Sample TSP Program for Task 1

? This program will calculate population means and variances
? for taskl in ECON221

? Notice that the use of the ? (question mark) will alow for the introduction

? of user defined commentsin any TSP program. Using the ?, as | will be doing,
? you could then write small comments to yourself on what it isthat you are doing
? within the body of the program.

? One very important thing to noticeis that the end of any command line terminates

? with a; (semi-colon). Thislets the program know to start reading the next line.

? Soisyou are getting error messages, | would suggest first checking to make sure that
? you arenot missing a; .

options crt;
? Will set the carriage return to 80 characters. Important since
the line printer is set to print at 132 characters per line. This will
giveregular 8.5" by 11" printing.
freq n;
? Sets the frequency of the data In this case none. Other
options include monthly (M), quarterly (Q), and annually (A)
smpl 1 741,
? Setsthe sample size for the data

read (file=task1.txt) r x y ;
? Readsin the data from afile called task1.txt, in columns

? Just to make sure that the data was read in correctly it is always a good idea to take alook at it
? using the print command

printr xy;

genr e=c,
? The genr (generate) command is used for performing
mathematical operations on n-tuples. Notice from the data that
we were not given a column of ones. This proves not to be a
problem since TSP reserves the letter ¢ (for constant) as a n-tuple
of ones with n being equivaent to the sample size. In this case
741 ones.

? First to calculate all of these using the e n-tuple as shown in class

mat sumr=e';
? the mat command is used to get the inner products of the n-
tupleseand r. Here we get the sum of the columnrr.

mat sumee= €€
? Note that a single quote is used to convert columns to rows.
Notice that €e=N.

mat SUmx=€e'x;



? Thisisthe sum of the e ements of x.
mat SUMXX=x'e;
? Thistoo isthe sum of the e ements of x
mat sumy=e'y;
? Similar to that of x, thisisthe sum of the elements of y.

? We could also find the sum of r using the shortcut

set N=741,;

set sumrl=(N/2)* (N+1);
? the set command is used for performing mathematical
calculations on scalars.

? Since we now have al of these things calculated we would then want to see if
? All isaswe think it should be by printing them.

print sumee sumx SuUmxx;
print sumy sumr sumrl;

? Now to find the population mean for x and y

mat mux=(€'e)"ex;
? The double quote is used for inversion (in this case a scalar).
Mux is then the population mean of x.

mat muy=(e'e)"ey;
? Similarly for the population mean of y.

? then printing both population means.
print mux muy;

? Now to get the variances of x and y

mat sigmax=(1/N)* (x-e* mux)'(X-e* mux);

? The population variance of x
mat sigmay=(1/N)* (y-e* muy)'(y-e* muy);

? Similarly, the population variance of y
print sigmax sigmay;

? Now to find these using the summation method

?tosumther

msd r;
? The msd command in TSP provides the user with means sums
and deviations for a particular series or n-tulpe, and stores
certain key calculations such as the mean, sample variance, and
sums into variables. Note that when you use the msd command
again, the previous values will be replace by the current.

set sumr2=@sum;
? Thiswill give usthe sum of r and call it sumr2.
print sumrz;



?To sum the x
msd X;

set sumx1=@sum;
print sumxZ1;

?Tosumthey

msd (noprint) y;
? The reason why | put noprint in parenthesis is to suppress the
output. In doing this for al of these variables we would get a
tremendous amount of output that is really not necessary.

set sumyl=@sum,

print sumy1;

? For the mean of x and y
set mux1=(1/N)*sumx1,
set muy1=(1/N)*sumy1l;
print mux1 muyl,

? Now for the variances

genr Xxsumsg=(x-mux1)**2 ;
? The ** is used to raise to the power. What is happening hereis
that xsumsq will be an n-tuple with each element equal to x
minus the population mean of x al squared. Now al we have to
do is get the sum of xsumsg and divide by N to get the
population variance of x.

msd (noprint) Xxsumsg;

Set sumsgx=@sum,
? Thisisthe sum of (x-m)?

set sigmax1=(1/N)* sumsgx;
? Then dividing by N yields the population variance given by
sigmax1.

print sigmax1,;

? Similar calculations for the population variance of y
genr ysumsg=(y-muy1)**2;

msd (noprint) ysumsg;

Set sumsgy=@sum,

set sigmay1=(1/N)* sumsqy;

print sigmay1;

end;



Introduction

Errors are inevitable in scientific life. Any attempt to measure a distance between two points or the
weight or height of an object depends, to some extent, on the accuracy of the instruments involved, the
care with which the instruments are operated and read and even the context in which the instruments
areused. In economics, the measurement of a variable like GNP involves estimates of many complex
economic transactions which are naturally subject to errors of various sorts. Any attempt to quantify,
that is to affix anumber to an object or to a sequence of events such as in the measurement of GNP,
runstherisk of errors; it is an essential and unavoidable part of the process of quantification. By the
same token, to say that quantification runs the risk of error is not to say that every measurement
contains an error. Rather, the errors will sometimes be large and sometimes small and may even be so
small asto be regarded as no error at al.

