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             Association between Variables Measured at the Interval-Ratio Level

Introduction

1.  This chapter is about the analysis of the association between variables measured at the interval-ratio level.  When referring to interval-ratio variables, a commonly used synonym for association is correlation.  We will be looking at the same things as in the other association chapters:  1) the existence of a relationship; 2) the strength of the relationship; and 3) the direction of the relationship.  We are only looking at bivariate relationships in this chapter.  Multiple independent variables are covered in Chapters 16 and 17 in your textbook.
Scattergrams

1.  The first step in analyzing a relationship between interval-ratio variables is to construct and examine a scattergram.  Scattergrams are a graphic display that permits you to perceive quickly several features of the relationship between two variables.  
2.  The example in your book is an analysis of how dual wage-earner families (families where both husband and wife have jobs outside the home) cope with housework.  We what to know if the number of children in the family is related to the amount of time the husband contributes to housekeeping chores. 
Construction of a scattergram

1.  Draw two axes of about equal length and at right angles to each other.  Put the independent (X) variable along the horizontal axis (the abscissa) and the dependent (Y) variable along the vertical axis (the ordinate).  For each person, locate the point along the abscissa that corresponds to the scores of that person on the X variable.  Draw a straight line up from that point and at right angles to the axis.  Then locate the point along the ordinate that corresponds to the score of that same case on the Y variable.  Where the line from the ordinate crosses the line from the abscissa, place a dot to represent the case.  Repeat with all cases.  
2.  The scattergram needs a clear title, and both axes need to be labeled.  Your book shows a scattergram of the relationship between "number of children" and "husband's housework" for the sample of twelve families.  The pattern of the dots summarizes the nature of the relationship between the two variables.
Regression line

1.  This line will give at least impressionistic information about the existence, strength, and direction of the relationship.  We can also use it to check the relationship for linearity (how well the pattern of dots approximates a straight line).  Lastly, the real scattergram is used to predict the score of a case on one variable from the score of that case on the other variable.
2.  The existence of a relationship.  Two variables are associated if the distributions of Y change for the various conditions of X.  The scores along the abscissa (number of children) are conditions of values of X.  In looking for the existence of a relationship, you can divide the scattergram into four squares.  If most of the dots are in the lower left quadrant and the upper right quadrant, there is a positive association between the variables.  In this case, low scores on one variable are paired with low scores on the other, and vice versa.  If most of the dots are in the upper left quadrant and the lower right quadrant, there is a negative association between the variables.  In this case, low scores on one variable are paired with high scores on the other, and vice versa.  The existence of a relationship is reinforced by the fact that the regression line lies at an angle to the X-axis (the abscissa).  There is no linear relationship between two interval-level variables when the regression line on a scattergram is parallel to the horizontal axis.  In this case, the dots would be in all four quadrants.
3.  The strength of the association.  This is judged by observing the spread of the dots around the regression line.  A perfect association between variables can be seen on a scattergram when all dots lie exactly on the regression line.  The less scattering of the dots around the regression line, the stronger the association.  Therefore, for a given X, there should not be much variety on the Y variable.
4.  The direction of the relationship.  This can be judged by observing the angle of the regression line with respect to the abscissa—the the relationship is positive when the line slopes upward from left to right.  The association is negative when it slopes down from left to right.  Your book shows a positive relationship, because cases with high scores on X also tend to have high scores on Y.  For a negative relationship, high scores on X would tend to have low scores on Y, and vice versa.  Your book also shows a zero relationship—no association between variables, in that they are randomly associated with each other, and the dots in the scattergram show no pattern, other than randomness.
5.  Linearity.  The key assumption with correlation and regression is that the two variables have an essentially linear relationship.  The points or dots must form a pattern that can be approximated with a straight line.  Therefore, it is important to begin with a scattergram before doing correlations and regressions.  If the relationship is nonlinear, we may need to treat the variables as if they were ordinal rather than interval-ratio in level of measurement.
Regression and Prediction

