Yi = 1+ Xz o+ Xig g+ G0+ Xj  + " (3.14)

for 1 =1; 2; 3; ¢¢¢; n. In this case
X = [e; X:i2; Xi3; €CC; X:y]. (3.15)

Notice that for L = R[X], e 2 L and hence for the orthogonal projection matrix P

onto L,
Pe =e; Pp=np.

Similarly, if X1 = [e; Xi2; Xi3; ¢¢¢; Xx:j] and Xz = [Xj+1; Xij+2; ¢¢¢; Xik] then PXy =

P
X1 and PX,; = X,. With this background, consider, y(I i p)y = (Vi i )2 where
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¥ is the mean of the elements of y. A decomposition, corresponding to (3:11), that

applies to (3:14) is

Y (hi pYy=y (Pipy+y (hi P)y. (3.16)

Such a decomposition is said to be “adjusted for the mean' since, instead of decom-
posing y~y into y"Py and y~ (I, i P)y, the projection p onto the equiangular line is
inserted into the LHS and the rst term on the RHS and py = ey; this is precisely
the adjustment for the mean.

The following nomenclature is used:

y“(Ini p)y = S3, or the total sum of squares;
y“(Pi p)y = SZ, or the explained sum of squares;
vy~ (Ihi P)y = S, or the unexplained sum of squares.

S% hasrank (nj 1), S2 hasrank (k j 1)and Sg hasrank (nj k)becausetr (I, j p) =
ni D, r(Pijp=(kijl)yandtr(lnji P)=(nj k). Clearly (nj 1)=(kj 1)+

(nj K) and , re-arranging (3:16),

uszﬂb
sp=st 1i =
Z
32'
If % =R2then
T
2 Zi 2¢
S =S5 1j R*. (3.17)



Equation (3:17), in particular R?, has a nice interpretation arising from the Cauchy-

Schwartz inequality. This comes about as follows.

S _ Y (Pipyy (Pipy
s% Y= (Ini P)Y'y” (P, Py
y>(Pipy’
kK(ni p)yk? k(P i p)yk?

a

©
Nowy~=(Pj p)yisequalto y>(Pi p)(I,i p)y because

PipUni p)=CPipip+rp=(Fip).

Hence
© _ a,
R2=_Y (PipUai py
k(lhi p)yk2k(P i p)yk?

It follows from the Cauchy-Schwartz inequality that

DYk
y i P)Uni P)Y
- - 3.18
(i DY K(P 1 PYK (3.19)
Let u be the angle between (P j p)y and (Inj p)y. Then
R% = cos? (3.19)
and from equation (3:18)
il-R- 1 (3.20)

From (3:17) and (3:18)), (1 i R?) is seen as the proportion of S that is unexplained
(S3) and hence R? is the proportion of S% that is explained. Since (P p)y =
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3 -

X™ i ey , writing ¥ for X™,

=< 2
yPipy= (i ¥

which is seen as that part of S2 which the least squares line X*=¢ =2  adjusted

by the mean of y (e}), explains. Finally, from (3:18),
F)
r2— (L @i Pii PO
@i D Vi B’

the square of the product moment correlation coex cient between y; and ¥; from

elementary statistics. Of course, py = e and py = p[Py + (I, i P)y]; butE % L
and sopP =p,p(Ii P)=0. Thus py = e} = pPy = pX”. It follows that the mean

of yi; y,; ¢€C; y, is ¥ and the mean of ¥; ¥»; ¢CC; ¥, is also .

3.3 Orthogonality and Least Squares

There are various di®erent ways to formulate the method of least squares using the
natural scalar product. The one that emphasizes minimizing the sum of squared

errors, from which the term least squares comes, may be written
argminky i 12 =2 = py, (3.21)

In equation (3:21), the expression k:k? is squared length de ned by the natural scalar
product (:; :). A corresponding expression emphasizes the orthogonality of (y j 2)

with L. Since Py is unique for given y, then 2 is unique, being de ned by the condition
(i ®x)=08x2L. (3.22)
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Expression (3:22) is important and it plays an especially important role in the dis-
cussion of invariance below (section 3.6).

Least squares which de nes orthogonality relative to the natural scalar product
(:; ) isusually referred to as ordinary least squares or OLS. A more general expression
for the scalar product is h:; :1 = (:; A:) for some (n £ n), nnd matrix A. To be a proper
scalar product, A must be pd but, under certain conditions, A may be nnd whereupon
h:; ;i1 is said to be a quasi-scalar product. If in fact A (& I,) is pd, then least square
relative to h:; :i is referred to as generalized least squares (GLS); where A is nnd then
least squares relative to h:;:1 belongs to the class of generalized instrumental variables
estimators (GIVE). GIVE covers the following methods: instrumental variables (1V),
two-stage least squares (2SLS), three-stage least squares (3SLS), generalized 2SLS
and generalized 3SLS (G2SLS and G3SLS) and the generalized method of moments
(GMM). At this stage, it is not convenient or helpful to enter into a discussion of these
methods. Rather, attention will directed toward the general case of least squares
relative to the quasi-scalar product h:;:i.

Model (1:4) will take the form of (3:14) and X the form of (3:15). The matrix A
may be pd or nnd and its rank will be K, k - K - n, so that X"AX is invertible;
alternatively L7\ R [A] = A. In this setting, the least squares criterion will be (3:22),

relative to the scalar product h:; :i. Thus T = X is selected at » = X™ such that
hyj 2, xi=((yij ® AX)=08x2L. (3.23)

71



Writing x = X, for any , 2 RX, then
CXTAY i LUXCAXT =0 (3.24)

identically in _. Thus since X~ AX is invertible,

A

. ¢.
X* =2 =X "X"AX " XAy, (3.25)

If X iX>AX¢i XA = F, then F & F~ but F = F2. For this reason F is often referred
to as an oblique projection matrix. More precisely, F is the projection matrix on L,
orthogonal relative toh:; :i. In the same language, P = X(X~X)' %> is the projection
matrix on L, orthogonal relative to the natural scalar product (;; :).

Recall that in section 3.3, relative to the scalar product (;; ), p = e ie>e¢i te>

and

$& =y (hipy
= (:(ni P)Y)
= (i py;yi py)
= k(lni pyK

because (In i p) is symmetric and idempotent. Similarly,

S2 = y"(Pipy=k(Pi p)yk?
Sy = Yy (Ini P)y=k(lni P)yk?.
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What happens to these quantities when the scalar product is altered from (;; :) to
h = (G A)D?

2 |t is easily seen that p has to be replaced by f=¢ 'e>pe lemA following the
form of F using the equiangular vector e. But neither F nor f is symmetric
(though each is idempotent). On the other hand, for two vectors z and w,

hz; wi = (z; Aw). Thus, for example,

hy, (i Hyt = (v Allni fy)

— v Aj AeletAc i leA
= y, Aj Ae eAe '"€A y .

Now

= i> ¢i >

h(ni DY; Uni D)Yi = (Vi e e Ae ' e Ay;
i> ¢i1 >

Ay i Ae e Ae e Ay)

— > . > i> ¢i1
= y~Ayij y“Ae e Ae

e~ Ay
> i ¢i1 >
iy Ae e"Ae e Ay

i ¢. i ¢.
+y~Ae ' Ae lemAe 'emAe !

e~ Ay
= Yy AYi Y ATy i y~Afy +y Afy,
because Af =f~A, that is Af is symmetric; and f~Af = Af. Hence

hy; (Ini Dyi = h(ln i Oy, (Ini fyi
= k(lni Hyk3
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where kikZ denotes length relative to the scalar product h:; :i.

It follows from this discussion that (I, j F), (Fj f) and (I, i f) are symmetric

relative to the scalar product h:; :i; using (F j f), then
AFif=FiHA=(FiH AFif
or for arbitrary vectors w and z in R"
hz; (Fj Hwi=h(Fj Hz; wi=h(Fj f)z; (Fij f)wi.
Notice, incidentally, that just as P obeys, relative to (:; :),
P = (B — (P Py — b p2.®
GPY=®P:; )=/ P)="1P%

so F obeys, relative to h:; :i

®
hiy Fii =hF i =hF Fiio= o P2

The same holds for f, (Inj f); (Fij f) and (I, i F), indeed any projection matrix
which is orthogonal relative to h:; :i.

Turning back to S, S2 and SZ, relative to the scalar product h:; :i; these become
$& = k(i Hyk,
St = k(Fi Hyk,
Sy = k(lni F)yki.
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It is natural to de ne R", relative h:; :i, by analogy with R? relative to (:; :) in (3:18).

Thus from (3:18)

2= _(FPi pg:flni pgy)”
k(P i p)yKk(lni p)yk

which is cos? i relative to the natural scalar product. When h:; :i replaces (:; 3), (3:18)

is replaced by

, _ N Dy (ni Hyi®
"TKFi DK k(ni DYKG

(3.26)

which is cos? p relative to h:; :i.

One way to look upon the scalar product h:; :1 is as the natural scalar product in
transformed vectors. If, for example, A is pd, then there exists a non-singular R of
order nsuch that R”"R = A. Thus hw; zi = (w; Az) = (w; R°Rz) = (Rw; Rz). Thus
when w and z are transformed into Rw = r and Rz = s, then hw; zi = (r; s) and any
analysis of vectors relative to h:; :i may be recast, by a transformation matrix R, into
a corresponding analysis of transformed vectors relative to the natural scalar product
G5 o).

If the matrix A is an orthogonal projection matrix of rank K (and hence is nnd),
then there exists an (n£ K) matrix B such that A = BB~ and BB = Ik. In this case,
hw; zi = (w; Az) = iB>w; B>z¢ = (p; q) with B>w = p; B~z = g. Note carefully
that p and g will be K-tuples. The transformation B~ is an example of a partial
isometric matrix or partial isometry. Suppose that A is the orthogonal projection
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matrix on a subspace M of dimension K (along M? of dimension (nj K)), then
for every x 2 M, Ax = x and kB>xk? = xBB™x = xAx = x>x = kxk2. Thus
kB~xk = kxk; for every z 2 M7, B>z = 0. For example consider P = X iX>X¢i ' x>
onto L along L?. Since X has full rank, X>X is pd and hence there exists a (k£ k)

- ¢-
non-singular Q such that QQ = 'X>X1t. Then P = XQ™QX~ = BB~ with

D.
| e

B = XQ~ an (n£ k) matrix. For any x 2 L, kB>xk = 9x>BB>x = " x>x = kxk

£ @
as required. For any z 2 L?, Bz = QX”z = 0since L ~ N X~ . Partial
isometries are important in econometrics since they are transformations which hold

lengths of vectors in a subspace xed while annihilating vectors lying orthogonal to

that subspace.

3.4 Restricted Least Squares

By restricted least squares is meant the model (1:4) subject to r <k linear restrictions
on the estimation of ; corresponding restrictions may be placed on the estimation
of 1. Let these restrictions be de ned in terms of a known (k £ r) matrix B of rank

r and a corresponding (n £ r) matrix A:
B> =0) A1 =0.
For given B and arbitrary (n£ n) pd matrix Q,
— i ¢i 1 —
B> =0)B” X°QX "X°QX =0
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yielding for * = X~ and A =QX iX>QX¢i 'B, A¥1 =0. Ais not unigue for given
B, but PA =X iX>X¢i 'Bis. B>~ =0and A>1 = 0 are called restraint equations.
Alternatively, if there are r linear restraints on k coet cients , then there must be
(k i r) free' coet cients to estimate; let these be the [(k j r) £ 1] vectors ®. Then

and ® must be related by
- =Me

where M isa [K£ (k j r)] matrix of elements determined by B~ = 0.

Example 5 Let k =4 and r = 2, so that

2 3 2 3
_1 2 3 _1
- T, ,B>_=§2 il 0 o0 égz -
T, 0 0 1 i1 87,
! 4

The second equations imply 2 { = ,and 3= 42 Thus(kjr)=4j2=2)0is

(2£ 1). Let®; = ; and®, = 5. Then
2 3 2 3

N -
o O
OO N
(&)

8
ONN W
]

Z

)

]

N

e 2

]
DOOCOOO0000D) N

I\JlH

01 ®> ®2 3
01 ® 4
The equations M® = are called freedom equations. I
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The model (1:4) may now be expressed as
y=X +" (3.27)
subject to B® =0 or as
y=14" (3.28)
subject to A=1 =0;1 2 L, in restraint equation form; or as
y =XM® + ", (3.29)

M® = ; in freedom equation form. From (3:28) and (3:29) the subspace L = R[X]
of dimension k is now restricted to Lo = R[XM] of dimension (k j r). If the entire
linear space R" is considered, then this may be decomposed into orthogonal subspaces

as follows
R"=1L,0 (LZ\L)0 L~ (3.30)
The corresponding decomposition of y relative to (:; ) is
y=Poy+(Pi Po)y+(lni P)y (3.31)
or adjusting for the mean,
(Ini P)Y=Poi Ppy+{Pi Po)y+(lni Py (3.32)

- ¢
in which Pp = XM IM>X>XM "IMPX>. For later reference, it will be helpful to

“nd an expression for (P j Pg) in terms of the matrix A in equation (3:28) and P.
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Notice that in (3:28), the restricted subspace Lo must be
£ @
Lo=L\N A™ .

The subspace of interest, from (3:30) is L§ \ L:

pa

0 £
LE\L = L\N A~ °“\L

a

O
= L +RJA] \L

= ©L?+PR[A]+(Ini P)R[A]a\L

© 2?2
= L?+RJ[PA] \L

= R[PA].

The dimension of R[PA] is the rank of PA and this will be the same as the rank
of A if and only if (i®) R[A]\ L? = ;. This last condition is reasonable since
A=0QX iX>QX¢i 'B for arbitrary pd Q and PA = X iX>X¢i "B then has the rank
of B, namely r. Although A is arbitrary up to the choice of Q, PA is unique; indeed
PA = A where Q = I, which is admissable.

Given L§ \ L = R[PA] and R[A]\ L? = ;, the unique orthogonal projection on
Lg \ L is from (3:30) and (3:31),

Pi P, = PA'A>P @it aAmp

e L
= xx>x "B BThex B BTheX X, (3.33)
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Thus the decomposition (3:31) yields
i ¢i 1 h i ¢i 1 iil i ¢i 1
PiP)y=x"x>x "B B > "'B ' B> 'x>X "' x%y. (3.34)
Setting X = Py and X", = Py, where ™ is the (unrestricted) estimator of ~ in (1:4)

and AO is the corresponding restricted estimator in (3:27), (3:34) may be recast as

e h e i
i X%, =x">x B B¥'x>x "'B ' B>

A

X

A

leading to

i b N o e hin
=" hex e BT !Ixx B BT (3.35)

a familiar expression in least squares theory.
When A=1 =0 in (3:28) is replaced by the (at ne) restrictions A1 =, 4 & 0,
1 2 L, then there must exist a solution 1° to A™* = |, say A”1" = y, whereupon

A (i 1) =0,12L. Then (3:28) is replaced by
yitt=(i) " ATE Y)=01 2L,

1% peing regarded as a given constant vector. Repeating the same analysis, (3:35) is
replaced by
h ;3 i

A A | A

=i hexite BT xex tB T B . (3.36)

Thus the formulation (3:28) is seen as being quite general in the sense that its least
squares solution can accommodate the more general A=1 = .
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The relation between the freedom equation = M® and the restraint on equation
B> =0 is straightforward to establish since 0 = B> = B~M®. Since ® is chosen
without restriction, B°M = 0, i.e. the vectors comprising M are selected from the
null of B=. N £B>aI has dimension (k j r) and M has (k j r) columns. Hence given

B, M is unique.