Once the possibility of errorsisrecognized as part of scientific redlity, it is useful to have some
formal recognition of the properties of the errors. This may be done by formulating amodel of how the
errors are generated. Such amodel, in turn, will form an important part of the methodology to be
developed below and generaly in Econ 221 and Econ 222. To begin with, severa intuitive models of
errors will be presented, as afirst step towards a more comprehensive theory.

Equally Likely Errors

The first basic intuition common to the models presented below isthat errors can sometimes be
positive, sometimes zero, or at least very close to zero, and sometimes negative. For the moment the
issue of the relative size of errors will be ignored and it will be assumed that errors can be either -1 or
zero or +1; that is, an error may be positive with numerical value 1, an overestimate, or zero, neither an
overestimate nor an underestimate, or negative with numerical value 1, an underestimate. The next
intuition concerns the chance that an error of a specific size and direction will take place in the model.
To proceed with this simple example, it can be assumed that each specific error, -1, 0, +1, is equaly
likely and that one of these three possible errors must occur. In this case, each error occurs with a
chance of occurrence of % Table 1 summarizes the possibilities,

Table1 : Three Equally Likely Errors

Error(g) Identification (i) Chance of Occurrence(p)

81=—1 i=1 p1=%
g2=0 i=2 p2=%
g3 =+1 i=3 p3=%

Within this framework, it is straightforward to construct other models of errors, smply by
increasing the numerical range of equaly likely errors. An exampleisgivenin Table 2.

Table 2 : Five Equally Likely Errors

Error(¢)  Identification (i) Chance of Occurrence(p)



81=—2 i=1 p1=%
e3=0 i=3 p3=%
g4 =+1 ?=4 p4=%
€5 = +2 I=5 DSZ%

There are five potentia errorsin Table 2: two positive, two negative and one zero, each with an
equal chance or possibility of occurring.

An important feature of Tables 1 and 2 is that the errors are equally spaced above and below zero
so that, with equally likely errors, > &ipi. = 0in both cases; in Table 1,

Y ep = ((1x 1)+ (0x L)+ (Ax 1) =0 inTable2,

SEip = (2x L)+ (-1x )+ (O0x )+ (A x 1)+ (2x 1) = 0. Becausethe errors are equally

1
spaced above and below zero with equal chances or possibilities of occurring, the negative errors just
balanced the positive ones. While individual error may be negative, zero or positive, on average the
errors will have zero effect. Thisisacommon feature of scientific enquiry: athough it is ultimately
impossible to avoid making errors, provided the errors and their corresponding chances of occurring
are symmetrical around zero, then on average the results will not be distorted by the errors made. In
the experimental sciences, errors are called experimental errors and experiments must be repeated
many times to ensure that on average the errors do not distort the pattern of results.

Different and Symmetrical Probablities

Thefirst model of errors may now be enriched in a new direction by reducing the chances or
probabilities of numerically large errors relative to the chances or probability of numerically small
ones. After al, it ismore likdly that a skillful golfer will land an approach shot close to the pin than

not, since thisis precisely where heisaming. Such intuition may be said to motivate the next modd in
Table 3.

Table 3 : Five Errorswith Different but Symmetrical Probablities
Error(g) I dentification (i) Chance of Occurrence(p)
g1 =2 i=1 P1 = %
€2 = -1 | = 2 p2 — %
€3 = O | = 3 p3 — %
€4 =+1 | =4 P4 = %
€5 = +2 =5 ps = %

These are five distinct errorsin Table 3. Again it will be noticed that > ¢ipi. = 0. Thusan

1
important feature of Table 1 and 2 is preserved in Table 3 while a so introducing different relative
chances of occurrence. Thisis done by balancing the probablitiy of occurrence for every separate
positive value with the probablity of the corresponding negative one. Thusp; = ps = % while
€1 =-2andes =+2; p2 = pa = % whileg; = -1and g4 = +1. Thusthegi’sand p;’sforma



symmetrical distribution.
Table4 : Nine Errorswith Different but Symmetrical Probablities

Error(¢) Identification(i) Chance of Occurrence(p)  Cumulative Probablity*

g1 = —1.00 1 p1 = & = 0.00565  P(e < -1.00) = 0.00565 = p(1)
g2 = —0.75 2 p2 = = = 0.03955  P(e < -0.75) = 0.04520 = p(2)
g3 = —0.50 3 ps = 2 - 011864 P(e < -0.50) = 0.16384 = p(3)
g4 = —0.25 4 P4 = % - 0.19774 P(e < -0.25) = 0.36158 = p(4)
g5 = 0 5 ps = 42 — 0.27684 Pe <0) = 063842 = p(5)
g6 = +0.25 6 po = = — 010774 P(e < 0.25) = 0.83616 = p(6)
g7 = +0.50 7 br — 2. _ 0.11864 P(e < 0.50) = 0.95480 = p(7)
eg = +0.75 8 0n = L = 0,03055 P(e < 0.75) = 0.99435 = p(8)
g9 = +1.00 9 1 P(e < 1.00) = 1.00000 = p(9)

po = <L = 0.00565

i=j
*p(j) =2_ pi, €0. p(4) = p1 + P2 + P3 + Pa.

i=1

The same principleis applied to the equally spaced errorsin Table 4 but here there are nine
different error values, numerically equal errors of different signs have equal probabilities of occurring,
and hence the balancing of positive and negative errors is maintained.