1.  The final use of the scattergram is to predict scores of cases on one variable from their score on the other.  We may want to predict the number of hours of housework a husband with a family of four children would do each week (just in case you are a woman or man planning to have four children).    
2.  The predicted score on Y.  The symbol for this is Y', pronounced Y prime.  In other books, Y hat is used.)  It is found by first locating the score on X (X=4, for four children) and then drawing a straight line from that point on the abscissa to the regression line.  From the regression line, another straight line parallel to the abscissa is drawn across to the Y-axis or ordinate.  Y' is found at the point where the line from the regression line crosses the Y-axis.  This does not work very well with a freehand drawing of the regression line—the "best-fitting" straight line through all the dots.  It is better to compute Y' = a + bX.  Y' is the expected Y value for a given X.  If you want to find the average hours of housework that the man in the house will do if you have 4 children, then replace the X with a 4.  
3.  Within each conditional distribution of Y, we can locate a point around which the variation of scores is minimized.  Back in Chapter 3, we noted that the mean of any distribution of scores is the point around which the variation of the scores, as measured by squared deviations, is minimized .  This shows that the mean is the closest value to all the values in the distribution.  If the regression line is fitted so that it touches the mean of each conditional distribution of Y, we would have a line coming as close to all the scores as possible.  In other words, we could find the mean of all the Y scores for each X score, which is graphed in your book.  This line would minimize the deviations of the Y scores, because it would contain all conditional means of Y, and the mean of any distribution is the point of minimized variation.  Conditional means are found by summing all Y values for each value of X and then dividing by the number of cases.

4.  Why are we doing this?  We are doing it to find the single best-fitting regression line to summarize the relationship between X and Y.  A line drawn through the points on Figure 16.5 (the conditional means of Y) will be the best-fitting line.  However, that line is not straight—will only fall on a straight line if there is a perfect relationship between X and Y.  So, we have a formula for a straight line that fits closest to the conditional means of Y, which is the formula for the regression line:  

Y = a + bX

Where Y = score on the dependent variable

a = the Y intercept or the point where the regression line crosses the Y axis

b = the slope of the regression line or the amount of change produced in Y by a unit change in X

X = score on the independent variable

5.  The position of the least-squares regression line is defined by two elements, 1) the Y intercept, and 2) the slope of the line.  The formula above introduces two new concepts.  The Y intercept (a) is the point at which the regression line crosses the vertical or Y-axis.  The slope (b) of the least squares regression line is the amount of change produced in the dependent variable (Y) by a unit change in the independent variable (X).  Think of the slope as a measure of the effect of the X variable on the Y variable.  If the variables have a strong association, then changes in the value of X will be accompanied by substantial changes in the value of Y.  Therefore, the slope will have a high value.  The weaker the effect that X has on Y, (the weaker the association between the variables) the lower the value of the slope (b).  If the two variables are unrelated, the least-squares regression line would be parallel to the abscissa, and b would be 0 (the line would have no slope).  With the least-squares formula in your book, we can predict values of Y.  We will first need to calculate a and b to predict values of Y (Y').
The Computation of a and b

1.  We need to compute b first, since it is needed in the formula for the intercept.  B is the slope, and its formula is Formula 16.2 :
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This is the covariance of X and Y divided by the variance of X.  The numerator of this formula is called the covariation of X and Y.  It is a measure of how X and Y vary together.  Its value reflects both the direction and strength of the relationship.
2.  Interpretation of the value of the slope.  If we put the scattergram on graph paper, we can see that as X increases one box, b is how many units that Y increases (for positive associations) or decreases (for negative associations) on the regression line.  A slope of .69 indicates that, for each unit increase in X, there is an increase of .69 units in Y.  If the slope is 1.5, for every unit of change in X there is a change of 1.5 units in Y.  They refer to units, since correlations and regressions allow you to compare apples and oranges—or two completely different variables.  To find what one unit of X is or one unit of Y is, you have to go back to the labels for each variable.
3.  The example in your book of number of children and husband’s housework contribution has a b (beta) of .69.  The addition of each child (an increase of one unit in X—one unit is one child) results in an increase of .69 hours of housework being done by the husband (an increase of .69 units, or hours, in Y).
4.  The intercept.  The formula is in your book:
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The intercept for the example in the book is 1.49.
5.  Interpretation of the intercept.  The least-squares regression line will cross the Y-axis at the point where Y equals 1.49.  We need a second point to draw the regression line.  We can begin at Y of 1.49, and for the next value of X (which is 1 child) we will go up .69 units of Y.  Alternatively, we can use the intersection of the mean of X and the mean of Y—the regression line always goes through this point.  Much of the time, we cannot interpret the value of the intercept.  Technically, it is the value Y would take if X were zero.  Most often, a zero X is not meaningful.  In the case in your book, zero is outside the range of the data.  We do not have any information about the hours of housework that husbands with no children do.  Technically, the intercept of 1.49 is the amount of predicted housework a husband with zero children would do, but we cannot say that with certainty.  
6.  Now that we know a and b, we can fill in the least-squares regression line.  
Y = a + bX