Example 6 From example 5,

2 3 2 3
10 2 0
2 0 il O
M= ; B=
01 0 1
01 0 j1
Hence > 3
10
2 3 2 3
2 i1 0 O 2 0 00
BM = § : -§ 4
0O 0 1 ;1 01 00
01

as is required by the relation B®M = 0. The nullity of B= is 4 2 in this case and M

has two columns. Thus the solution is unique. l

3.5 The Frisch-Waugh Theorem

It often happens in econometric work that the raw data available need to be adjusted

to make them applicable to the problem under examination. If the application in-
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volves a linear least squares regression and if the adjustments required are linear, the
question arises: is it appropriate to adjust the data before applying them to OLS
regression, or should the raw data be applied directly to the regression, augmented
to make allowances for the needed adjustments? This question is answered in the
Frisch-Waugh Theorem which was ~rst applied in relation to linear adjustment for
seasonality.

Consider the model (1:4) re-written as

y=X; 1+X; ,+" (3.37)

in which Xj is the rst k; columns of X and X, the remaining (k j ki) =k columns.
X4 is to be thought of as the "observations' on each of the variables entering into
the linear adjustments to be made, while X; represents n observations on each of
the k, variables which are of economic signi cance in ‘explaining" y: Thus equation
(3:37) is the regression augmented to include the required adjustment. For example,
in terms of seasonality, y is the vector of raw data, that is, data that have not been
de-seasonalized, X1 represents the seasonal e®ects and X, the economic variables that
theory predicts will explain the behavior of y. These latter observations are also in
the form of raw data.

Now suppose y and X, are each adjusted for seasonality by tting the following
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arti cial regression by OLS:

y = Xl +Ug (3.38)

Xo = X1E£7,+ Us. (3.39)

In (3:38), W is (k; £ 1) and uy is (£ 1); in (3:39) £, is a (k; £ ky) matrix of coezx -

cients and U, is (n £ k). The OLS regressions of (3:38) and (3:39) are, respectively,

y = Piy+(Ini Py =Xl +0; (3.40)

Xy = PiXo+ (Ini P1)X2 =X:£,+ 0, (3.41)

- ¢
Here P; = X IXi>Xi '1Xi> i=1,2;, (Ini P;) is denoted M;. Having adjusted the
variables for seasons, the true economic e®ects, devoid of seasonal in°uences, may be

determined via OLS regression obtained by premultiplying (3:37) by My:
Mly = |V|1X2_2 +V (3.42)

whereupon X,™, = X, iX2>M1X2¢i 1X2>M1y. This is precisely the estimate of X, ,
obtained by applying OLS directly to (3:37). Of course X, , = Fyy, as indicated
earlier. This simple result indicates that de-seasonalizing the variables linearly and
then calculating the appropriate linear regression produces precisely the same estimate
of , as would have been produced by  tting (3:37) directly.

The Frisch-Waugh Theorem in fact provides the same answer via another route.
The intuition here is to de-seasonalize y by tting (3:38), yielding (3:40), and then
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" tting
My = Xi,1+ Xz,2 + Vo (3.43)

The inclusion of X, in (3:43) is justi ed on the ground that the matrix X, has not
yet been de-seasonalized. Consequently ", should re®ect only that part of X, which

is orthogonal to R [X;] that is M1X,. When estimated,
n (N ¢i 1>
Xo.2= Xy XM X, " X3 Myy

and thus X, from (3:42) = Xo72 = X", from (3:37) = F,y. Notice that in “tting

(3:43),

. ¢
XiM = Xy XIMaXy X MMy

5

—_ . i > ¢i1 > i > ¢i1 >
= Fiyi X; XTMpX; "~ XTMpX; X7X 1Y

= Fwyi Pwy
a .
= X; All ﬁl

Thus the tted regression equation (3:43) is
a .
yi Xl =% Al i, + X2A2 + %, (3.44)
or using the projection matrices Py, F> and P,

yi Piy=(F1i P)y+Fy+(lni P)y. (3.45)
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In (3:45), ¥, of (3:44) has been written as (In i P)y. This may be seen from the

following.
% = (Ini P)Myy
= (Ini Pli P+P1)y

= (Ini P)y

" coming from the " tting of equation (3:37)), as indicated in (3:45).
The Frisch-Waugh Theorem (which will not be stated as a proper theorem) will
be summarized as follows. If it is desired to estimate , by applying OLS to equation

(3:37), then the following alternative methods are equivalent.

1. Direct estimation of (3:37) by OLS.

2. Linear adjustment by OLS of y and X5 as in equations (3:38) and (3:39), followed
by OLS estimation of the linear regression of the adjusted y on the adjusted X,

as given in (3:40) and (3:41).

3. Linear adjustment of y as in (3:42), followed by the OLS estimation of , as in

(3:44) or the estimation of _, as in (3:43).

These calculations also reveal that:
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a. in 3. above the estimate of _ 1 in (3:43) is Al from (3:37) as indicated in 1.

above less {I; from the linear adjustment to y as given in 2. or 3. above;

b. theestimated residual from tting (3:37) is precisely the estimated residual from

" tting (3:42) and (3:43).

Thus the Frisch-Waugh Theorem reveals the convenience of projection matrices

in making alternative OLS calculations.

3.6 Invariance

When OLS is applied, orthogonality is de ned by the natural scalar product (;; :).
When GLS or GIVE is applied, the scalar product de ning orthogonality is (;; A:),
A being a pd or nnd matrix. In terms of the model (1:4), OLS yields for * = X" the

estimate
A i~ ¢i 1>
DX =X XX "Xy=Py (3.46)

and P is orthogonal onto the range of X relative to (:; :): The corresponding estimate

for GLS is
— i ¢i 1
1=X"=X X"AX “X~Ay=Fy (3.47)

and F is orthogonal onto the range of X relative to h:; :i; moreover, A is such that

the matrix X~ AX is invertible. The question arises: when are the two estimators
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the same? The answer is provided by a theorem which has come to be known in
econometrics as Kruskal's Theorem. This will be proved when A is pd. The theorem

is stated as:

Theorem 6 Let y = * + " be a model in whichy and " liein R"and* 2 L, a
subspace of dimension k < n. On R" is de ned the natural scalar product (:;:) and
an alternative h:; :i = (i; A:), A being pd. The OLS estimate of * in L is the same

as the GLS estimate of 2 in L if and only if the subspace L is invariant under A.

Proof. If L is invariant under A, then for every x in L, Ax 2 L and hence AL % L.
Let L be invariant under A. Then for OLS, (y i 2; AX) = 0 for every x 2 L. But for

GLS

O=hyiHxi=@i HA)=0i 5w

for every w 2 L. Since orthogonality ensures uniqueness of 2 and * and each is such

that

i®x)=¢i*»x)=0

forallx2L,2=1,

Now let 2 =1, Then

Yi®%nx=Fi»A)=0

for all x 2 L. Since 2 =2, by uniqueness, Ax 2 L and L is invariant under A. &
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Example 7 Let X = [e; X2; X3; ¢¢C; Xk] and A = £In Qi %+ ee>1/zn. Show that
L = R[X] is invariant under A. Notice that if AXp, 12 RX may always be written
as XMy for some non-singular matrix M of order k, then L must be invariant under
A. Forany x2 L, x= Xy, 42 RX. Thus Ax = AXu=XMu= X, 2 L. Now AX is
given by

£In @i +ee>1/zcI [e; Xo; X35 ¢€C; X,]

5

= ef(lj %) +n%g:X (1 %)+ [enkyls; enksh; ¢¢¢; enskyl]

where X = [X,; X3; ¢¢¢; X, ]. But the RHS of the last equality may be re-written
2 3

>§ 1+(nj 1)% nk'%; nks¥; ¢C¢; Nkl Z

AX e:X

0 i1 (Li %)
= XM.
Hence, AXp = XMp = X, and L = R[X] is invariant under A. Bl

A useful theorem for proving invariance is

Theorem 7 If L % R" is invariant under the (n£ n) matrix A, then PAP = AP
for every projection P on L. If PAP = AP for some projection P on L, then L is

invariant under A. R
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Example 8 From the previous example, note that e 2 L . Hence Pe = e. In addition

£ o)
PAP= P 1,(1j %) +ec™% P
£ o]
= PQij%+eeh P

£ o]
= 11 %) +eeh P,
which establishes invariance without the pain of manipulations. l

When A is nnd, Kruskal's Theorem may be extended to include this condition. In
Theorem 6, the condition of invariance is stated AL % L, meaning that AL implies
L. If A is non-singular, then AL = L and hence L is also invariant under Ai? i.e.
L = AilL. When A is singular and L is invariant under A, then AL will lie in L but

will not cover it, and so it is still correct to write AL % L.
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4 The Multivariate Normal and Related Distributions

4.1 Probability and Random Variables

There is some mathematical di+ culty in de ning the concepts of probability and

random variable. The conventional point of departure is a random experiment.

De nition 13 A process giving rise to observable outcomes is called a random ex-

periment, denoted by E, if the following conditions are upheld.

1. All outcomes of E are known a priori.

2. In any particular performance of E, called a trial, the outcome cannot be known

a priori.

3. E may be repeated under the same conditions. l

Conditions 1{3 in De nition 13 may not suit every situation to which the concept
of probability may apply. However, the de nition of a random experimentis a starting
point from which an expansion of ideas may take place.

The set of all possible outcomes of E forms a sample space denoted by S. The
elements of S are called sample points or, more usually, elementary events. On the
basis of the elementary events, more broadly based events comprising subsets of S
may be formed. These subsets are called events in S and the way in which they are
constructed is represented as an algebra called a %-algebra.
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De nition 14 Let F denote the class of subsets of S which have the following two

properties.

1. A2F D) A° 2 F, A® keing the complement of A in S; that is, F is closed

under complementation.

2. A 2 F,i=1;2;¢¢; ) UZLA; 2 F; that is, F is closed under countable
unions. The class F is known as a %-algebra or a %- eld, and (S; F) is called

a measurable space. A 2 F is said to be an F-measurable set.
One further element is required for a probability space. This is provided by:
De nition 15 Probability P(:): F ¥ R is a set function de ned on F satisfying:
1. P(A), O for every Ain F:
2. P(S) =1;

. P._
3. P(UIZEA) = :;11 P (A;) for every sequence of disjoint events in F, that is

for events having the property A\ A; = ;; 1 & J.
The function P (2) is referred to as a probability measure.
Putting de nitions 13{15 together permits:

De nition 16 Let a random experiment have sample space S and let S be endowed
with a %- eld F and a probability measure P (:). The triple (S; F; P (:)) constitutes
a probability space. H
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The concept of a random variable may be developed from a probability space in
the following way. A random variable X (:) is an F-measurable function from S to
the real line R, that is to say, for every s 2 S, X(s) = x 2 R. This raises a problem:
while the events of the probability space are determined by the %- eld F de ned on
S, the mapping X : S ¥ R takes points in S directly onto the real line, thereby
‘avoiding' F. Clearly, the mapping X : S ¥ R must be consistent with the de nition
of the %- eld F. Brie°y, there must be de ned on R a %-algebra that is consistent
with F. The %-algebra on the real line is referred to as a Borel eld and is denoted
by B. The elements of B are Borel sets denoted by B 2 B. This arrangement leads

to the following de nition.

De nition 17 A random variable X (:) is an F-measurable function from S to R
such that, for every Borel set B 2 B on R the set Xi1(B) = fs: X(s) 2 B; s 2 Sg

satis esXi1(B)2F. m

In De nition 17, suppose that Sy % S is a subset of S such that X (Sp) = B. Since
So 2 F by de nition, the statement Xi!(B) 2 F is merely a requirement that the
inverse image of B forms a proper subset Sy of S, as de ned by the %- eld F.

Three points should be noted about the de nition of a random variable. First,
a random variable is de ned for a speci ¢ %-algebra, F. Second, if X(:) : S ¥ R
is to be a random variable, then the order of argument is from the Borel eld B
to the %- eld F, not the other way round. Finally, a random variable is, strictly
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speaking, neither random nor a variable. X (:) is a real-valued function and the terms
random and variable do not enter its de nition. Randomness (or probability) enters
the picture only after the de nition of the random variable X (:) has been stated, as
a means of completing the mathematical model induced by the de nition of X.

In discussing random variables, it is often necessary to discuss pairs of random
variables, or triplets or n-tuples. It is then standard to refer to a random vector or a
vector-valued random variable. Before a random vector can be de ned, it is necessary
to introduce the concept of Borel sets of a nite-dimensional Euclidean space V on
which the scalar product (;; :) is de ned. Let kxk = (X; x)JZ'. The open ball of radius
r about the point z in V is de ned as fx: kx j zk<rg. The open ball is used to
de ne a Borel eld on V, to stand in place of the Borel eld on R used in de ning a

random variable.

De nition 18 The Borel eld of V, denoted by By, is the smallest %-algebra that

contains all of the open balls. (V; By) is a measurable space. ®

Note that By is independent of the scalar product of V. If two scalar products are
de ned on V, these will generate the same Borel eld By,.

In de ning a random vector, it is necessary to have an appropriate probability
space which, as before, may be regarded as the triple (S; F; P (:)). With this in

place, the de nition of a random vector is stated as:
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De nition 19 A random vector X (:) in V is a function mapping S into V such that,

for each Borel set B2 By, Xi1(B)2F, Xi1(B)=fs: X(s)2B;s2Sg. &

In De nition 19, let V = R". Then the Borel set B may be regarded as com-
prising n subsets By; B,; ¢¢¢; B, and By =B £ B£ ¢¢¢£ B = B". Then Xi1(B) =
Ts: X1 (s) 2 By; X,(5) 2 By; ¢¢¢; X, (S) = Bp; s 2 Sg, where Xy; X,; ¢¢¢; X, are the
co-ordinates of X corresponding to the sample point s.

The space on which a random vector is de ned is seldom of much interest and
so the argument of a random vector is ordinarily suppressed. What is of interest
is the distribution of X on V. Let X be de ned on S to V where (S; F; P () is
the probability space. For each set B 2 By, let Q(B) = P (Xi!(B)). Obviously
Q : By ¥ R is a probability measure on By, and (V; By; Q) is also a probability
space. Q iscalled the induced distribution of X, meaning that Q is induced by X and
P. In summary, given the probability space (S; F; P (:)), a random vector de ned by
X:S B Vsuchthat Xi1(B) =fs: X(s) 2B; B2By;s2Sg, thenQ =P (Xi!(B))
on By is the induced distribution of X on By,. It is also possible to proceed the other
way round. Suppose it is given that Q is a probability measure on By (V being a nite
dimensional vector space on which a scalar product is de ned). Then there will exist
a random variable X and a probability space (S; F; P (:)) such that Q is the induced
distribution of X. The proof of this claim is achieved essentially by substitution.