According to Table 4, the errors can assume four evenly-spaced values less than zero (-1.0,

—0.75, —0.50, —-0.25), zero and four evenly-spaced values above zero (0.25,0.50,0.75,1.00). The
corresponding probabilities of occurrence of the negative values are matched exactly by the
probabilities of occurrence of the positive values. The pattern of chances of occurrence is such that the
probability that an error occurs decreases with the distance from zero, leaving a 27.7% chance that a
zero error will occur. A diagram representing the first column of Table 4, €, on the horizontal axis and
the third column, p, on the vertical axisis given below in Figure 1. Figure 1 reveals the underlying
symmetry of the probability distribution of errors, where probabilities are represented by the height of
the vertical linesin the diagram.

The same information is presented in a different way in Figure 2. This diagram again has € on the

=)

horizontal axis, but on the vertical axis the cumulative probability p() =>_ pi, j = 1,2,...,9

=1
corresponding to, say, €4 = —0.25 isthe probability that an error of Iesstlhan or equal togq = —0.25
i=4
will occur. Thisisprecisaly p1 + p2 + p3 + Pa = p(4) —Z pi = 0.36158 = (64/177). At the point

g7 = 0.50, the chancethat an error of ¢7 = 050 or |eSSWII| OCCur is

P(7) = p1+ P2+ Pz + Pa+ Ps + Ps + P7 —Z pi = 0.95480 = (169/177). Itiseasy to recover, the

probability of a particular error occurring by subtracti on, becausep; = p(j)—p(j -1, j =23,...,9.



For example, if thereisinterest in recovering ps from the list of cumulative probabilitiesin Table 4,
then p(5) — p(4) = (113/177) — (64/177) = (49/177) = ps.

The Normal Law of Error

The points marked ® in Figure 2 represent the cumulative probabilities for specific points on the
g-axis. For example, at the point €4 = —0.25 the probability p(4) is 0.36158 that one of the errorsin
the set {—1.00,-0.75,-0.5,-0.25} will occur; thismay be written P(¢ < —0.25) = p(4) = 0.36158.
Pointsin between —1.00 and —0.75 or —0.75 and —0.5 or —0.5 and —0.25 are defined as impossible
according to the model specification of Table 4. From apractical viewpoint, this feature of the model
is obvioudy unsatisfactory: why should an error of —0.75 be possible while an error of —0.60 is
impossible? A more practical model of errors would surely not constrian the size of an error to a
specific point, but would alow for the possibility that any error within a certain range of values can
occur: for example within the range of greater than or equal to —0.75 and less than —0.5 the probability
of occurrence might be 0.0689 or the probability of an error greater than or equal to —0.5 and less than
+0.25 might be 0.6585 , and so on. A model of errors which allows for the possibility of any
numerical size within a specific numerical rangeis called continuous within that range, as opposed to
discrete in which only specific errors of certain magnitudes are permitted within the range.

In Figure 2 the points marked ® represent the discrete cumulative probabilities of Table 4 column
3 and these trace out a shape that islike an elongated S. This shape is characteristic of the cumulative
probabilities arising from the famous bell-curve that students like to associate with the determination of
fina examination marks. The bell-curve is known technically as the normal law of error or just the
normal distribution. The cumulative normal law of error corresponding to the cumulative law of error
of Table 4 column 3 istraced out with a dotted line joining points marked +. Strictly speaking, the
points marked ® and + are not comparable, since the former apply to the cumulated height of lines
abovethepointse;, i = 1,2,...,9, in Figure 1, while the dotted line and the points marked + refer to
cumulated areas under the bell-curve. Moreover the probability of errorslarger thane; = +1.0 or
smaller thang; = —1.0 areimpossible in Table 4 column 3, while under the bell-curve an error of less
than —1.00 is possible, but with a very small probablity (0.37%). In effect, the bell-curve alows for
the possibility of any error within the finite range {-1.0,+1.0} while permitting a small chance of error
outside thisrange, while Table 4 column 3 alows for only 9 specific numerical errors within the range
{-1.0,+1.0} and makes it impossible to achieve errors outside thisrange. For this reason, the + points
lie consistently below the ® points, and the ® points reach 1.00 (a certainty) while the + points only
approach 1.00 asymptoticaly.

In Table 5 a comparison is made of the two sets of cumulative probabilities, showing that the range
of possible error for the normal curve is much more comprehensive (and hence practicable) than the
errorsin column 3 of Table 4.