Y = (1.49) + (.69)X

This formula can be used to predict scores on Y as was mentioned earlier.  For any value of X, it will give us the predicted value of Y (Y').  The predictions of husband's housework are "educated guesses."  The accuracy of our predictions will increase as relationships become stronger (as dots are closer to the regression line).
The Correlation Coefficient (Pearson's r)

1.  Since the slope is the amount of change produced in Y by a unit change in X, b will increase in value as the relationship increases in strength.  Therefore, the value of b is a function of the strength of the relationship.  However, b does not vary between 0 and 1—its value is unlimited.  Therefore, it is awkward to use as a measure of association per se.  Therefore, the measure of association you use for two interval-ratio variables will be Pearson's r, or the correlation coefficient.  Pearson's r varies from 0 to ±1, with 0 indicating no association.  In addition, +1 and -1 indicating perfect positive and perfect negative relationships.  The definitional formula for Pearson's r is in your book.  It is similar to the formula for b (beta), the numerator is the covariation between X and Y (usually called the covariance).
2.  Interpreting the Correlation Coefficient (r).  It is the same as gamma, in that an r of .5 would indicate a moderate positive linear relationship between the variables.  When you square the value of r, you get the Coefficient of Determination, r-squared.
3.  Interpreting the Coefficient of Determination, r-squared.  While r measures the strength of the linear relationship between two variables, values between 0 and 1 or -1 have no direct interpretation.  However, we can calculate the coefficient of determination, which is the square of Pearson's r (r2), which can be interpreted with the logic of PRE.  First, Y is predicted while ignoring the information supplied by X.  Second, the independent variable is taken into account when predicting the dependent variable.  When working with variables measured at the interval-ratio level, the predictions of Y under the first condition (while ignoring X) will be the mean of the Y scores (
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) for every case.  We know that the mean of any distribution is closer than any other point to all the scores in the distribution.  We will still make many errors in predicting Y.  The amount of error is shown in Figure 16.6.  The mean of Y is shown by the line parallel to the abscissa, which begins at the mean of the Y values.  The amount of error is shown by the length of the lines that extend from every point to the mean of Y.  Aside from looking at the approximate length of the lines, we can know the actual error under the first condition by taking each actual Y score, subtracting the mean of Y from the score, and squaring and summing these deviations.  The formula for this is 
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This is called the total variation in Y, meaning the total amount that all the points are off the mean of Y.  The next step will be to find the extent to which knowledge of X improves our ability to predict Y (will we make predictions that come closer to the actual points than will the mean of Y).  If the two variables have a linear relationship, then predicting scores on Y from the least-squares regression equation will use knowledge of X and reduce our errors of prediction.  The formula for the predicted Y score for each value of X will be:
Y' = a + bX