SettingV =S, By = F and P =Q, let X be a random vector such that X (v) = v for
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v2V. Then P (Xi1(B)) = Q for each B 2 By and Q is the induced distribution on
By = F.

Although Q is, properly speaking, the distribution induced by X and P on By, it
is unusual to use this phraseology. Rather, it is usual to say: \X is a random vector
which ranges over V with distribution Q." This form will be used throughout the
sequel.

A function f: V ¥ W is called Borel measurable if the inverse image of each set
B2 Bw isin By, i.e. iffi1(B) =fx:f(x) 2 B; x 2 Vg 2 By, in which W is a metric
space, Bw is a Borel eld on W and (W; Bw) is a Borel measurable space. If fis
Borel measurable, then f(x) is a random vector in W. When f is continuous, it is
Borel measurable. If W = R and f is Borel measurable, then f(X) is a real-valued

random variable.

4.2 EXxpectations

De nition 20 Let X be a random vector which ranges over V with distribution Q
and let f be a real-valued, Borel-measurable function de ned on V. The expectation
of f(X), assumed to be nite, is Ef (X) = s, f (x)dQ the integral being a Lebesgue

integral.

Let V = R" on which is de ned the natural scalar product. Let Q (dx) denote the

standard Lebesgue measure on R". If q is a non-negative function on R" such that
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the Riemann integral RRn q(x)dx = 1, then q is called a density function. Q(B) =
RBq(x)dx is a probability measure on R™ implying that Q is the distribution of
some random variable, say X. Let e;; e;; ¢¢¢; e, denote the orthonormal basis in
R" (whose sum is the equiangular vector). Then (g;; X) represents X; the i'th co-
ordinate of X. Assuming nite expectations, EX; = RRn (ei; X) q(x) dx = 1;, the mean
of X;. The vector T comprises co-ordinates 1,; 1,; ¢¢¢; 1 and is the mean vector
of X. Notice that for any non-random vector z 2 R", E(z; X) = E[F)i (ziei; X)] =
P P . . . ,

i[zZiE(ei; X)] = ;ziY; = (z; 1) for all z 2 R", implying that % is unique. This
leads to the appealing equation E(z; X) = (z; ExX) which is certainly valid in the
co-ordinate case.

In referring to Euclidean subspaces, it is convenient to write the Euclidean vector

space V with scalar product (:; :) as fV; (i; :)g. This notation is used in:

Proposition 8 Let X 2 #V; (;; :)g with mean 1. LetY 2 fW; h:; :ig, ' 2W and A
be the matrix of a linear transformation V ¥ W. The random variable Y = AX + 1

has expectation A1 + I,
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Proof. Letz 2 W.

Ehz; YI = Ehz; AX+1ij
= Ehz; AXi+hz; 1i
i ¢ .
= E A z; X +hz; i
i ¢
= IA>z;1 +hz: 1i
= hz; Ari+hz; 1i

= hz; Ar+1i. 1

In addition to the mean, the most important moment is the variance-covariance matrix

of a random vector. Consider the random vector X in fR" (;; :)g. Using the basis

¢o

£ -
matrix I, = [e(; ep; ¢¢C; e,], then (g;; X) = X;. Let E (Xji %) IXj it =

P
i;J=1;2 ¢¢; n,and = [%]: Let z and w lie in R™. Then

¢ < 2

Covf(z; X); (w; X)g = Cov z;i Xi; W;X;j
>< <! )
= zijwj Cov (Xi; Xj)
> X
= Zin%ij
i ]

= (z; 8w):
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h i
Alternatively, letE (X i 1)(Xi 1)” =§. Then

Covf(z; X); (w; X)g = Covf(z; Xj 1); (w; Xj 1)g
= Ef(z; Xi 1):(Xi %, w)
h i
= EZ7(XiH)Xi 1) w

= 778w

= (z; 8w).

The matrix 8 (which is nnd or pd) is called the variance-covariance matrix of X,
or the dispersion of X relative to (:;:). In place of Cov f(z; X); (w; X)g could be

written Df(z; X); (w; X)g. The notation D (X) = § is also used.

De nition 21 The unigue non-negative de nite matrix § on fV; (;; ))g to fV; (:; g

that satis es
Df(z; X); w; Xg=(z; 8w)
is called the dispersion of X relative to (:;:). W

It should be emphasized that the dispersion depends on the scalar product spec-
i ed. The next result shows how the dispersion changes as a function of the scalar

product.
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Proposition 9 Let X be a random vector which ranges over fV; (:; :)g with dis-
persion §. Let h:; :i be another scalar product given by h:; :i = (i; A, A being a

positive-de nite matrix. The dispersion of X in (V; h; :i) is §A.

Proof. It is necessary to establish that

D fhz; Xi; hw; Xig =hz; 8 Awi

for all z; w2 V. Now

D fhz; Xi; hw; Xig = DTf(z; AX); (w; AX)g
= DTf(Az; X); (Aw; X)g
= (Az; §Aw)
= (z; A8AwW)

= hz: §Awi. N

There are two consequences of Proposition 9. First, if D (X) exists in one scalar
product, it exists in all scalar products. Second, if D (X) = 8 in fV; (:; :)g, then the
dispersion relative to hz; wi = (z; § i tw) is the identity.

Another result which is a generalization of Proposition 9 is:

Proposition 10 Let X be a random vector which ranges over fV; (:; :)g. If A'is the
matrix of a linear transformation V. ¥ W, where fW,; h:; :ig is a Euclidean subspace,
then D(AX+ 1) =A8A~ forall ¥ 2 W.
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Proof.

D fhz; AX + 1i; hw; AX+ Tig
= Dfhz; AXi +hz; 1i; hw; AXi +hw; Tig
= D fhz; AXi; hw; AXig
Oi - I a
=D Az X ; AwX
i ¢
= Az, 8§Aw

- ®
= z;A8A"w
Thus

DfAX+1g=A8A”. N

4.3 Special Covariance Structures

Relative to the Euclidean space fV; (;; :)g, the group of orthogonal transformations

V T V will be denoted by O (V).

De nition 22 A random vector X which ranges over fV; (;; :)g with distribution Q
has an orthogonally invariant, or spherical, distribution if its distribution and the

distribution of MX are identical for all B2 By and M2 O (V). R

An implication of a spherical distribution is that the corresponding dispersion is

1%2 for some %2 > 0. Thus if X is a random vector ranging over fV; (:; :)g with
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spherical distribution, then D (X) = 1% for some %2 > 0 and D (MX) = D (X) for all

M 2 O (V).

De nition 23 If X 2 fV; (;; ))g and

D (X) = 1%?

for some %2 > 0, then X is said to have a weakly spherical distribution. This is

equivalent to the condition D (X) = D(MX) forallM 2 O (V). R

The di®erence between a spherical and a weakly spherical distribution is that,
in the former case, the whole distribution is invariant under orthogonal transforma-
tion whereas in the latter case, the dispersion is a positive multiple of the identity
and this dispersion is invariant under orthogonal transformation as a consequence of

Proposition 10.

4.4 The Multivariate Normal Distribution

In classical terminology, a probability distribution induced by a random variable or
random wvector is normally written as a distribution function (or cumulative density
function). This was referred to as Q in section 4.1. If X is the random variable of
interest with induced continuous distribution on R then P(X - X) = Q(X). The

corresponding probability density function (pdf) in this case is q (x) where dQ (x) =
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q (x)dx. The interpretation of this last expression is P ix i %dx - X- X +%dx¢ =
q(x)dx. Clearly Rixlq (t) dt = Q (X).

The multivariate normal distribution occupies a central place in the distribution
theory now to be introduced. In elementary statistics, the univariate normal distri-
bution is introduced as X » N (*; %2), meaning that X is distributed normally with

mean 1 and variance %2. In this case, the pdf corresponding to X » N(; %32)is

N (( 1)2)
i it . X i
f(x) = 24%2 "Zexpj 2IT42 (4.1)
Here the integral
Z Z C
* Ty XY 52"
g (X) dx = exp T dx = 2%%“ 2
i1 il 4

and hence, setting f (x) = (2:%2) z g (X), the integral Rill f(x) dx =1, as required. If
a random sample of n is drawn from N (*; %2), then the sample may be written as an
n-tuple of mutually independent random variables Xj; Xj; ¢¢¢; X,. If A; represents
the event ©xi i2dx - Xi- X+ %dxia,i =1; 2; ¢¢¢; n; then P (A; \ A, \ ¢CC\ A))
is given by

Cp D

((xii 1)’

2" 8
4 exp 0,2

dx; dxz ¢e¢dx,. 4.2

If 1,%2 = §; X = [Xq; Xo; ¢¢C; X,,], then the pdf (4:2) may be expressed more com-

pactly as
f(x)dx = (2%)" ¥ deti 7§ exp %(xi e1)”§i1(xj et)dx (4.3)
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where f (X) now stands for f (x;) f(xz2) ¢¢¢f (xn) of (4:1) and dx for dxi; dx, ¢¢¢ dxp.
If Xq; X,; ¢¢¢; X, form a dependent set of normal random variables, such that for
I;j=1;2 ¢¢;n

z

xif(x)dx = EX; =1,

Z R"
i

n Kii 1) Xt

(o]

¢ £ i
fx)dx = E (Xii %) Xji %

i = Yij,

then § in (4:3) becomes § = [¥%;;] and e, * being scalar in (4:3), is replaced by the

vector 1, de ned by 1= =[1,; 1,; ¢¢¢; 1 ]. Then the pdf for n dependent X;'s is:
f(x) = (2%)1 % deti 2§ expi%(xi 1)78il(xj 1). 4.9

In equation (4:4) § is presumed to be pd whereupon det§ > 0 and § i ! exists. In this
case the random vector X has pdf according to (4:4) and this is indicated by writing
X» N(;8).

Notice carefully that, in view of the positive de niteness of §; there will exist a

non-singular (n £ n) matrix A such that ASA~ =1, , ASA=8§i1 Let
Z=A(Xi 1) (4.5)
or

X=Ailz+1, (4.6)
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The Jacobian of the transformation (4:6) is

L 0 (X)
jJj = mod det —@ 7a)

= mod deti ' A.

Thus, corresponding to (4:4), the pdf of the vector Z is
Y 1 Y
g@)=(2%) 2detiz§exp j 527z ).

. i ¢ .
But deti'§ =det 'A™A =det A2 deti? § = mod det A. Thus
deti 2 § jJj = mod det A mod deti! A=1.

Hence
Y Y
-~ 1 2

g(z) =2%'2 exp iEz z . 4.7
Moreover from (4:5) EZ = 0 and DZ = A8A~ = 1,. Thus Z in (4:7) obeys
Z» N(0; In) and (4:5) represents the standardization of X; that is, the transfor-
mation of X » N (%; 8) to Z» N(0O; I,). Notice that, for the normal distribution,
independence and zero covariance are synonymous, Usually, independence implies
zero covariance but not vice-versa. Also notice that the at ne transformation (4:5)
or (4:6) (meaning that the hyperplane in which X lies has a di®erent origin from the
hyperplane in which Z lies because * & 0) allows inheritance of normality. This is
true of any nite, atx ne transformation of a normal vector: an at ne transformation

of a normal variate is normal.
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The standardized multivariate normal distribution of Z» N (0; I,) implies a set
of n independent standardized normal variates Z; » N (0; 1) with cov (Z;; Z;) =0 for
all i & j. This is commonly written Z; » NID(0; 1) i = 1; 2; ¢¢¢; n, NID meaning
normally and independently distributed. The distribution of Z plays an important role
when the dispersion of X is singular, that is § is nnd. In this case, det § =0and § i1
does not exist. When this is the case, the distribution of X is said to be degenerate.
Moreover, (4:4) is ill de ned. What can be made of a degenerate distribution? The
secret to understanding degeneracy lies with the standardized normal distribution
and a generalization of (4:6).

Consider m non-homogeneous linear functions of Z where Z= = [Z;; Z; ¢¢¢; Z,]:
X=A"Z+1, (4.8)

In equation (4:8) A~ is an (m £ n) constant matrix, * isan (m£ 1) vector and X is
an (m£ 1) vector comprising elements X; Xs; ¢¢¢; X, Since Z» N(O; In), X has
mean 1 and dispersion A”A = §. If A has rank m, then m < n, and A"A = § is
(m £ m) and positive de nite. In this case it is clearly in order to write X » N (%; §).
Now consider the case when the rank of A is @ < m. In this case it is possible to show
that there will exist a constant matrix B~ of order (q £ m) such that BZA~AB = I.
Setting W = B~ (x j 1), W will have the N(0; 1;) distribution. This implies that,
if X has a degenerate distribution, in the sense that it has mean * and dispersion 8
of rank ¢ < m (m being the number of random variables comprising X), then X is
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distributed on a g-dimensional subspace of the m-dimensional subspace on which X
is de ned.

Another degenerate case arises when m > n and A has rank n. It is clear from
(4:8) that 8 = A=A with rank n < m and order (m£ m). Thus X has a degenerate

distribution. Nevertheless AA~ will be (n £ n) and pd whereupon
i ¢i1
AA” TTAXi 1)=Z» N(;1,)

and so the underlying distribution upon which X is based lies on an n-dimensional
hyperplane, whereas X itself, being an m-tuple with m > n, appears to lie in R™.
Commonly with a linear hypothesis on R", y » N (%; I1,%2). Here the dispersion is
non-singular and * 2 L, a k-dimensional subspace of R". The estimate of 1 is ® = Py
where P is the orthogonal projection on L of rank k < n. How is Py distributed?
Evidently like N (*; P%?), except that P is nnd and hence is singular. Thus Py has a
degenerate distribution | not surprisingly, because Py 2 L and L has dimension k
less than the number n of rows and columns of P. It is surely reasonable to expect
that Py is distributed on L, even though it is expressed as if it is distributed in R"
(and is thereby degenerately distributed). In this case it is known that P = BB~

where B~ is the (k £ n) partial isometry such that BB = Ix. Using B~,
B(Pyi H)=B7(yi %)

which has distribution N (0; 1,,%2). Thus Py has a degenerate distribution on R", but
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a non-degenerate distribution on R¥ as anticipated.
The notation X 2 R™ and X » N(2; 8) is taken to mean that there exists a

Z 2 RY where g is the rank of §, and an (n£ q) matrix A of rank g, such that
X=AZ+1

with Z » N(0; lg). This implies that 8 = AA™ which is nnd. Under any linear
transformation B, B being an (m £ n) matrix of constants, if X » N(*;8), BX »

i ¢
N B1; B§B~ .