Table5 : Cumulative Probablities from Table 4 and Corresponding
Cumulative Probabilities for the Normal Law of Error

Discrete Errors Error set  Cumulative Range of Cumulative
Probability Normal Errors Normal
p(e) Probability
Lessthan — 1.00 0

g1 = -1.00 {e1} 0.00565 e <-1.00 0.0037
g2 = -0.75 {e1,82} 0.04520 e <-0.75 0.0222
ez = —0.50 {e1,€2,€3} 0.16384 e < -0.50 0.0901
eq = -0.25 {€1,€2,€3,€4) 0.36158 e <-02 0.2514
es =0 {€1,€2,...,€5} 0.63842 e<O0 0.5000

e = +0.25 {€1,€2,...,€6} 0.83616 € <0.25 0.7486
g7 = +0.50 {e1,€2,...,€7} 0.95480 e < 0.50 0.9099
eg = +0.75 {€1,€2,...,€8} 0.99435 e <0.75 0.9778
g9 = +1.00 {e1,€2,...,€9} 1.00000 e < 1.00 0.9963

More than 1.00 0 Morethan 1 0.0037




Errors in an Econometric Model

Thefirst econometric model that you have been introduced to takes the form
Vi = Uy +¢&i, i=12,..,n #

where n represents the size of the sample that is available. Despite its apparent smplicity, this model
contains the basic elements of more complicated models. The general thrust of interest in the model is
to gain some insight into the behaviour of an economic variabley. The mode suggests that this
variable can be understood in terms of two components: a fixed component uy and arandom
component given by the sequencee;,i = 1,2, ...,n. Suppose, asisusualy assumed, that each ¢; is
drawn from a population with zero mean. Then the model claimsthat each y; itself has a mean of py.
It should be emphasized that the model is not suggesting that y; is u, throughout the whole sample or
even through most of the sample. Depending on the behaviour of the g;, yi may not even be
particularly close to p1y. Theimportant point to note is that any variability in the y; cannot come from
Uy, sSincethisis aconstant, and so must come from the variability in the sample of &;’s.

It is appropriate now to introduce a third and more fundemental part of the specification of the
model. Thisisthat each ¢; isarandom selection from the normal law of error, having mean zero and
variance 62. Notice carefully that in the model only y1,Y5, ..., Y. are observed; py is not known and
€1,£2, ...,€n @€ Not observed; moreover, the variance of the €;, o2, isnot known. Assuming the
model to be correct, it is clear that the variance of they;, o2, must be equal to 6. In effect therearen
observations and two unknown parameters iy and 3 = o2, The problem is how to estimate 1, and
o?. Edtimation isfacilitated by writing (1) in n-tuples as:

y =6€uy+e #

where e isthe unitary n-tuple, € isthe n-tuple with elements ey, €2, ...,&n, andy isthe n-tuple of
observationsyi, Yz, ..., Yn.

Let 71, be an estimate of xy and i an estimate of ¢; so that € is an estimate of . Oneway to
estimateis € isto make use of the assumption that ;' s are drawn randomly from a normal distribution
with mean zero and variance 2. If the mean of each ¢; is zero then i, and & may be selected by
requiring the mean of the €;’sto be zero. That is,

(€e)e(y-en,) = (€e)'€E =0
= (€9 ey =7,
Of course (€'e) ey = {D_yi/n} =Yy, the sample mean.
Giventhat i, =y, € = (Y —€y) = y —e(€e) €'y = (I, — p)y wherep = e(e'e) "€’ whichisthe
n-square matrix having every element equal to . It follows that
e =y -en)'(y-en)
= 2y (In—p)y
= LY Wyi-9?=¢s.

Thusif 6° = &, arethe estimates of o2 and o2, then6” = &, = 2.



Introduction

The sampling distribution theory which will be described here is based on the normal distribution
and adequately coversdl of the sampling theory that is necessary for Econ 221, and most of what is
required for Econ 222. It isasssumed that there is available arandom sample of n from the population
distribution Y ~ N(uy,03). Since the n observations have been randomly selected from Y, they must
be independent of one another. The sample of nisdenoted y1,Ys>, ...,y and, when these observations
are arranged in a column,they form an n-tuple, and this n-tuple is denoted by y. The unitary n-tupleis
denoted by e (a column of ones). The samplemeanisy = (€'e) €'y and the sample variance variance

issj = {y'(In - p)y/(n—1)}; dternatively, y = {Z yiln} and s§ = {Z (i —
y?/(n-1)} = [{Z Y - (Z yi)2/ny/(n—- 1)]

Sampllng Dlstrlbutlon

Given the population Y ~ N(uy,0%) itisaways possible to draw more than one sample fromit.
Suppose that k independent random samples of size n are selected from Y. For each sample, y and s7
can be calculated. There would then be k sample meansy™®,y®@, ..., y® which, for sufficiently large k
, would form a distribution of their own. The mean and variance of this distribution are
straightforward to find. Foranyy = <>y,

Ely] = +[E(y1) +E(y2) + ... + E(yn)]
= 5 (uy + py + ... + py) #
= Hy

Since thisistrue for any y, it must be true for the whole distribution y,y@, ..., y® which is denoted
Y. Thevariance of any yisthevariance of (+y; + +y»> + ... + +V,). Sincethey's are independently
selected, the covariance for any pair is zero and hence

1 .2

V(Y1 +5Y2+ ..+ 5Yn) = 0%+ 20+ ...+ =0
= no?,/n?
_ 2
=o4/n. #

Alsoy, being alinear combination of {y1,Y>,...,Yn}, must inherit normality. Hence the distribution of
Y will be normal. Since the mean and variance are given by (1) and (2), it followsthat Y ~ N(uy, %= ).