4.  Now, in Figure 16.7, we measure the distance of the actual data points from the regression line.  If there is less distance (smaller errors) here than in the distance of the actual points from the mean of Y, we find that there is an association between the two variables.  The vertical lines from each data point to the regression line represent the amount of error in predicting Y that remains even after X has been taken into account.  We have precise ways to describe the reduction in error that results from considering X.  Two different sums can be found and compared with the total variation of Y to construct a statistic that will show the improvement in prediction.  The formula for r-squared is in your book; however, we actually find r-squared by just squaring the correlation value.  The formula in your book helps to explain and interpret the coefficient of determination (r-squared).  The denominator is the total variation, which is the total of all the points from the mean of Y, squared.  The numerator is the explained variation.  This represents our ability to predict Y when considering X.  This sum is found by subtracting the mean of Y (our predicted Y score without X) from the score predicted by the regression equation (Y', or the Y score predicted with knowledge of X) for each case and then squaring and summing these differences.  The formula for the explained variation:
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5.  The resultant explained variation could be compared with the total variation in Y to find to what extent our knowledge of X improves our ability to predict Y.  Therefore, the coefficient of determination, or r-squared is the proportion of the total variation in Y attributable to or explained by X.  Like other PRE measures, r2 is the proportion.  When multiplied by 100, it is the percentage of variation in Y that is explained by X.  That suggests that some of the variation in Y is unexplained by X.  The vertical lines in your book represent the unexplained variation.  The amount of error in predicting Y that remains after X has been taken into account is the unexplained variation of Y.  The unexplained variation is the scattering of the actual scores around the regression line.  It can be found by subtracting the predicted Y scores from the actual Y scores for each case and then squaring and summing these differences.  The formula for this
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6.  That sum would measure the amount of error in predicting Y that remains even after X has been taken into account.  The proportion of the total variation in Y unexplained by X can be found by subtracting the value of r-squared from 1.00.  The unexplained variation is usually attributed to the influence of three things:

a)  Other variables.  In this example, we have included only one independent variable (the number of children) to predict how many hours of housework a husband will do.  Other variables we should have included would be whether or not the family has a cleaning service, and we would want to know the occupation of the wife, because higher social classes have marriages that are more egalitarian.  We would also like to know the size of the house and the standards of cleanliness to see if these variables have an effect on the number of hours the husband does housework.
b) Measurement error.  People over or under estimate how much time they spend doing housework.
c)  Random chance.  Your sample may be biased, particularly if it is small.  
7.  The explained and unexplained variations have a reciprocal relationship with each other—they total to 1.00.  Therefore, as one increases in value, the other decreases.  The stronger the linear relationship between X and Y is, the greater the value of the explained variation and the lower the unexplained variation will be.  In a perfect relationship (r = ±1), the unexplained variation would be 0 and r-squared would be 1.00.  This indicates that X explains or accounts for all the variation in Y, and we could predict Y from X without error.  Conversely, when X and Y are not linearly related (r = 0.00), the explained variation would be 0 and r-squared would be 0.00.  Therefore, X explains none of the variation in Y and does not improve our ability to predict Y.
8.  The intermediate values of r.  In the example in book of dual-career families, r was .50.  Squaring this value gives us the coefficient of determination of .25, which indicates that the number of children (X) explains 25% of the total variation in husband's housework (Y).  When predicting the number of hours per week that husbands in families would devote to housework, we will make 25% fewer errors by basing the predictions on number of children and predicting from the regression line, as opposed to ignoring this variable and predicting the mean of Y for every case.  In addition, 75% of the variation in Y is unexplained by X and presumably due to some combination of the influence of other variables, measurement error, and random chance.
Testing Pearson's r for Significance

1.  When r is based on data from a random sample, you need to test r for its statistical significance.  We need to know if a relationship between the variables can be assumed to exist in the population.  
When testing Pearson's r for significance, the null hypothesis is that there is no linear association between the variables in the population from which the sample was drawn.  We will use the t distribution for this test, and we will need to make some additional assumptions in Step 1.  We need to assume that both variables are normal in distribution (bivariate normal distributions).  We need to assume that the relationship between the two variables is roughly linear in form.  

2.  The third new assumption involves the concept of homoscedasticity.  A homoscedastistic relationship is one where the variance of the Y scores is uniform for all values of X.  If the Y scores are evenly spread above and below the regression line for the entire length of the line, the relationship is homoscedastistic.  If the variance around the regression line is greater at one end or the other, the relationship is heteroscedastistic.  A visual inspection of the scattergram is usually sufficient to find the extent the relationship conforms to the assumptions of linearity and homoscedasticity.  If the data points fall in a roughly symmetrical, cigar-shaped pattern, whose shape can be approximated with a straight line, then it is appropriate to proceed with this test of significance.  The formula for t(obtained) is in your book, and you just plug values of r and r-squared into the formula.
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