4.5 The Non-central Chi-square Distribution

De nition 24 If X 2 R™ has the N (%; I») distribution, the random variable X~ X
has a non-central chi-square distribution with m degrees of freedom and non-centrality

parameter + = 1>1 written A2(m; ). W

The ordinary, or central, chi-square distribution is the special case of the non-
central chi-square distribution when the non-centrality parameter is zero. If the dis-
tribution is said simply to be chi-square with m degrees of freedom, without specifying
the non-centrality parameter, then it is understood that + = 0. Notice that £ is a

simple quadratic form in the mean of the present normal distribution i.e. += 1~1,
s -

— . p_ 1
Some authors de ne the non-centrality parameter as 1= and others as —

The important pointis thatif * & 0; £ & 0.
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The mean and variance of X » A2 (m; %) are given by

EX = m++#
VX = 2m+ 4+
Thus if £ =0, the mean is m and the variance is 2m.

From de nition 24, it follows that if Q; » A?(my; #1) independently of Q, »

AZ(my; 1), then Q; + Q, » A2(my +my; +; +1y).

Theorem 11 If X ranges over R™ according to the N(*; §) distribution, § being

pd, then

Xi )78 (X ) » A%(m).

Proof. There always exists an (m £ m) non-singular matrix Q such that Q§ Q= =
Im » QQ =8t Let X » N(*;8§)as indicated. ThenZ=Q(X j 1) » N(0; I1n)

implying that ZZZ = (Xj )" Q Q(Xj 1) » A2(m). m

Theorem 12 Let X range over R™ according to N (0; I,,) and let A be a xed, sym-
metric matrix of order (m£ m) and rank g. A necessary and suz cient condition for

XZAX » AZ(q) is that A = A~ = A2,

Proof. Let x 2 R™ be a realization of X: Clearly x>x » A?(m) and

XX =X"AX+ X" (I, i A)X.
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Let M be an orthogonal matrix such that MAM~ = D, D being diagonal with g
non-zero and (mj q) zero elements. Since Mi 1 = M>, MM~ = |, and
X M7AMX + X" M” (Im i A) MX =Xx~X
or
X Dx+x” (Imi D)x =x"x.

D has (m j q) zero diagonal elements, so the corresponding elements of (I j D) must
each be unity. Hence the non-zero elements of D must also be unity. Since a necessary
and suz cient condition for A to be symmetric and idempotent is that its characteristic
values are unity or zero, A must be symmetric and idempotent, and hence so must
(Imi A).

On the other hand, assume A = A~ = A2, Then there exists an orthogonal matrix

M such that
X~ M~AMX = X~ DX = X7 X1
in which x; is a (q £ 1) subvector of x. But x; » N (0; l5). Hence X7 x; » A2(g).m

Theorem 13 Let x» N(0; Iy). A necessary and sut cient condition for x”A;x and
X~ Ax; of rank r; and r respectively, to be independent A2 (r;) and A2 (r,) variates

is that AlAZ =0.1
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4.6 Non-central F-distribution

De nition 25 If Q; and Q; are independent random variables and Q; » A? (my; ),
Q, » A%(m,), the distribution of the quotient % is called the non-central F-
distribution with m; and my degrees of freedom and non-centrality parameter *, writ-
ten F(mq; my; £). F(mq; my; 0) is the central F-distribution with m; and m, degrees
of freedom, written F (mz; my). Occasionally, one encounters the doubly non-central
F-distribution in which Q; » A%2(my; #;) and Q, » A2(m,; +,) independently. This

is written F (mq; my; £1; ). A

4.7 Non-central t-distribution

n o

De nition 26 If Q; » A2(1; 4;) independently of Q, » A2(m,) then élm—z »
n O%

F (1; my; 1) and its square root Q—;’:l?z has the non-central t-distribution with

. i —C
m, degrees of freedom and non-centrality parameter pi_l Clearly t? Im2; pil =

F(1; mg; ). 1

4.8 Cochran's Theorem

P._ _
Theorem 14 Let X » N(0; In) and let X>X = :;'1‘ XZAiX, the Aj being ~xed

matrices of rank r;. The following conditions are equivalent (i.e. any one implies the
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other two):

I:>i=k

S ri=m;

Each X”AiX » A?(ri);
The X~A;X are mutually independent. l
Cochran's theorem is stated without proof. It is the central distribution theorem

for the linear hypothesis.
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5 Gauss-Markov Estimation and the Linear Hypothesis

5.1 The Gauss-Markov Theorem

The model to be considered is of a random vector y which ranges over R" on which
the natural scalar product (:; :) has been de ned. For xed w and z in R",

Ew, y) = (w;1) 12L% R";dimL=k<n; (5.1)

Diw;y); @ y)]l = (w;z)¥%. (5.2)

Thus Ey =1 2 L, a k-dimensional subspace of R", and Dy = 1,,%2. A basis for L is

available in the form of an (n £ k) matrix X of rank k, and so * may be expressed

ast =1(")= X", where is a (k£ 1) vector which lies in some subset of RX. This

subset of R¥ is easily shown to be R£X>Q. For suppose the rank of X isr - Kk, thenin

o]

£ o £
RX there are two orthogonal subspaces: R X> of dimension rand R X~ ?=N [X]

of dimension (k j r). Thus  may be uniquely decomposed as

£ @«
with 2R X~ and (i °) 2 N[X]. Now

X =X""+0.

© a _ — :
because N [X]= p:Xp=0; u2 R¥ . Thus X~ = X ", Moreover, ifr =k, N [X] =
£ o
; Whereupon ~ = " 2 R X> . In the model described above, r = k and hence
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_ £ _m
2 R X~ . Note also that

hix>x(Bi ! .

o}

£ £ a
R X~ =R XX =R
The model y » (%; 1,%2); 1 2 L, may also be written as
y=X +"; E"=0;D"=1,%% (5.3)

with the X matrix considered as a xed basis of L. In particular, for any x 2 L,
ECG")=EXYi?t)=(X 0)=0.
It is convenient and useful to consider the estimation of * in terms of the parameter

vector . Estimation of is considered in terms of linear combinations of its elements.

De nition 27 A parametric function is a linear function of unknown parameters.
If the unknown parameters are represented by the vector in (5:3), then for a xed

vector ¢ 2 R, @ =(c; ) is a parametric function. Il
The estimability of @ is de ned in terms of unbiased linear estimators.

De nition 28 The parametric function @ = (c; ) is said to be estimable if there
exists a xed vector a 2 R" such that the linear estimator (a; y) is unbiased for 2 ;

thatisif E(a; y) =(c; ). 1

Theorem 15 The parameter function 2 is estimable if and only if there exists a xed

vector a 2 R" such that ¢ = aX.
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Proof. If 2 is estimable, then
E@y)=(;). (5.4)
ButE(a; y) =(a; 1) and * = X . Hence
aX =c¢7 (5.5)

must hold identically in — implying a>X = ¢~. If ¢ =a~X, then (5:5) holds, which

may be written as (5:4). Thus 2 is estimable if and only if c = a”X. l
Lemma 16 If 2 is estimable, then there exists a unique, unbiased linear estimator
(@; y) with a® 2 L.
Proof. If 2 is estimable, there exists a vector a such that E(a;y) = (c; ) and
c>=aX. Leta=a"+(aj a°)witha®2L;(aj a°)2L~7. Then

@y)=@%y)+(@iaiy).
Taking expectations,

(& )=(@"*)+0

because (aj a®)?Land* 2 L. ThusE(a;t)=E(@a"; 1) =(c; ).

To prove uniqueness, let the vector ® 2 L satisfy E(®;y) = (¢c; ). Then 0 =
E@%y)i E@;y)=(a"j ®; 1) implying, since * 2 L, that (a® j ®) 2 L?. But a®
and ® both lie in L by construction. Thus (a® j ®) lies in both L and L7, implying
(@i ®) =0, thatisa® =® and a° is shown to be unique. &
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Theorem 17 (The Gauss-Markov Theorem) Under the assumptions of model
(5:1), every estimable function @ has a unique linear estimator which has mini-

mum variance in the class of unbiased linear estimators. The unique estimator

3 3 77 3 -
is a1 ™ = ¢ where™ is the least squares estimator of ~ in (5:3) and
s -
1A =P

Proof. Let (a; y) be an unbiased linear estimator of 2 , thena=a>+(aj a%); a" 2

L; (aj @) 2L7. Now V (a; y) = kak?®%2 and
kak¥%? = ka°k?%? +ka j a’k*%°.

Since kaj a°k?%?%_ 0andV (a";y) = kak¥?,

5

V(ay), V@,y).

But (a; y) is any unbiased linear estimator @ while (a°; y) is unique. Moreover, if P
a .

is the orthogonal projection matrix on L, (a°;y) = (Pa; y) = (a; Py) = &; x* =
3 - 3 -
X>a;™ = ¢;™ ,inview of theorem 15. This proves the Theorem. ®

A minimum variance unbiased linear estimator is often referred to as a best linear

unbiased estimator or a BLUE.
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5.2 The Linear Hypothesis
5.2.1 The Setting

To test a linear hypothesis, a distributional assumption is required. This is done by

augmenting (5:3) with the maintained hypothesis
i ¢
H:y» N1(); 1% ; (5.6)

1 () 2L asis required under (5:3). The null hypothesis to be tested may be written

as r linearly independent equations
Ho:(ai; 2 () =0 i=1;2;¢¢; rnr<kr()2L. (5.7)

Let A be the matrix [a;; a,; ¢¢¢; a,] which, by the linear independence of the a;, is

of rank r. Thus (5:7) may be re-written
Ho:A™1(7) =0; 1()2L, (5.8)
£ @
whereupon it is clear that, if Lo = L\ N A~ , then
Ho:212Lg% L, (5.9

L, being of dimension (k j r).

The statement that * 2 L is a linear hypothesis because L is a linear subspace.
Similarly Hy is a linear hypothesis because Ly % L is a linear subspace.

In (5:7){(5:9), Hy is formulated as an hypothesis concerning * as a function of
the parameter vector . The same hypothesis may also be expressed simply in terms
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of . As has been demonstrated in chapter 3, the a; and hence the matrix A are
- ¢
not unique. What is unique is the matrix PA = X '%>x 1B, where B is a (KE T

matrix of rank r such that
_ _ £ ©
Ho:B>™ =0 2R X~ (5.10)

is consistent with (5:7){(5:9).
The formulations of Hy in (5:7){(5:9) are in restraint form. In (5:10), the im-
£ o £ o
plied subspace in which = must lie on Hp in R X> \ N B~ , having dimension
£ o £ o £ o
(k'j r). Moreover, dimN B> =(kj r). Letabasisof N B> inR X~ beMa

(k£ (kj r)) matrix satisfying
B~ M = 0.

It follows that if ® isa ((k j r)£ 1) vector satisfying

=M@ (5.11)

and 2 R£X>D\ N £B>u; then (5:11) represents the freedom equation form of Hy
which appears in restraint form in (5:10).
The setting de ned by (5:6) and one of (5:7){(5:11) covers all of the known linear
tests in econometrics, including the a+ ne hypothesis H; :
£ _o

Hy:B™ =u UEO0 2R X . (5.12)
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Since B~ has rank r < k, with r rows and k columns, it is clear that (5:12) has more

than one solution. If any one of these is , then B=, = p and
B (C i .)=0. (5.13)

The maintained hypothesis in (5:6) may now be re-formulated, using y* =y j X

5

and 1" =X( j ,), as
i ¢
H:y" » N 27 |,%2 182 L. (5.14)
If (5:14) replaces (5:6) and Hy in (5:10) is replaced by
H;:B™ " =0 (5.15)

where ~° = (" j .), then (5:6) and the a* ne hypothesis (5:12) has been accom-
modated into the linear hypothesis framework, (5:14) corresponding to (5:6), (5:12)

corresponding to (5:10).
5.2.2 Decomposition
From chapter 3, the natural decomposition of R" is
n i ? ¢ ?
R"=Lo0 Ls;\L ©L (5.16)

i ¢
withL =140 IL{;’ \ L . The orthogonal projection from R" on L, is Py and PPy =

PoP = Po; also (Ini P)(Ini Po) = (ni P)(Ini P) = (lhi P);P(Ini P) =
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(Ini P)P =0, Po(lni Po) = (Ini Po)Po =0, and P(ln i Po) = (Ini Po)P =
P i Po. Corresponding to the decomposition (5:16),

In=Po+ (Pi Po)+(lni P), (5.17)
(Pi P = PAIA>PA" ' AP = X Ix>x" 1 hex g g ey e
from chapter 3, with Po = XM iM>X>XM¢i 'MPX>, M satisfying B°M =0 for the
matrix M of order (K£ (k j r)), from equation (5:11). It follows from (5:6) and (5:17)
that

kyk?  kPoyk? k(P i Po)yk® k(lni P)yk?
= + + _
¥,2 ¥,2 ¥,2 ¥,2

(5.18)

Moreover %2&2 » A2(n; 4); = % Since rank Po=(k j r),rank (P j Py) =r and
rank (I, i P) = (nj k), the sum of the right hand side ranks equals the left hand
side rank. Hence, by Cochran's theorem, the three right-hand side elements of (5:18)
are independent A2-variates.

Consider the last two terms on the right-hand side of (5:18) in regard to testing

o]

£
Ho against the alternative hypothesisH, : A1 6&0; 1 2L,orB™ &0; 2R X7,
taking H as established. On H,

k(Pi Po)yk?

(P Py)?
%2 '

3/42

» AZ(I’; 1); t=

On Hy, the same element has the same distribution except that + = —EiP* —

¥,2
since T 2 Lo % L. With regard to the last component of (5:18),

K(In i P)yk?

o » A2(nj k; 0)
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since (Inj P)* =0o0n H and on Ho. It follows from this discussion that

F— k(P Po)yk? nij k
k(lhi P)yk?" r

(5.19)

has the F (r; n j k)-distribution, central on Ho, non-central on H,. Notice that both
Hy and H, are consistent with H. In (5:19), the evidence that y has a "large’ compo-
nent in i LS\ L¢ relative to its component in L7 is taken as counter to Ho, whereupon
F will be ‘large’; and the evidence that y in iLg’ \ L¢ is 'small’ relative to its compo-
nent in L7 is taken as counter to H, and hence not counter to Hg, whereupon F will

be 'small’ and H, ‘acceptable’ as a working hypothesis.

5.2.3 Alternative Forms of the F-test

Various alternative expressions for F in (5:19) may be developed.

_ Y (Pi Poy.(nj k)
F = O Py T (5.20)
Y (Ini Po)yi y (Ini P)y (nj k)
y(ni P)y or

whereupon, if * = (I, i P)y and * = (I, i Po)y, the unrestricted and restricted

estimators of " respectively, then

RGN (Do K)

ren ’ r

F =

(5.21)

Equation (5:21) is easily calculated directly from a computer output by noting the

restricted and unrestricted sums of squared errors.
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The next expression for F is developed from the known result

i ¢i1
PA'AZPA T AP
¢, h & ¢
= x'x>x ' B>')x>x ''B

(Pi Po)

"e= iyt

h i
Substituting the last into (5:20) and noting that % = W is an unbiased

estimator of %2 because E#? = Sl UniPw] _ Et]=niPy] _ EtfUni A7) _

G G E— Ty
tr(lng Pn%? — (njkW2 _
R = S~ W then
3 “_h . i
> ¢. 1
rF = B B>Hx*x 'y ' Bt (5.22)
3 ’> “‘ > ﬂil
- g Per 7 B> an B B>"n*.