Decomposition

For any random sample of nfromY ~ N(uy, o%), the following decomposition holds:

D i—uy)? =2 (Yi-Y+Y— uy)?
=2 Vi =V2+NT - uy)?+ 27— py) 2 (Vi - )

Since >_(yi —y) = 0, 2(y - uy) D (yi —¥) = 0 and hence



Z (i —lly)2 = Z(yi -9+ n(y—uy)2_ #

Taking expectations, E[> (yi — uy)?] =2 E (yi — uy)? = no§ because for every y;,

E(yi — py)? = 02 and th(le yi'sare indepenélent. On the right-hand side of (3), E[n(y — py)?] =
NE[(Y — py)®] = no which from (2) becomesn(c§,/n) = o3. Hence E[n(y - uy)?] = o, and from

3)
nof = EY (yi -2 +o}
or,
(n-1Do? = ED (vi -9 #

> (yi — y)?issaid to have (n — 1) degrees of freedom because the elementsin E> (y; — y)? are subject
to one restriction, namely that y = + > y;. Moreover, from (4)

El—L5 D0 -9 = 0} = Els}] = o3, #

Thus s{ is an unbiased estimator of o§, since the expectation of the estimator is equal to the true value
of the population parameter being estimated.

The Chi-square Distribution

Since Y ~ N(uy,03),{(Y - uy)/ oy} = Z ~ N(0,1). For any y; chosen randomly from Y,
{(yi —uy)/ oy} =z ~ N(0,1). If z issquared, z* ~ x&,. If thewhole random sampleis
considered then >_{(yi — uy)/ oy}? = D> 77 ~ x%,: that is, the sum of squares of n independent
N(0, 1) variates hasthe %%n) distribution. This distribution is called the central chi-squared distribution
with n degrees of freedom (see pp. 276282 and pp. 895 of the textbook). The mean of a central
x5 -distributionisn and its variance is 2n.

The F- and t-distributions

If %%, ,and x% aretwo independent y*-variates with viand v, degrees of freedom, then

2 v
LA, F(vi,v2). #

2
%(\/2)/‘/2

Thisisthe central F-distribution with v, and v, degrees of freedom (see pp. 421-427 and pp.

896-899 of the textbook).
2
X(v1)
/— ~t #
X %vz)/ V2 v

In the specia casewhenv; = 1,
which isthe central t-distribution with v, degrees of freedom. The mean of the central t-distribution
is zero; itsvariancewhenn > 3isvy,/ (v, — 2).



The Decomposition and the t-test

Returning to the decomposition in (3) above, when both sides are divided by o7, the following
equation is obtained:

Yi — 2 i — 2 y- ?
Z{ Gyﬂy} :Z{yﬁyy} +{Gy/5yﬁ} ' #
On the left-hand side, from section 4 above,

- 2
Z{yl Gyuy} = Zz? ~ Xy
From section 3, it is known that the covariance of (y — uy) and D> _(yi — Y) is zero because

(Y — uy){2_(yi — V) }isaways zero since (7 — py) isconstant and 3 _(yi —y) = 0. Since (Y - uy) and
Y (yi — y) are each normally distributed, a zero covariance (in the case of normal distributions) implies
independence and hence the two different sums of square on the right-hand side of (8) are sums of
squares of independent normal variates. In particular y ~ N(uy, o5,/n) and hence

ny-p)?® _ { i }2~ 2
532/ Gy/\/ﬁ %(1) #

Clearly thereis only oney in the sample and hence the distributionsis central chi-sgquare with one
degree of freedom. Findly, from section 3, it isknown that >_(y; — y)? has (n — 1) degrees of freedom.
Thus the degrees of freedom on the right-hand side of (8), (n— 1) and 1, add up to the degrees of
freedom on the left-hand side (n). In these circumstancesit is not surprising that, given (9) applies,

Z{yis—_yy}z ~ X

and the two components on the right-hand side of (8) are independent y2-variates.
Given the independent y?-variates on the right-hand side of (8), from section 5, equation (6):

y-u
e )/1
Y/ (n-1)
Now in (10) thetwo oy’ s cancel out leaving in the denominator:
1 , _
n-1 Z(yl _y)Z - 532/
Hence from (7), by taking the square root of (10),

~ F(1,n-1). #

Y-uy
5,/ I tin-1). #

Equation (11) isthe basis of the t-test and rests on the presumption that the original sample comes
fromY ~ N(uy,03).

Summary
Interms of n-tuples, y = (€'e)*e'yands; = {y'(I» - p)y/(n—1)}. Noticethat,




(y—euy) = (In—p)(y — euy) +p(y—euy), #

= (In—p)y +p(y — euy), #
because (I n — p)euy = euy—euy=0. Also, aproperty of (13) is
y'(In = p)p(y —euy) =0, #
because (I, —p)p = p —p?= p - p = 0. Consequently,
(v —euy)'(y —euy) = (y — euy) (In = P)(Y — €ny) + (¥ — eny)'p(y — euy), #
and from equation (12), (13) and (14), equation (15) reducesto

(Y —euy)' (Y —euy) = y'(In—p)y + (Y — euy)'p(y — euy), #
Equation (16) is precisely equation (3), that is
D Wi — )2 =D i — )2+ 0T - ). i

The first component on the right-hand side of (17) is independent of the second, by (14).