This last expression is the large-sample Wald statistic for Hp against Hy in circum-
- —_ . X>X - _ge
stances that do not require X to be xed; merely that £== converges in probability

to a positive-de nite matrix of “nite elements, say Mxx, that 2= ¥ 0 and that, on

i ¢
Pan converges in distribution to N 'o; B>Mi1B%2 . As will be determined

Hy, B~
later, such conditions are not unreasonable for some economic observations when n
is ‘large’. But there is no need to call upon large-sample theory in the case of model
(5:6) since

3 “_h S ’i‘l

>
F=rit B> DO B>* ' B (5.23)

N .A, . . . . A . i ¢i1 2
where D B>" s the estimated dispersion of B>” on Ho, that is B> X>X '~ #2B.

In view of the connection to (5:22), (5:23) may be regarded as a small-sample special-
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ization of the Wald statistic. In fact, the test is based on the Wald Principle which
is a principle for developing statistics to test restrictions on a parameter vector.
The Wald Principle is quite general. Let p be a vector-valued parameter and fi, a

consistent unrestricted estimator of it, based on a random sample of n observations.
>y
As is commonly the case for su+ ciently largen, ' n finj 0 » N(0; §), § being

a positive de nite-dispersion. The null hypothesis, h(u) = 0, is an (r £ 1) vector of

functions h; (W) ; 1 = 1; 2; ¢¢¢; r. When n is large and there is sut cient regularity,
p—h 3/\ ’ i i ¢ h>
nh i i h@ » N0 HI8H, where H, 2%9. Then

p— 7, £ 0. 2. p
nh™ {l, HZ8H,'"h {l, "n» A%2(r %)

with £ = 0 on the null hypothesis: h(u) = 0. The null hypothesis may be tested

using the statistic

3 “h i, 3 - A
W =nh> {i, Hﬁ>§\Hﬁ> h i, » A2(r; %)

because Hy and § will be ‘close’ to Hy and §, for large n. In the case of the
R
N

linear hypothesis examined above, (5:21) gives the form of W with pﬁh U, =

P—poa > 3x>x’ il > . :

nB~" and B~ &= B = Hﬁng\Hﬁn- In all cases, only unrestricted estimates

are applied to determine W. Thus the Wald Principle is to be seen as a principle

for developing tests of general hypotheses, of the kind h(y) = 0, on the basis of

unrestricted, asymptotically normal estimators i, of j1, using a standardized quadratic
3 -

forominh fi, .
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There are now three forms of the F-test of (5:18) for a linear hypothesis: (5:20),
(5:21) and (5:23). The form (5:20) is a di®erence-in-regression formulation: ﬂ%;;@u;
(5:21) is a di®erence-in-residual-sum-of-squares formulation: i”rg&{)—" and (5:23) is the
Wald formulation based on unrestricted estimation of — and %2. All three forms are
identical. A fourth form is an equivalent test involving a di®erent distribution. This

comes through the following result.

Theorem 18 Let y be a random vector ranging over R" according to (5:6). Then a

test for Hp in (5:8) is F = V>(Fr’+°)y where #? = W P being the orthogonal

projection on L and Pg being the orthogonal projection Lo % L % R", L and L,

. ' ' . : ; — YZ(Pi Po)y
having dimensions k and (k j r). A test equivalent to F is M = s=mriviv=tapoy

or
“(Pi P
=L Pi Py (5.24)
y>(ni Po)y
: B L :
This has the  %; ﬂlz—k distribution, central on Hy, non-central otherwise. l

Theorem 18 is stated without proof. Both the F- and M-tests are exact, small-
sample tests; one is just another form of the other. Thus F and M will never yield
con®icting results. As will now be demonstrated, M is a test based on the Lagrange

Multiplier Principle of testing restrictions.

123



5.2.4 The Lagrange Multiplier Principle

Consider the Lagrange expression

LG )=@Wi ) (i H+227A,; 2L

in which 2, is the Lagrange Multiplier enforcing the restriction A=* = 0. The " rst-
order conditions for minimizing (y i )~ (yi 1) subject to A1 =0; * 2 L, are the

stationary conditions for L (%; ,):

iyt*+A7 =0

AT = 0

where 7 and 2 are the restricted estimates of * and ,. Since* 2L and 2 2Lo% L

A”P1 (PA)” 2 =0. (5.26)

Premultiplying equation (5:25) by A~ and noting that A°* = A®P1 = (, then

APy = APAT and
~ i~ ¢i 1>
T = APA '"A”Py. (5.27)
Also note that, since we know that * = Pyy, (5:25) may also be written
(Pi Po)y =PA7
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implying, from (5:27), that
i ¢i 1
(Pi Po)y=PA APA '"A”Py

as is to be expected. From (5:27)

3 -

E a. 1 £ Q. 1
“» N ATPA 'TATL ATPA Y2

a .
- ¢
which on Hg is N 0; 'A>PA 1192 since then A™1 = 0. Hence

i ¢, i ¢i1
y=PA'A=PA ' A=PA 'A=PA 11 AZPY
3/42

» A2(r; £).

Substituting in the estimator of %2 on Ho

y>(nhi Po)y

2:
% (nj k+r)

there emerges

LM = - D> T

y~(Pi Po)y
2>£|ni POZZ
(ni k+r)
which is the large-sample Lagrange Multiplier statistic for testing Ho. Moreover

M _
(nj k+r)

and M is seen to be a small-sample specialization of the Lagrange Multiplier statistic.

125



5.3 Applications of the F-test

In considering various examples of the F-test, it is worth noting that, of the various
expressions (5:20), (5:21) and (5:23), it is usually (5:23) that is easiest to apply to
- nd speci ¢ theoretical results, while (5:21) is the most practical form. Sometimes it

is bene cial to adopt the freedom-equation approach.

5.3.1 Testing the Di® erence Between Two Means

The situation to be examined is that of two independent samples of n observations, in
the (n£ 1) vector y;, and m observations in the (m£ 1) vector y,. The maintained
hypothesis is written in termsify = y7 Ey2>b> an((n+ m)£ 1) vector. The common
population mean of the ~rst sample is ~; and its variance is %2; the common popula-

tion mean and variance for the second sample are —, and %2. Thus the variances are

the same. Under H
y» N ll; Inam¥%?

where * 2 L and L has basis 3

2
e, O
o
0 em
en being the equiangular vector on R" and e, being the equiangular vector on R™.

Thus L = R [E] and



where =~ =[,; 7,]; being (2£ 1). In this formulation, then, the X-matrix is

replaced by E. It is desired to test

Ho: ;= ,D>[1 i1 =0

ThusB”=[1 j 1Jandr=1.0OnHy, ;= ,= and

1= en+m -

¢

Let P, = e, leﬁen e, with P, the same using en,; using e+, the orthogonal

projection onto its range is Po. Thus
3

Pzgpn 0 é

0 P,

and

y>(Pi Pg)y n+mij 2
y>(hi P)Yy 1
y"(PiP)y = nthi P +m@i P?

F =

= ngf+myzi (n+m)y

where ¥1; ¥ are the sample means and (n +m) § = ny; + my. Hence

N’y + m’y + 2nmi ¥,

2
(n+m)y” = n+m
and
. 2
y> (P i Pyy =TT
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Now

Y (lpemi P)Y _ (ni D22+(mi 1)
n+mij 2 (n+mij 2

= »2

It follows that

nm (i )

n+m

%

a2
i %)

=
n m

F» F(1; n+mj 2)centrally on Hy, non-centrally otherwise. Hence

t = %Zi 9‘12

— e
n m

which has the t (n + m j 2)-distribution, centrally on Hy non-centrally otherwise.

5.3.2 Testing a Regression Coet cient

In the linear regression (5:3) and (5:6), the null hypothesis is Hy : ; =0, ; being

the i'th element of . In this case B= = ; =0 and

5

B> = 0 0 ¢¢ 0 1 0 ¢¢¢ 0 O

i ¢. i ¢
with unity in the i'th position. Clearly B> 'x>X x>y =* and B> 'x>x1'B =

N i ¢
m" the (i; i)'th element of 'x>x 11, Since r = 1, applying (5:23)

A2

F= m“i%Z » F(L;nij k).
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Hence

A
SE ™,
s -
A p— .
where SE 7, =% m'tandt» t(nj k), centrally on Hp, non-centrally otherwise.
When the null is —; = {, then the t-test becomes
A | —ao
t=—5_1L
SE "

5.3.3 Testing a Linear Combination of Regression Coet cients

As an example, consider, in the context of (5:3) with (5:6), Hy:2 ,+3 ;=1asa
null hypothesis to test. In thiscase, B> =1withB>=[0 2 3 0 0 ¢¢¢ 0]

Let . be asolutionto B>, =1,e9. ,”=[0 i1 1 0 0 ¢¢¢ 0]. Then

5

B (C i .)=0;r=1and

Pa PE ¢ i ¢m A
PF=B" "j. 22mP+3m* +32mZ2+3m* '"'B” 7

5

. i ¢
where m"Y is the (i; j)'th element of 'X>X L. F will follow the F(;nj k) distri-

bution and hence

_ 2A2+3A3 i 1

“wrreaome ) i

since m? = m32 centrally on Hy, non-centrally otherwise. The denominator of t is
3 .

SE 2%,+3%, .
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5.3.4 Testing a Block of Regression Coet cients

Again using (5:3) and (5:6) as the maintained hypothesis, consider the special case
y=X; 1+X; o, +"

in which X3 has ki columns and X, has k. columns. The null hypothesis is Hp :
~, = 0. In this case, L = R[X] where X = [X;:X;], Lo = R[X{] and hence
— i > ¢i1 >
Po= X1 X7Xy 7 =P1. Now
P = Fi+F
i > ¢i1 > i > ¢i 1>
= X3 Xl MoX4 X1M2+X2 X2 M1 X5 X2 M;j.
Then
PiPo = (1iPoP

= (IjP)P

= M1P

= Mk

- ¢-
= MXz XSMiXo ' XC M.
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Thus

y"(Pi Py nik

F = :
y>(ni Py r
_ y>(Pi P)ynik
y> (In i P)y k2¢
_ Y MiXe XEMiXe ' XEMuy
k%2 '
Moreover
> i > ¢i1 >
ng:y M Xy, XS MiX; "7 XS My

%2

F here is distributed as F (k; n j k) and k,F is approximately AZ (k,) for “large’ n.

5.3.5 Durbin-Hausman Testing
Referring to section 5.3.5, where —, =0, the maintained model is
y=X1 1+Xz o +" (5.28)
and, on Hp, the model is
y=X; ;+" (5.29)
It will be convenient to write ; = ®; in (5:29) and to test
y = X101 + " (5.30)

as a model related to (5:28) when ; = ®41. This permits a re-interpretation of Ho

fromHy: ,=0toHj: ;i ® =0 where  is taken to be from (5:28). A natural
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way to test Hy is to consider a standardized quadratic form based upon the di®erence

i ¢. H ¢.
A0 = XOMX XMy i XX, Xy
h i

i ¢i ¢
XM i XEMX XXXy

R ¢.

= 'XZMoXy |
i > ¢i1 > .

= XTMX; "TXTMo (i Py)y

. ¢
= i XIMXy P XTPoMuy. (5.31)

Clearly, (5:31) is zero whenever L and L, are orthogonal; to proceed it is presumed L
- ¢
is not orthogonal to L,. Let A = XTM2X; and PoX; = X3Q, Q = IX2>X2 : 1X2>X1.

A is always non-singular. When k; = k,, Q is square and non-singular and
_ i _ R
i ®1= i AllQTX My » N A QX M11; ATTQ™XFM1XoQA 142 (5.32)

with j Ai1Q™XZM;1 =0 when 1 2 L4, i.e. when Hy and H§ coincide. Thus, given

L and L, are not orthogonal,

3A “>f . . Q. 13A i
1i @ Ar']lQ>X2>M1X2QA' 2 ! 1 : ®; (5.33)
Y MXGQATE AQIE X MX, LG AT AQTXE M.y
. %2
y~ M X, IX2>|V|1X2¢i 1X2>M1y

= w2 » AZ (ko; 3)

with + = 0 when * 2 L;. Moreover,

. ¢
y~M; X, IX2>'V|1X2 i X5 My
kn?

» F(k;nj k) (5.34)
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where #? is calculated from (5:28). Thus the testing of Hy : ® j ;, = 0, when
ki = k, and L is not orthogonal to L, is seen to lead to precisely the same test as
Ho : , = 0. Although ki = ko seems to be a very special case, in fact it is quite
usual in speci cation testing using instrumental variables (IV's).

When k; < ki, (5:32) still holds except that now the dispersion is singular, being

of order (k; £ ky) and rank k,. The easiest way then to proceed is to standardize
3 .

the distribution of +\1 i ® on L. Note that Q is (k2 £ ki) of rank ks, whereupon
QQ~ has a unique inverse. Also let C be a non-singular matrix of order (kz £ k»)

such that CX;MX,C™ = I,. Then

3 -

i ¢
A8 =i CXGMy » N0 %2

>¢i 1
CQQ™ QA

when 1 2 L; or when Hg holds and Lis not orthogonal to L,. It follows that
3-A ] = i ¢, 1 i ¢, 1 3-A ]
11 ® AQTQQ™ 'TCTC QQT QA Ty 8y

0 » A2 (ko %)

or

¢i 11 ¢i 1 i1
XM X "7 QQ™ T T QAAT QXTI My
%2

- i1 - i >¢i 1 i
y~MX,QAT"AQ™ QQ

i ¢ 1
y"M X, XM X, ' XMy
= 2 e » A% (ky; 3

i.e. (5:33), and hence (5:34). Thus when k; , k, and L, lies strictly oblique to L,
then an F-test for Hg is equivalent to an F-test for Hy. In Durbin-Hausman testing,
the di®erence in estimators is not between unrestricted and restricted estimators, but
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- ¢

rather between an 1V estimator of the form ' X>AX I1X>Ay =" where A is an
orthogonal projection matrix, and the least squares estimator of the same coezx cient
i > ¢i 1> :

X=X '" X7y =@. This

3 -

. ¢
20 = "XAX T AMy

M =1, j P, with dispersion

h [
A

; ¢. ; ¢
D “i® = X"AX "' X"AMAX 'XZAX %2,

The standardized quadratic form is
> i> ¢i1h> i> q:il > il> ¢il >
y"MAX X~AX XZAX XTAMAX " X7AX X~ AX T XTAMy
. 2
v MAX xamax’i L amy
3/42

with corresponding F-statistic given by

. ¢.
y"MAX 'XZAMAX "' x> AMy

F=
k2

where #* has been calculated from the equation

y =X +AX0 +".

Under appropriate conditions, F» F(k; nj 2k). Thus the testing of Hj:  j ® =0
is the same as testing ® = 0 or AX®@ = 1, = 0; 1, otherwise belonging to a k-

dimensional subspace of R[A]. Notice that AX is of the same order and rank as X.
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This is equivalent to the case mentioned above when ki1 = k,. RJ[A] is presumed
oblique to L, and this corresponds to the case above when L, is not orthogonal to

Lo.

5.3.6 Testing a Set of r Restrictions

This may be done using formulation (5:10) or (5:12). All that is necessary is to de ne

B. Let k = 6 and the restrictions be

1+ 2+ 3 =1

Then
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2 3
_ 1
or B> =u&0,asin (512). Consider a solution to B~ , = g Z

2
2 3
1
il
1
] 1
2
6
1
Then B™, =p and it is straightforward to write
yi X, =X, )+"
leading to
yu — X_D + n
subject to B> = 0. The F-test is then
3 “_h . i.
g " g hextiig g
F = >
3 - h 2% i3 .
>A = >y~ ¢i 1 il >A
B=iu B X°X''B B i p

2072

- ¢
which has the F (2; nj k) distribution, ™ being X=X lX>y and X, = L
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5.3.7 Testing for Structural Change

Consider two time periods comprising n; and n, observations which follow the linear

regression
yir = X1+ (5.35)
y2 = Xz o+™
or
y=X +" (5.36)
5 > " P " 5>
wherey = yrly; = 7i; "= "["7 and
2 3
X; 0
x=§ ¢
0 Xz

In this situation ; and , are presumed to be di®erent. The null hypothesis is
Hy: ;= ,= ,anditisassumed that both n; and n, are greater than k. The

model under Hy is

y=Xo o+" (5.37)

where



~, having half the number of elements as . Notice that Ho may be written

k il =0
or
2 3
I
Thus using (5:38) in (5:36)
y = XM ,+"
= Xo ot+"

where Xo = XM in (5:37).

The orthogonal projection matrix onto R [X] is
3

Pzgm oé

0 P
i ¢i 1 - i ¢i1 .
where Pi = Xi Xi7Xi '"X7;1=1;2; Po=Xo XgXo '~ X5. Then the F-statistic is
> -
=Y (Pi Poy

k2

n=n

where #% = Xlailp — (r}lj;f;f). It is an assumption of equation (5:36) that

"1 » N(O; I,,%2) and ", » N (0; I,,%?), so that "'; and "', have a common mean 0 and

a common variance %2.
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If the two regressions contain constant terms, it may be desirable to consider an

unrestricted model (5:36) in which every coet cient may di®er from one period to

the next, and a null in which corresponding slope coez cients are the same but the

constants di®er. More generally, it may be desirable to consider restrictions on only

a subset of coex cients. For example, let the two regressions from (5:36) be

2 3
1

2 3
gxn X 0 0 é 12

0 0 X X 21

22

= XO 0+",

(5.39)

the columns of X1 and X,; referring to the same variables, the columns of Xi»

and Xy, referring to the same or possibly di®erent variables. The null hypothesis is

Ho: ;1 = ,; = ;and the null model is then
2 3
2 3. -
1
Xu X 0 .
y = LT

X 0 Xy

_22

= Xo o+"

in an obvious notation. P is the orthogonal projection for (5:39) and
2 3
P, O
=
0 P
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where Py refers to [X11: X12] and P, to [Xa : X2], it being presumed that the ki
columns of [Xy; : X4,] are less than n; and similarly k, < n, where k, is the number
of columns in [X21 : X2]: In equation (5:39), the projection is

3

P O
Po=8 P, : ¢t¢ ¢¢¢ 7.

p Pz

5>

P. being determined by X3 , P12 and Py, referring to X2 and Xy, The

>
21
F-statistic takes on the same form as before:

F=Y (Pi Poy
Ky, %

A R L _ = . _
where ky; is the number of elements in ~1;, and so also in ~,;, and %% = —Uni P

— (ni+n2j kijk2) T

ren ren
1+5

(n1+n2j k1j k2)*

An important requirement of the structural change test is that the two variances,
of "1 and ", are the same. Returning to the model (5:35), (5:36), an estimate of
the error variance in the “rst period is #Z = y-a(r']’l‘:—ill)m and for the second period is

2 — Yz (niP2)y> e
=y In the decomposition

Yy =y Py +y (Pi Po)y+y (Ihi P)y,

y= (I, i P)y may itself be decomposed into
2 3 2 3

Yy~ (Ini P)y=y>§(lmi = Oéy+y>§0 ’ éy
0 0 0 (In. i P2)
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having ranks of, on the left-hand side, (nj ki kz) and, on the right-hand side,
(i ky) and (N, j ky);n = ny +n,. Thus %2 and %3, each divided by %2, are

independent A2-variates, and

_Y¥i(n i PYyimi ke
Yo (I, i P2)y2 nii ky'

and F» F(n1j ki, n2j k2). Fissuitable for testing the null hypothesis Hg : %3 =
%3 = %2. This should be done prior to any test for structural change since %% = %3 is

a condition for application of the F-distribution.

5.3.8 Recursive Residuals

The aim with so-called recursive residuals is to calculate residuals sequentially to
facilitate the testing of the constancy of a regression. Thus a regression may be tted
to the rst k observations, then to k + 1; k + 2, and so on, until all n observations
are used. At each stage, the additional observation is tested to determine whether it
is signi cantly di®erent from the previous regression. To formulate the various tests,
the following notation is used.

X represents the (n £ k) matrix of n observations on k explanatory variables,
the st k observations being represented by X,. The orthogonal projection onto
R [Xk] = Xk iXEXk(I:i 1X§ = Pk = I since X is (k £ k) of rank k. If r observations

are added to X, there results X,., and hence Py, = Xy IXEHXKH il Xiger- Using
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this notation, let
3

2
Pk+r 0
przg é r=0; 1; ¢¢¢;: (nj k),

0  Injkir

and note that P, hasrank k+nj kjr=nij r. Consequently, as r increases, so the
rank declines and the implicit number of restrictions increases (since as observations
are added to the last regression, so these are restricted to have the same regression
coe+ cient vector as all the observations before them). In particular, P, has rank n
and there are no restrictions (indeed Py = 1,,); 1 has rank (n j 1) and one restriction;
P, has rank (nj 2) and 2 restrictions; and so on until I5ni x Which has rank k + n j
ki (nj k)=Kkrepresenting (nj k) restrictions, and f-”ni k=P=X iX>X¢i tx>,

In geometrical terms, the rank of a matrix represents the dimension of the range of
that matrix; and the smaller the dimension of a subspace, the greater the number of
restrictions on R to determine that subspace. Thus Rhﬁ’ol % Rhﬁ’ll % Rhﬁzl %

h i
¢¢¢% R Pp; k . Consider, then, the decomposition

3 - 3 -
y>y = y>ﬁniky+y> pnikili ﬁnik y+y> [snikizi ﬁnikil y+¢¢¢

3 3 g

¢ee+y™ Prj Py y+y™ i Pioy.

Three observations may be made about this decomposition.
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1. For any two distinct values of r, say mand g; m < q, ﬁqlsm = ﬁq and hence

-3 -

pq i pq+1 pm i ﬁmi 1 = lsq i ﬁq i pq+1+ pq+1

= 0.

Thus all the quadratic forms are naturally independent and the ranks of the
right-hand side quadratic forms sumto k +(k+1)j k+(k+2)j (k+1)+
¢et+(nij Dinj2)+nj(njl)=k+1+1+¢¢+1+1=k+(nj K)=n=
the rank of the left-hand side quadratic form. Division by %2 ensures that the
left-hand side is A2 (n; +) while each of the terms on the right-hand side is an
independent A2 (1; #) except the “rst which is A2 (k; ), r =1; 2; ¢¢¢; (nj k)

and 8+ =+

3 - 3 g 3 g

2. Lety™ Py Pyur Y=Y lni Pger Vi Y™ i Pg y=54,i s2=U3

Uq is called the g'th recursive residual.

3. Moving forward from the k'th observation,

3 .
y> Pii IS2,)/ _ul T
3 » -1 ,
y> Ini Psy 2
3 .
y~ Poi Ps y M Bﬂ
2 » T oSS
y> Inl ﬁS y 2 2
a .
y~ ﬁ3i IS4,)/ _Ul T
3 » 3;2 :

y> Ini Py oy

143



and so on; these statistics represent ways of testing whether the (k + r)'th
observation is signi cantly di®erent from the preceding (k + r j 1) observations,
in respect of the linear regression taking the general form of y = X +". These
tests are based on the Lagrange Multiplier Principle. Alternatively an F-test
may be used at each stage, beginning with

3

y~ Piri Pa oy
3

» F(1;1).
y> Ini P1y

If this test does not reject Ho : 41§ k+2 = 0 (Where ;1 refers to the st

k +1 observations and ., to the rst k+ 2 observations) then the numerator
3 .
and denominator are added to yield y> 1, i P, y and the next test is
3 .

y~ Poi Psy
3

» F(1;2).
Yy~ Ini pS y
Again if this test does not reject Ho : 42 i k+3 =0 then we proceed to add
3 - 3 - 3 -
y> Pi Py y+y Ihi P, y=y~ 1,i P; yanduse

-

3
y> Psi Py oy
, 3

» F(1; 3)
y> 1hi Py y

and so on. The method is referred to as \adding insigni cant sums of squares"

(as is done at each stage).

A full discussion of the tests and associated tests is found in R. L. Brown, J.

Durbin and J. M. Evans, \Techniques for testing the constancy of relationships over
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time" (with discussion), Journal of the Royal Statistical Society, Series B, 37(1975),

149-92.
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6 Limits, Continuity and Convergence

6.1 Introduction

The discussion in this chapter is decidedly terse. The aim is to provide a minimum of
understandable material, sut cient to tackle the econometric problems that arise later
on. Many of these problems are provided with a solution that rests on reasonable
assumptions about the data being analyzed. To understand the assumptions it is
necessary to understand certain de nitions. The de nitions may appear forbidding,
while in fact being natural to the task at hand. To ease the way forward, each
de nition is followed by an example. A good reference in the material covered (and

many extensions) is White (1984).

6.2 Real Numbers

De nition 29 Let fh,g be a sequence of real numbers, n = 1; 2; 3; ¢¢¢. If for every

real £ > 0 there exists an integer N (x) and a real number b such that
joni hj<z foralln, N(z)

then b is said to be the limit of fb,g and fb,g is said to converge to bas n ¥ 7; this

is written b, ¥ basn ¥ 1 or nIi'mlfbng =hH. N
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Example 9 Let by = b+2;n =1;2;3;¢¢¢. Thenby =b+1;bp =b+3;b3 =

b+ %; ¢¢¢. Clearly, fo,g ¥ basn ¥ 1.

i ¢
Example 10 Consider the expansion of "1 +42 "

N a,n 3a’ n(n i 1)3a,2
1+—= =14n — +—1=2 = " 4¢e¢
n n 2! 3n,
nnj 1 i r+1 r
n(ni Hewenir+l) a + 006,
r! n
Asn T 1
31 h 1 2
+— =14+a+—+—+
a > 3 ¢ee
= ed.
¢

o
Hence lim 1+
nt® 1

1L}
Sl
[l
(9!
Q

Turning to vectors of real elements, let b, be a (k£ 1) vector with typical element
bl (i=1;2; ¢¢¢; k). Letb, ¥ b'asn ¥ A for each i. Then fb,g ¥ basn ¥ 1
where b has elements b'. Matrices are treated similarly, except it is usually necessary to
make an assumption about the properties of the_limiting matrix. For example, if Xis
an (n £ k) real matrix, then XX = hpqxiq qul I;J=1;2;¢¢; k; g=1; 2; ¢¢¢; n.
If X has rank k, then X=X has rank k and is positive de nite. Let

%X>X ¥ Myx asn ¥ 1

where £ °_ Xig Xjq ¥ mij. Commonly it will be assumed that the m;j are ~nite and

q

My is a positive-de nite matrix.
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6.3 Continuity

De nition 30 Let g () be a vector-valued function RP ¥ RK and let b 2 RP. The

function g (©) is continuous at b if for any sequence fh,g whose limitasn ¥ 1 isb,
lim g (bn) =g (b).

Equivalently, g (}) is continuous at b if, for every " > 0, there exists a +("") > 0
such that for a 2 RP and ja; j bij < =(");i=1;2; ¢¢¢; p;jgj(@)i gD <";j =
1;2; ¢¢¢; k. If BY% RP, then g is continuous on B if it is continuous for every point

of B.H
Example 11 Ifa, ® aandb, ¥ b;a,+b, ¥ a+banda,b, ¥ ab.

Example 12 The matrix inverse function is continuous at every point that represents
: : : i ¢; ,
a non-singular matrix. Thus if £X>X ¥ Mxx, then '4X>X '* ¥ Mi%, so long as

Mxx is nite and non-singular.

6.4 The Order of a Sequence

— . . ) i ¢
De nition 31 The sequence fhnhg is at most of order n-, written O 'n. if, for some

“nite real number ¢ there exists an integer N such that ni =bn_< ¢ foralln, N.H

i ¢
De nition 32 The sequence fh,g is of order smaller that n-, written o 'n- , If, for

every + > 0, there exists an N (¢) such that ni-b, <z foralln_ N(z). ®
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a

i ¢ _© i ¢
Clearly fbng = O 'n."if ni -bn is eventually bounded; and b, = o -7 if
e @ i ¢ . i ¢ . i ¢
ni-b, ¥ 0. Iffb,giso n- , then it must be O n- . Also, if fb,g = O n- ,
i ¢
then for every + >0, fhhg=o0 "he o fbng = O (n%) = O (1), then it is eventually

bounded and it may or may not have a limit. If fb,g =0(1), thenb, ¥ 0.

P P
Example 13 Let x; = O(n). Then % X;j = O (1) and this implies that, for all

P i
+>0; Xj=o0 n* .

i ¢
Example 14 Let b, = 4+ 3n+6n?. Then fh,g = O(n?) and fbhg = 0 T+ for

all+>0.1

. i ¢ i ¢ :
In regard to matrices and vectors, these are of O n- or o n- if each element is

i ¢ i ¢
On- oro n- .

6.5 AIlmost Sure Convergence

It is often of interest in statistics generally, and hence in econometrics, to consider
averages of sequences of random variables fY;g. Let ! represent the entire random

1 Pn
sequence fYig. Letb, (1) == ..,V

De nition 33 Let fb, (1)g represent a sequence of random variables. b, (1) con-
verges almost surely to b, written b, (1) % b if there exists a real number b such that

Piy[bn (1) ¥ bl = 1 where the probability measure Py refers to the distribution of 1!
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which determines the joint distribution function for the entire sequence of random

variables. B

What Py [bn(?) ¥ 1] = 1 means is that some sequences in fb, (1)g may not
converge, but these have probability measure zero.

If fbn (1)g ¥ b and g () is continuous at b, then g(bn) °F g (b).