There are essentially four results based on (i) the normal distribution and (ii) the decomposition
(16) and (17). Theseresults are essentia for understanding your work.

Result 1: If Y ~ N(uy,0%) and y1,Ys, ..., Yn isarandom sample of n from Y, then every
{yi —uy)/ oy} =z ~N(0,1). Therandom sampleyi,ys,...,Yn iSwritten as a column and denoted
y.

Result 2: For the random sampleyy,

1 / _ y—u 2_ )
Lo-ewv-em) = T{TG} = Fa~ #

the central chi-square distribution with n degree of freedom. This distribution has mean n and variance
2n.

Result 3: If x§, and x¢,, are two independent central y*-variates with v and v degrees of
freedom, then

2
%(Vl)/vl

~ F(V11V2)1 #
%%‘,2)/‘/2

the central F-distribution with v4 and v, degrees of freedom. In equation (17),
[ -9 /of] ~ %%n—l) independently of {n(y — uy)>/o§}y ~ %%1)- Hence,

n(y - lly)z/G)Z/l

~F@,n-1). #
2(Yi—y)?/oy(n-1)
The expression on the |eft-hand side of (20) reduces to
_ 2
G-t _Fn-1), #

sj/n
wheresj = [{3_(yi = 9)?}/(n-1)].



Result 4. From Result 3,

Yoy 1) = t(n—
s/ /n JF(,n-1) =t(n-1), #

the t-distribution with (n — 1) degrees of freedom. The mean of t(n — 1) iszero and, givenn > 3, its
varianceis(n—1),/(n- 3).



Introduction

On pages 817 — 820 of your textbook there are five different lists of numbers referrring to each of
179 citiesin Canada which, in 1991, had a city population of at least 10,000 people. From these
numbersit is possible to find three cities, Montreal, Toronto and Vancouver, which had a 1991 city
population in excess of one million. It isthen possible to calculate, for each of these three cities,
average personal income per head for 1991 and average household income for 1991, both in thousands
of Canadian dollars. These statistics are displayed in Table 1.

Tablel1 : Citiesin Canada with a city population in excess of 1 million in 1991

and corresponding average personal income per head by city and
average income per household by city, in $000’'s Canadian

Identification ~ Population Income per head Income per house-

number (i) (x),000's (y) $000's hold (z) $000's
Montreal i=1 3,084.1 = x; 18.73 = Y1 473 =274
Toronto i=2 3,8224=x 2285 =y, 65.0 = z,
Vancouver i =3  1,586.6 = X3 19.20 = y3 499 = 73

Table 1 indicates that Montreal isidentified by i = 1, Toronto by i = 2, and Vancouver by i = 3.
This numbering permits the values taken on by the variables x,y and z to be identified with a particular
city. Thusthe population of Montreal isx; = 3,084.1, for Toronto isx, = 3,822.4 and for
Vancouver isxz = 1,586.6, al measured in thousands of people. Similarly annual income per head in
1991 wasy; = $18,730 for Montreal, y, = $22,850 for Toronto and y; = $19, 200 for Vancouver.
Corresponding figures for annua household income in 1991 are z; = $47,300, z, = $65,000, and
zz = $49,900. Since the three cities constitute dl of the cities in Canada which had in 1991 a
population in excess of one million people, the sets of numbers {X1, X2, X3}, {y1,Y2,Yys} ad
{z1,72,23} may each beregarded as a statistical population: interms of X, {x1,X2, X3} congtitutes the
population of Canadian city populationsin excess of one million in 1991; for y, the set {y1,Y2,y3} IS
the 1991 population of incomes per head in Canadian cities comprising 1 million or more people; and
the set {z;,2,,z3} isthe 1991 population of incomes per household in Canadian cities comprising 1
milion or more people.

Had consideration been given to al Canadian cities which in 1991 had a city population of 10,000
people or more, then the identification numbersi would haverun fromi = 1toi = 179, instead of
fromi = 1toi = 3. Thusthe set of x-values would have been {x, Xz, ..., X179} With corresponding
sets of the same sizefor y and z. Generdly, the size of afinite population is denoted by N and hence,
for any finiteN, i = 1,2,...,N. Usually N isquite large, in the hundreds, thousands or even millions,
and it should be recognized that a population of N = 3 would not normally be encountered in a
practical situation. NeverthelessN = 3 will suffice for the present purpose which isto illustrate the
algebra of caculating population parameters using columns of N observations. This being the case,

N = 3 has the benefit of being small and hence smple to operate, and its smallness does not detract
from the general principles of the argument to be developed.



Operations with N-tuples

In terms of notation it is usua to record N population valueson avariablex asxi, i = 1,2,...,N, in
acolumn. The whole column will be represented by the letter of the variable, but in bold type. Using
the variables of Table 1,

X1 Y1 Z
X2 2 Viy)

X = . Y= y y L= . #
XN YN ZN

X,y and z are then said to be N-tuples, since each comprises N real numbers called elements or
co-ordinates. N-tuples are worth studying because they are the means by which statistical calculations
and theory are facilitated.