Example 15 If y = X +" is the familiar least squares model in n observations and

k variables, and these k variables are random variables, then let 2X>X % Myx a
- : i Ly>n 3 i >¢i1 >, A~ ;

nite pd matrix and ni *X~" ¥ 0. It follows that X=X " "X~y =" may be written

i ¢ i ¢. B o ¢ .

as 'Lx>X X7y = 'LxX T (X + 7). Thus f =T+ AKX e A

_+Mxx¢0:_.

- i ¢
Example 16 Consider now ~ = lX>AnX : lX>Any. If it is assumed that —r11X>AnX
* Ma which is “nite and positive de nite and £X>A," °F 0, then ™ F 7 by the

same reasoning as above. &
6.6 Convergence in Probability
De nition 34 If there exists a real number b such that, for every " > 0,
Piflbn (1) j bj<"] =1 asnt® 1,
then b, (1) is said to converge in probability to b, which is written b, (1) i por

p lim [by (D] = b. If by (¥) § b and g() is continuous at b, then g (b, (1)) ¥

nt
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g(b). Let g(:) be a vector-valued function RP ¥ RX and b, (1) and b be (p£ 1)
vectors. If g (:)is continuous at b, then bi, () ¥ bi implies that g; (b, (*)) ¥ g; (b) i =

1;2;¢¢;p; j=1;2;¢¢¢; k. A

6.7 Convergence in Distribution

From elementary statistics it is known that if X » (*;%%);0 < %2 < 4, and
X1; X2; €¢€¢; X, is a sequence of random selections from this distribution then, by

the central limit theorem, for sut ciently large n,

i1

%—:pﬁ » N (0; 1)
or pﬁ(ﬁe i 1) » N(0; %2).
De nition 35 Let fb,g be a sequence of random variables with joint distribution
function fF, (1)g. If Fh(y) ¥ F(y) asn ¥ 1 for every point y, where F (y) is the
distribution function of the random variable Y, then fb,g converges in distribution to

the distribution of the random variable Y which is written bp ﬂ Y . In this de nition

vector may be interchanged with variable. B

Let y range over RP according to a distribution with mean 1, a (p£ 1) vector,
and dispersion 8§, a (p £ p) pd matrix. This is written y » (%; 8§). Let fy,g be a

random sequence of n from (*; §). Then yy; y,; ¢¢¢;y, are n (p£ 1) vectors each
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withmean* andasn ¥ 1

% Y
1 X
"=y N

or
PRrein INQO )

F)
where ¥ :ﬁ yi is a (p£ 1) vector of sample means. By an abuse of notation, it is

common to write

u |
a .1
$5N =8

Let u be a parameter vector in Rk and {l,, an estimate of p based upon a random
i ¢
sample of n such that i 5 N 'p; 18 . Let h () be a set of r < k functions of p which

are real and continuous at J. Then
3 7 .
h i $N'hQ;niHS Hp¢,
a .

h i
where H, = M@EL evaluated at 1. Now pﬁ i pw ¥ N(;§)andhenceplimil =

i. Moreover, by Taylor's theorem,

3 7 3
hff =he+2® 8y +R

'y

where R ¥ 0as{l, ¥ W Hence

h s~ i s -

— A — N i = ¢
PEhfihe =PAH i +o0,@ §N'OHSH, .
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On the null hypothesis h (1) =0,
3 - i ¢
h fin S N h(u;ni*HISH, .
Assuming that i ¥ 1; Hy # Hy; and § ¥ § then
H7§Hy | HZSH,
whereupon, if h (i) =0, then

_ £ a. R
w=Prn> f§ HesHy h PR Az o).
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7 Maximum-likelihood Estimation Procedures and Associated Tests of

Signi cance

7.1 The General Problem

There are n independent observations Xi; X»; ¢¢¢; X, from a known probability den-
sity function f (x; ) and it is also known that the hypothesis H : u = o 2 - applies,
- being some subset (or all) of some k-dimensional Euclidean space RX. It is desired
to test whether the true value of |, denoted by o, is an element of I, a (kj r)-
dimensional subspace of -. There are two ways of expressing I when - is known:
in the form of restraint equations, Ho : h (1) = 0, where h represents r independent
functions, or in the form of freedom equations, written Hy : p = (®), in which ® is a
set of (k j r) independent parameters: ® 2 A% RKi ', It is sometimes the case that
a combination of restraint and freedom equations is speci ed. There is always a free-
dom speci cation corresponding to a restraint equation speci cation and vice-versa;
but the corresponding relationship is often dit cult to derive in practice.

Using the restraint form, ! = ©u: h(u) =0; u2- % R"a. Using the freedom

a

©
equation speci cation, ' = p:u=u(®);® 2A% RKir |
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7.2 General Justi cation

There are essentially two general justi cations for using maximum-likelihood methods.

The rst comes from Bayes' Theorem which states that

P2 - jX1; X2, ¢6¢; Xn) / P (X1; X5 ¢0¢; Xn jU2 - )P (L2 -): (7.1)

The probability that p 2 -, given that the sample x;; X»; ¢¢¢; X, has been observed, is
proportional to the probability that xi; X2; ¢¢¢; X, will be observed, given that u is in-
deed an element of -, times the probability that pliesin -. P (Xq; Xp; ¢¢¢; X, JU 2 -)
is in principle a probability but, since the x;'s are observed and so are to be treated as
parameters, and 1 2 - is to be treated as variable, P (Xq; X,; ¢¢¢; X, ju 2 -) is called
the likelihood corresponding to n observations, written L, (X; 1). P (4 2 -) is called
the prior, or a priori, probability since it represents the probability that pis an element
of - before the sample X1; X2; ¢¢¢; X, has been observed. P (U2 - j X1; Xo; ¢¢C; Xp)
is the probability that p is an element of -, given that the sample X;; X,; ¢¢¢; X, has
been observed; hence it is called the posterior or a posteriori probability.

P (u 2 -) can only be assigned subjectively and this is not universally acceptable.
However, it can be assumed that P (i 2 -) is uniformly distributed over -, that is,
that the investigator cannot distinguish, in terms of prior beliefs, any values of y that
are more likely than others. Such uniform distribution of prior probabilities over -

is known as the Doctrine of Equal Ignorance. Applying this doctrine to nding the
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most likely value of g in -, there results
SUP P (M j X1; X2; €¢¢; X)) = sup § Ln (X; 1) ; (7.2)
H2- H2-

! being the product of the constant of proportionality from (7:1) and the constant
probability covering every p 2 -. Thus maximizing the likelihood for variations in
U 2 - yields the same value of 1 as maximizing P (1 ] X1; X2; ¢¢¢; Xn) and the principle
of maximum-likelihood is given a justi cation as a consequence of (i) the calculus of
probability and (ii) the Doctrine of Equal Ignorance.

A second justi cation for maximume-likelihood methods is found in the properties
that maximum-likelihood estimators possess under general conditions. Given that
the probability density function, from which that n sample observations have been
chosen, is known then the maximum-likelihood estimator of p in -, say {i 2 -, will

generally have the following properties.

1. {lis consistent.
s .

2. {l is a BAN (Best Asymptotic Normal) estimator, that is, pﬁ i o f
i ¢ : — . . : .
N'o; Bi' where B} is the (k£ k) positive-de nite matrix which attains the
Cram@§r-Rao lower bound, to be discussed below.

A approx

- ) ¢
3. Inview of property 2, 1 "» = N IuO; 7118;101 for large n, and hence standardized
3 -

quadratic forms in {I, and in functions of {I like h fi for example, are A2-
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distributed. Thus if H, = % then, given suzx cient regularity,

3 " h i 3/\'

> N i 14> il i A2(
nh™ U HﬁBﬁ Hﬁ h U ¥ A“(r; 1)
andt=0onHp:p21.
4. ﬁ Is a function of a sux cient statistic for y, if a sut cient statistic for p exists.

5. Maximum-likelihood estimators are invariant to reparametrization in the fol-
lowing sense. Let pand ¢ both be (k £ 1) vectors such thatforg:- ¥ Tpu RK
IS @ smooth mapping that transforms g 2 - uniquely into g(u) = ¢ 2 T.

Let the new likelihood based on the same n observations be L} (X; ¢). Then
s -
Lo O H) = LE2(X; ¢). Now Ly, x; i > Ln(x; p) for all p& {lin -. It follows

3 3 77 3

that L2 (x; &)=L x;g 0 =Ln X;fl >La(x p) =L2(x; ¢) forall pé& i

3
and all ¢ & 2. Thus the maximume-likelihood estimator ¢ = g ﬁ .

7.3 Notation

Qn

Lo (X; ) =~ T (X5 ) represents the likelihood corresponding to n observations.
log Ln (X; W) is the loglikelihood corresponding to n observations and
1 1 X<
Tlogla W) == logf(xi; b) (7.3)
i
de nes the loglikelihood corresponding to a single observation. A justi cation for this

terminology is based on the following argument. T (x; W) is the probability density
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function for the single observation x and

" @2log f (x; W)

Z
@2|0 f(x
LT W )=k, T

B, =
M @u@u>

(7.4)

is a (k£ k) symmetric matrix called the information matrix. B, clearly applies to a

single observation. Now

1_ @%ogl, (G )” _ 1>X_  @%logf (xi; B)°
_Eu i > - = EP i >
n Oueu n . Queu
1
= HnB“
= B,

Thus % log Ln (X; W) is justi ed as the loglikelihood corresponding to a single obser-
vation because it contains precisely the amount of information contained in a single
observation, as given in (7.4). That (7.4) may be interpreted as measuring informa-
tion contained in a single observation needs some justi cation; this follows in section
7.5 below (Cramfir-Rao Inequality).

(I will represent the maximum-likelihood estimator of p in - [ the maximum-
likelihood estimator of pin .

The symbol z (1) is used for E,, [log f (x; W], that is
Z

z(W) = logf (x; k) F(X; po)dx = Ey,[log £ (x; W] (7.5)
E,, denoting expectation corresponding to the distribution of the random variable x
when the true value of p is L.
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Hy (as de ned in section 7.2 above), z (1) and B, may be evaluated at various
3 -
values of p. At {i for example, H,, z (1) and B, become Hy, 2 i and By. u® is the

point in T at which z (W) is greatest.

7.4 Regularity

Certain regularity conditions will be required. Those given below are not the weakest
that could be used, but they are fairly simple and suzx cient for the purposes of this
exposition.

A.1 Potential derivatives with respect to pu of integrals over the sample space of
functions of x and p are the same as the integrals over the sample space of the
partially di®erentiated functions with respect to p.

The main implications of assumption A.1 are that the range of x should be inde-
pendent of u and that the tails of the distribution of x should allow convergence of
the di®erentiated integral.

A.2 z (W) exists for all p2 -.

The whole problem of maximum-likelihood estimation, restricted or unrestricted,
is closely bound up with the behavior of the function z. This is because the Law
of Large Numbers ensures that, for each 4, the sequence ©% log L (X; p)a converges,

for almost all x, to z (u). If this convergence is uniform with respect to |, then for

large n and most X, 2 log Ln (X; H) will be uniformly near z and, under appropriate
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conditions, will reach its supremum in I near the point where z attains its supremum
in 1. The assumptions given below are designed to achieve this situation.

A.3 - is a convex compact subset of R

A.4 log T (x; :) is continuous on - for almost all x 2 R".

A.5 For almost all x 2 R" and for every p2 -, %‘f“) 1 =1; 2; ¢¢¢; k exists
and its absolute value is less than some function g (x) whose expectation, relative to
the distribution at o, is nite.

A.6 The function h is continuous on -.

A.7 There exists a point p° 2 ! such that z (u*) > z (W) when u2 ! and p & p°.

Assumptions A.3{A.5 ensure that, for almost all x, the sequence ©ﬁ log Ln (X; u)a
converges to z (1) uniformly with respect to u 2 -. Assumptions A.3 and A.6 ensure
that - is a compact subset of RK and consequently that any continuous function on
- attains its supremum at some point in -. In particular, the function %Iog L, (X; W
attains its supremum in I at some point fi(x) in I, for almost all x, the sequence of
values of [l (x) as n increases converges to p°. If gy 2 1, then usually g will satisfy
the conditions required of P°, i.e. z (Uo) >z () if U & o.

A.8 [ is an interior point of 1I.

Assumption A.8 ensures that for large n and most x, f(X) will be an interior point

of T and consequently will emerge as a solution to the restricted maximume-likelihood

equations when the function h is di®erentiable.
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The method by which the asymptotic distribution of maximum-likelihood esti-
mates is usually derived, involves expanding the likelihood function by Taylor's The-
orem. To adopt this method requires three more assumptions.

A.9 The functions h; (i = 1; 2; ¢¢¢; r) possess both rst- and second-order partial
derivatives which are continuous on -.

A.10 For almost all x 2 R" the function log f (X; :) possesses continuous second-
order partial derivatives in a neighborhood of p°. If u belongs to this neighborhood,
then the absolute value of %ﬂ (i=1;2; ¢e¢; k) is less than a function of x

whose expectation relative to the distribution of x at po is nite.

A.10 ensures that f@%ﬁ at u” exists and that the sequence of second-order partial

derivatives of log T (x; 1) converges for almost all x to @@ifﬁ at p=yp".

A.11 For almost all x 2 R" the function f (x;:) possesses third-order partial
derivatives in the neighborhood of u° and if pis in this neighborhood then the absolute
value of %ﬁ&l (i; J; k=1, 2; ¢¢¢; k) is less than some function of x whose

expectation relative to the distribution of x at g is nite.

A.12 The matrix B, is positive de nite and the matrix H,, has rank r.
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7.5 The Cram§r-Rao Inequality

Let %ﬁx“) =s(W); s(u) isa (k£ 1) vector of functions of x, and hence is a random

variable. Now

z
f(x;wdx =1
and hence by assumption A.1
z
ef(x w1
T (x; Wdx =0;
on O W b1
or
z @ log T (X; W)
SO W e ydx=0 0= 1;2; 6e¢; ki (7.6)

Oy,

Equation (7:6) may be represented as a (k £ 1) vector of integrals. These are written

z .
%u(x’“)f (x; Wdx=0:

Thus E, [s (u)] =0, implying that
£ o
Ey s() s™ (W) =Dyuls]=A, (7.7)

in which Dy, is the operation denoting dispersion relative to the distribution of X when

the parameter is p. Di®erentiating (7:6) a second time with respect to y yields

Z Z
@logf (x; w@f () 1 @%log f (x; W)
f(x; wd —_—
B o Toop R o

f(x;wWdx=0 (7.8)
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where the integrals now represent (k £ k) matrices of integrals. Since %ﬁ =

M’@:;‘; it follows from (7:7) and (7:8) that the rst term on the left-hand side of

(7:8) is precisely (7:7) while the second term is j B,. Hence

" @2logf (x; p)” .
|— .

7.9
opep” (7-9)

A, =By =E,

Let t (X) be an unbiased estimator of . Then

Z
t(x) O wadx =p
in which t(x) and p are each (k£ 1) and hence the integral represents the integral of

k separate functions. E, [t (X)] = pi. It follows, again from assumption A.1, that

@ log f (x; W)
ou~

ou

z
t(X) f(x pdx=——= I
ou

Thus

£ o
Ey t()s™ (W) =l

a

© £ o £ o
But since Ey[s(W] = 0, E, [t()i Ms™ (W =E, tX)s™ (W) i UE, sT(W) =

Ik i 0. Thus the covariance matrix between t(x) and s is lx. Now consider

2 3 2 o a 3
t(x) Dy [t (X)] Ey [t(X) i Ws™ (W
Du§ Z = § n u o “ Z
s (1) . E, S(Il)[t(X)Si g D, [s (W]

_ § Dt(x)] I é
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which, being a dispersion, is required to be at least non-negative de nite. But Ix and

B, are each positive de nite whereupon, for every q 2 R,
2 3

32

] -6 Dyt (X)] | I © a

a7 1 iBfll g “ ‘ ég ‘ Zq:‘f Dy [t i Bﬁl g, O
kB,  iBi!

(7.10)

© . _
Thus Dy[t(X)] i Bﬂl in (7:10) is non-negative de nite, or, for any “xed ¢ 2 RX,

the variance of c™t(X) is
£ a )
V, t(x) =c”Dyft(x]c, ¢™Bilc (7.11)

It follows that ¢”B}) ¢ represents a lower bound below which the variance of any

unbiased estimator of ¢y cannot go. Another way of expressing (7:10) or (7:11) is
det Dy [t(x)] , detBi™:

Moreover, the smaller (greater) is det Bfll, the greater (smaller) is detB, implying

that the greater (smaller) is the information contained in a single observation.

7.6 Maximum-likelihood Estimation in -

Many of the assumptions A.1{A.10 are concerned with establishing the existence of
a supremum of z (1) at the point ° 2 1. Ultimately interest will concentrate on the
case of estimation in ! (called restricted maximum-likelihood), but to begin with,
unrestricted (or free) estimation in - is considered.
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It is, of course, presumed on the maintained hypothesis Hy, that g 2 -. As-
sumption A.3 ensures that the supremum of any continuous function on - is attained
at some interior point of - while assumptions A.3 and A.4 together ensure that
Tﬁlog L, (x; p), for almost all x, attains its supremum at a point i 2 -. Finally,
as has already been noted, assumptions A.3{A.5 ensure that, for almost all x, the
sequence ©—i log L, (X; p)a converges to z (W) uniformly with respect to p. Now z (L)
assumes a maximum at the point . If the distributions on - corresponding to dif-
ferent values of [ are essentially di®erent, then for no other p is z (i) equal to z (Uo).
The fact that z() attains a maximum at [ in - together with the assumptions that
ensure that < log Ln (; ) is uniformly near z (1) guarantee that = logLn (X; 1) as-
sumes its maximum at {i which is near po. Thus asn ¥ 1 the Strong Law of Large

Numbers (SLLN) will ensure that ﬁ Fwdp Iimﬁ = Ho.

Since {1 is interior to -, it can be obtained as a solution to
-

10logLln x;{i
n Ou

=0: (7.12)

Using assumption A.10, a Taylor's expansion around Lo Yyields, from (7:12),
i

-

_ 18@logLy X0 191gL (x; o) L 10%1og L (x; ho)*

0= i +0p,(1):
n ou n ou N Guew Hito +op()
(7.13)
By the Weak Law of Large Numbers (WLLN)
2 .
" 1@%log Ln (X; o) _ i By, (7.14)

n  @ueu
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which by assumption A.12 is positive de nite. Hence

3 -

A _ ;11 @log Ln (X; Ho) .
Bk =Bl o=+ 0, (1): (7.15)
Now
10logln (6 o) - ()zlx@logf(xi;ue)
n Ou "W h ap

i=1
and by (7:6) and (7:9) each W is an independent random vector having mean

. : . : : i ¢
zero and dispersion B,,,. Hence s, (o) will have mean zero and dispersion n ﬁB“O =

1By, and, by the Multivariate Central Limit Theorem,

P @log L, (X; ko)~ ~

ou

— 1 P—
n - nsy (W) » N(0; By,):

3 .
Since By, does not depend on n, pﬁ ﬁi Ho in (7:15) is O, (1) and hence

i ¢
Ui ho ¥ N'o; Bi) (7.16)

Notice that the procedure that yields (7:16) as its nal conclusion involves four

distinct steps.

1. The imposition of sut cient regularity.
2. A Taylor's expansion applied to the maximum-likelihood equation (7:12).

3. The WLLN applied to %%X—&

P

4. The Multivariate Central Limit Theorem (MCLT) applied to " ns,, (Ho).
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This procedure is characteristic of all maximum-likelihood theory. Finally note

p="n R 2. :
n Wik » N 0;Bi" implies that approximately, for large n,

H 1 1
i» N po; FBlilol : (7.17)

that

In practice Bglol is not known, but it can be estimated consistently since, asn ¥ 1,
the distribution of {i collapses on po. Thus Bflol is consistently estimated as B& Lasis

suggested by (7:14).

7.7 Maximum-likelihood Estimation in !

To nd the maximum-likelihood estimator of u subject to the r restrictions h (u) =0,

the method of Lagrange multipliers is employed. The Lagrange function is L and

1 >
LzﬁlogLn(X; W +h~ (.,

where , is the (r £ 1) vector of Lagrange multipliers. If 7 and [l are the restricted
maximume-likelihood estimators of , and p, then these vectors are obtained at a

stationary point on L satisfying

o
10logLn (x; 1) CH~ =0 =
nooh, L e (7.18)
h o =0; ?
3 -
the rst of these implyings, B =i H;:.

Since ft *F | for almost all x, applying Taylor's theorem to the “rst equation in
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(7:18) yields
s -
l@logLn X; | _ 1@logLn (X; 1) N 1@2log Ly,
n @u n @u n onep”

X;
G i 1) +0, ) (.19
for almost all x with probability near 1. Moreover

HY T =HZ T +0p(D): (7.20)

Equation (7:20) holds because when [l is near |°, it is also near po ( and hence fi) so

that 7 is relatively small. Thus expanding Hy around |°, the ~rst-order terms in the
3 .

expansion involve [ j u* and 7 and so are of smaller order than those that have
been included in (7:20). Equations (7:19) and (7:20) together enable the re-writing

of the ~rst equation of (7:18), to o, (1), as

10%log Ln (x; W)P=" ’ P—._ P
. n ) - . o >M=_ _ oy ay .
N ener nfi B iHge nT=" nsp(): (7.21)

The argument regarding the expansion (7:20) may also be applied to the second

equation of (7:18):

3 ” 3 -
h B =h@)+He pi p° +o0p(D)
in which, since i 2 1, h (U*) = 0. This last expression along with (7:21) leads to the

matrix equation, to o, (1),
2 3 3

.3 2
§i% Bloalate) ; py é% PR 1w é ; ”Sn(“)g (7.22)

i Hpe
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Before proceeding to apply the WLLN it is useful to consider the role of the
function z (u). As with unrestricted estimation, z (1) plays an important role in
restricted maximume-likelihood estimation.

The regularity conditions ensure that z (1) reaches a maximum at the point g

-, and reaches a supremum at z (1°) when p is con” ned to be chosen from . If
o 2 1, then y, replaces u° and z (Yp) is the maximum of z (i) in the set -. In this
case ==k2 @Z(“) @Z@(EO) = 0 and the Lagrange multiplier that is used to constrain the
choice of pto pin I in any sample, must converge to zero asn ¥ 1. This is because
in the limit,asn ¥ 1, the estimator flof ywin ! must converge to its true value [ in
I and restraining it to lie there eventually becomes unnecessary. In this case, then,
the solutions, f and 7, to the restrained maximum-likelihood equations (7:18) will
tend to Lo and zero, since the null hypothesis Hp : h (1) = 0 is undoubtedly satis ed.

What happens in a practical case when n is large and o, while not belonging to
I, is nevertheless near to this set? In this case, z (o) will be supz (W) and p* 2 1 will
be near to yo; thatis, Hp : g 2 !, while not strictly true, is in fact very close to being

az@)

true. In particular, <5t will be near to the same expression for y = o and @Z(“O)

indeed zero. Then  will be near to zero and moreover %J@L} will have elements near

to the corresponding element of @@uz@gﬁ()) = j By, In short, convergence of expressions
determined at p° will be toward the corresponding expressions determined at .

These arguments will now be applied to equation (7:22) in which it may be noted
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that, by applying the MCLT,

P— 1 @ log Ln (X; Ho) §

sn (o) = P00 ¥ (0By) (7.23)
as before. Thus it is in order to Write (7:22) as
2 3 -3 2
By, i Hy n fi Mo nsn (UO)
(7.24)

IHuo
Now
2
8 N
Ho 0
2
ngJ. Bj HZ, H,, B'1H>¢'1H Bil iBilHZ H, B'1H>¢'l
— _ .
i "HyBiIHZ i, B i H Bl

whereupon, from (7:22), (7:23) and (7:24)

i ¢
pﬁ: =1 HuoB;ImlH> H Hyo B' 1IDﬂsn (Ho)
implying that
p— S _ o, _ _ £ o
n: g N O, HuoBl'lolHLTo i HuOBlllolBLloBlllolHFTO HUOB&01H> |
or
p . %1
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3 -

In addition, P Ri Mo =Bl i Bi'Hy lHMOBLilolHjO¢i ! HuoBflOlpﬁs (4o) and hence
) O h : - ; 1
pﬁ3ﬂi o g Ng 0; hBLilrr%i BkilolHlTo HHOBLilolHLTo I HHOBlilol iBH0§
BiL; BILHE My Bl T H, Bl
Ho Ho * Mo " 'Ho=Ho " THo HoPpo
or
P 3 - 3 i . -
N it §N 0By B HeBIH " THEBIL (7.26)
a .
Finally, the covariance term between PS fi W and pﬁ: is
h . : i . ¢1 . i h . i . ¢-1i
BL'mli Bl'lolHi0 HuoBfmlHlTo : HUOBLIIOl B BfiolHlTo HuoBflolHlTo : (7.27)

R . P ¢ N T
= B HBitHZ i BiMHT 'HBITHE T H BT TH BiHS
= 0

Putting (7:25), (7:26) and (7:27) into one equation
2

p> >
[
g £ins)
Pl
where
2 _ . 3
. . | . i .
. _g Bili BilHZ H,BilHZ ' TH,Bi 0
) 0 ISR
Ho™Ho © "Ho

By assumption A.12 B, is positive de nite. Hence there will exist a non-singular

matrix Q,, such thzat Q. Qu = Bl Writing Gy, = QyH, then
>h| i G, 'GTG ¢‘1G>i 0
§:§Quo kK1 SPpo Ppugo quuo

3

¢.1

i
0 G, Guo
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- ¢
and, if Py, = Gy, 'G;Gpo 'lGLlo and My, = (Ik i Py), then § reduces to
3

2
§ =§ QoM Quo 0 é:
0 GGy,
Since QjoMqu“0 must be non-negative de nite (since Q,, is non-singular and M, is
non-negative de nite), 8 must be non-negative de nite. This is reasonable since - is
a k-dimensional subset of R¥ which is restricted by r restraint equations; thus 2 1
has k elements, (k j r) of which are independently estimated. Thus the dispersion of
a .
pﬁ Mi Mo would be expected to have rank (k j r). Since Q,, is non-singular, and

by assumption A.12 H,, has rank r, Q;TOMquuo has rank (k j r).

7.8 Associated Tests of Signi cance

Notice from (7:18) that

s -
1 @logL, x;q _ 37
H;pﬁ; = Pe—p = Phs, (7.28)
3 . ¢ -
Since for large n the approximate distribution of pﬁj isN 0; IHuoijolHjO it , then
- “‘ ﬂ il h i
— 1 ! —_ .
Pe b P=] ~Pan HyBIHY T (7.29)

is approximately A2 (r; +) with + = 0 on H,. This is called the Lagrange Multiplier

(LM) test. Equation 7:29 is also equivalent, by (7:28), to

3 7 3 7

ns, [l Bé{lsn n 8 A2(r: 0) (7.30)
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-

— é_@log Ln!x;ﬂ!

where PRs, H ~—r

is the score statistic. This implies that the LM and

the score methods lead to the same test.

3 7 3 -
Also, sinceh {I = h (o) + Hy, 0iw,
h 3 7 i 3 - .
P— . P— i o C
nhilih@) “Ho n i ¥ NOH,BIHS (7.31)
and hence
3 7 1 3 7
N h _ e 2 i
W=nh> fi HgBi*H7 h 1} i A2(r; 1) (7.32)

and £ =0 on Ho. W is known as the Wald statistic.

The Wald test is associated with estimation of p in - and the LM test with
estimation of pin '. The likelihood ratio (LR) test, in contrast, is essentially a test
based upon a ratio of the value of the likelihood for estimation in ! relative to the

value of the likelihood for estimation in - . ?!f a is the LR, then

Ln X 1
_3 .

LR = (7.33)

Ly x 0

3 g 3 g

Since Ln, X;i - Ln X; ﬁ it is clear that 0 < LR - 1. The test is based on the
statistic j 2log®a, thus ensuring that the statistic is never negative. The reason for

the multiple 2 will become clear as the test statistic is developed below.

3 -
The ~rst step is to expand in a Taylor's series logL,, X; i around the point {i:
a -
2 7 @lgln ;B 27
logL, ;7 logL, X | + = Hip o+
fu” -
13 _A'>@2IogLn x; I 3 o
> i M e Pi foe
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Noting that the second term on the right-hand side is zero,

s -
3 - 3 - 3 - 2 - 3 -
1 = 0°logL, Xx; i
logLn x; i logln X1 =5 mi i mi fi
and this may be expressed as
p_® =% p
i2loge " "n o pifl By pifl (7.34)

Several previously developed results will now become important: from (7:15) and

Qe Quo = Bflol
p—"n P P
N Qi "BLY nsy (o) =QrQu NSy (Ho); (7.35)

from the solution to (7:24)

3 T n o)

pP— L : i : ¢i1 1o P=
n fi Ho B, i Bl Ho HyBlHE ' "HBI' T nsa (o)

which reduces to

3 .
p— - > p_
n i " QEMepQu Nsn (K); (7.36)
: ; . > > >¢i 1 > . : P— f
in which My, = Iki QuHy HuQuQuHy ' HwQp =lki Py Since " nsn (ko) ¥
N (0; By,), Quopﬁsn (Ho) i N (0; 1) and hence taking (7:35) from (7:36)
a .

PR R R " QL My i 1) Qo Tisn (o)

and the last expression reduces to

Q2 (i Puoi 1) Qo P50 (o) = i Q2 PLoQuo Tisi (Ho) -
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Hence for (7:34)
- p_ £ > > a p_
i 2 |Og a nsy (HO) on Pquuo BﬁQpOPuo Quo Sn (IJO) n

which reduces to
. -« P=— >h > 1 il >¢i1 >i P—
1 2 |Og a nsy (“0) on Quo Hpo Huo Bpo Hpo Hqupo QUO nsy (p'O)

which is clearly approximately A2 (r; +) with + = 0 on Hy : h () = 0, since the

o)

expression in square brackets is a projection matrix of rank r and Q,, ns, (L) »

N (0: I).
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