An N-tuple of some importance in computing means and variances is the unitary N-tuplese, of
elementsey, ey, ...,en, each of whichisone:

€1
€2

eN 1

The principa reason why e isimportant in computing is that it is the means by which the elements
of an N-tuple may be summed. To understand this, two fundamental operations with N-tuples need to
be explained.

The first operation is called multiplication by a scalar. If x isan N-tuple of elements X1, X2, ..., Xn
and A isarea number, then Ax has elements Ax1, AX1, ..., AXn and the elements of x are scaled by the
factor A; A istherefore referred to asascalar. For examplelet 2 = 2, N = 3 and z be the N-tuple of
Table 1:

47.3 2x47.3 94.6
z=| 650 |=>2z=| 2x650 |= 130.0 |. #
499 2x%x49.9 99.8

Thus the elements of z have been scaled by the factor 2, and 2 is scalar.

The second operation is called an inner (or scalar,or dot) product. Theidea hereisto define an
operation which transforms N-tuples of real numbers into one number, a scalar. Thisis done by
defining the inner product of any two N-tuplesx and y. The inner product is written in various ways:
X'y, (x,y) or x « y. Thefirst of these is called the inner product, the second is the scalar product and
the third is the dot product of x and y, but &l represent exactly the same operation. In economics, the
most popular notationisx'y. Here the prime on x denotes that the column x is arranged as the
corresponding row x’ as follows,



Y1
Y2

i=N
= X1Y1 + X2Y2 + ... + XNYN ZZ XiVYi. #

i=1

X'y = [X1,X2,...,%n]

YN

The N-tuple x’ issaid to be 1 x N (one row of N elements) whiley isN x 1 (acolumn of N
glements). Thusx'y is(1 x N) x (N x 1) and the two N's represent the inner orders that are to be
multiplied together as x;y; and then summed to form the inner product. The outer ordersare 1 and 1
representing a one-tuple or real number, ascalar. Since a scalar is produced, the product is sometimes
called ascalar product.

Notice that the inner product is symmetrical, since

i=N i=N
yX =) yixi =) Xiyi = Xy. #
i=1 i=1

Also, if A isanumber, that isa scaar,
i=N
AXy) = (AX)y = y')x = 2 D xivi #
i=1

For example, consider x and y from Table 1. Since x; is the population and y; is the income per
i=3
head incity i, x; yi isthetotal incomeincity i; Y, xjy; = aggregate personal incomein 1991 in the
i=1
three cities of Montreal, Toronto, Vancouver: |

X'y = (3,084.1 x 18.73) + (3,822.4 x 22.85) + (1,586.6 x 19.20)

= 57,756.193 + 87,341.84 + 30,462.72 #
= 175, 569.75 millions of Canadian dollars.

(Thefiguresfor total persona income differ from those in the text because the figures in Table 1 have
been rounded.) In (7), it clearly does not matter whether x; timesy; iscalculated or y; timesx;. This
confirmsthat y'x = x'y. Moreover, if every element of x, say, were to be multiplied by A = 2, this
would yield the same answer as 2x'y or 2y'x which illustrates (6).

The fina property of an inner product is

i=N
x'x :Z x2 2 0. #
i=1

Moreover x'x = O only if al x; = O, that is, only if x = 0.

Calculating the Population Mean

The discussion now turns towards application of the two operations. multiplication by a scalar and
inner product. In these applications, the specific role of the unitary N-tuple in computations will
become apparent.



Therefore,

is the population mean of x. Of course, 1y isascaar.

An important property of a mean is that the sum of deviationsfrom it isequa to zero. Thisiseasly
demonstrated: the N deviations from the mean are contained in (X — euy), that isN terms (X; — ).
The sum of theseis

e(Xx—euy) =ex-egEeetex]
= ex—-ex #
=0.

This property holds for any mean. For example, for py = (€'e)~te'y and u, = (€'e) e’z
ey —euy) = €(z-eu,) = 0.

Deviations from the mean sum to zero because some deviations are positive and some are
negative. When these are summed together, the sum of the negative deviations just balances the sum
of the positive deviations. When the deviations about the population mean are squared, each is postive
or zero and, insofar as they are not all zero, their sum must be positive. The mean of the sum of
squared deviations from the mean is the population variance to which attention is now directed.

Calculating the population variance

The N-tuple of deviations from the mean is

X1 — Ux

X_
x—ew) = | 2 M| #

From (8) (x — eux)' (X — euy) = 0,with equality only if (x — eux) = 0, which generally will not be the
case sincethisrequiresx = euy and no variation in thex;. Now from (5), (9) and (10),
x'e = €x = Nuy withN = €'e and from (13):



ﬁ DX — x)?

ﬁ{x’x —X'eux — uxe'x + €'eu?}

02 = L (x— e (x - &)

XX = NuZ = NuZ + Nu2y

= & X = Nug, #

substituting €'efor N and (€'e) te'x(e'e)te'x =u2,
O~ €)' (X — e

%{x’x - (€'e)(€e)te'x(ee)te'x})

%{x’x - e'x(ee)te'x}

which, since x'e = €'x, becomes
1 / 1 / / (PR PN,
N X e (X =) = XX - Xeee) ex;

i-N i-N ,
X2 —{% 2 X2
i=1

1
N

i=1

The expression €'(e'e) e’ = p in (15) plays an important rolein statistics. In order to understand
what p represents, a new operation, called an outer product, must be considered.

An outer product is defined in terms of an inner product. Consider three N-tuples x, y and z.
Then the inner product of y and z may be written y'z and sincey'z isascalar, x( y'z) isan N-tuple x
multiplied by ascalar y'z.

Now,
x(y'2) = (xy')z, #
and xy' is called the outer product of x andy. From the left-hand side of (16)
x1y'z X1[y1,Y2,-.Yn]

| || e

Xny'z XN[Y1, Y2, Yn]

and the last expression in (17) involves N scalars X1, Xz, ..., Xy €ach times the row N-tuple
y' = [y1,Y2,...,yn]. It then follows that

X1¥Y1 Xi1¥2 ... X1YN
X(ylz) _ X2y1 Xoy2 ... XoYN - (xy')z. ”
B XNY1 XNY2 ... XNYN... i

The square array of N2 numbers preceeding z in (18) has the number X;y; in thei’th row and j’th



column, i,j = 1,2,...,N. Thissquare array is called a (square) matrix. By the same reasoning,
p=elele = ﬁee’ and ee’ isthe outer product of e and itself; itsi, |’ th element must be ejg; = 1.

Thus
1 2 1 ]
N N 77 N
i 1 1
p={ N N N |,
1 1 1
. N’ N 77 N |

an N x N matrix with every element equal to L the meaning of px isthe same as N rows of the

kind
1 1 1 1. _
[Nl ’N’.“’N]X_ﬂx .

N

Hence
Hx
pX = ll:X = eﬂx .

Another square matrix of importance is B

1 0 O 0

0 1.0 ..0O

In = ;
0 0 0 .1

adiagonal matrix with onein each diagonal position, zeros elsewhere. The product | yx isinterpreted

like px as N inner products of each row of |y and x:
I X = X.

Returning to (15) using p and | n,

(X —eux) (X —euy) = {{X'x = x'px} 4
= +xX'(In— p)x.
Thus the population variance, 62, is
i=N i=N
A x—ew) (x—ew) = X (In-px = & D¢~ D a2 #
i=1 i=1

Notice two important properties of p and (I y — p): both are symmetric matrices in the sense that, if
the rows were to be written as columns, the matrices would remain unatered; also p?= p and



(In—p)? = (In - p). Matrices of thiskind are said to be symmetric and idempotent.

A Digression

Suppose you were asked to add up dl the integers identifying the observations in a popul ation:
i =1,2,...,N. Thiscould be done by defining the N-tuple:

1
2

N
and solving the inner product €'r. Alternatively, if the sum of the elementsis S, then
Sy =1+2+3+...+N. #
Or, inreverse order,

SU =N+(N-D+(N-2)+...+3+2+1. #
Adding (21) to (22) yields 2S,; and the sum

2S5y =(N+D)+(N+1)+...+(N+1)

#
— N(N+1).
=Sy = %(m 1). "
Thusif N = 179 (asin the Introduction),
Sie = 202179+ 1) = 122.(180) - 179 x 90 - 16,110, #

Thisisauseful way to check that €'r has been calculated correctly. Inthis case, €'r is a ponderous
route to reaching a conclusion which may also be reached by mental arithmetic applied to (24). There
are many cases in Econ 221 when alittle thought may be the means to achieve improved accuracy with
less work compared with the straightforward computation. Thus the most accurate route to computing
apopulation variance is the last formula of (15), not the direct route as givenin (14).

Model Formulation and Estimation
The principal model of Econ 221 takes the form
yi = uy+e, i=12..,N #
In terms of N-tuples, (26) is equivaent to
y = €euy +&, #
€ being the N-tuple of errorswhich is clearly equivalent to (y — euy). By (12) aboveit isaso clear that

Lo Lo =
I\Ie(y €lly) NEE 0. #



and so the population mean of € is zero.

In practice (26) and (27) are taken to be correct but p, is unknown; and iy is unknown because
the whole population is not observed. What is observed is a (random) sample (or subgroup) of the
population {y1,Yy2,---,yn}, N < N, and use has to be made of this sample to estimate xy and o7. How
isthis done?

A natural approach isto make use of (27) and (28), presuming that these must hold for the
sample. This permitsthe estimation py. If 71, is an estimate of uy, then for the n sample observations,

that isfor (28) formulated in n-tuples as opposed to N-tuples,
e(y-en) =0

= i, = (€e) ey =y #

the sample mean. It turns out that ¥ is also the estimate of w1, that minimizes the sum of squared errors
inthesample '€, where € is any linear estimate of €.
To estimate the variance o it might seem appropriate to use

i=N
L3 wi-92=Lyt.-py, #
i=1
where |, and p are defined for n observations, not N asin (20). (30) is not the best estimate of 7,
because y has to be used, rather than the true value of the mean uy. A better estimate is

s} = =Ly (n-ply

Q_yi)? #
n 122} {n(n 1)}

s is called the sample variance. Of courseingeneral ¥ + uy and s7 + o3.



