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        Chapter 14: Association Between Variables Measured at the Ordinal Level

Introduction

1.  For this chapter, we have data in two different forms.  The first is "continuous ordinal data" (will use Spearman’s Rho for that), similar to interval data.  An example would be when we compute a new variable by adding the values of many different variables together.  
2.  The second is the more common of the two, called "collapsed ordinal data" (will use gamma for that).  This has only a few (no more than five or six) values per variable and arises when we collapse a continuous scale, or when we collect data in a collapsed form.  An example would be when measuring "social class" with only a few categories (upper, middle, and lower).   There are many measures of association for ordinal data, but two common ones are presented in this chapter.
Gamma (G) 

1.  Proportional Reduction in Error (PRE).  In chapter 13, we looked at PRE for nominal level variables and had two prediction rules.  We predicted Y while ignoring X, and second, predicted Y while taking X into account.  For variables measured at the ordinal level, we have two similar prediction rules.  We predict the order of a pair of cases on one variable (the dependent variable) while ignoring their order on the other (the independent variable).  The second rule is to predict the order of a pair of cases on one variable while taking their order on the other variable into account.  So, gamma measures the proportional reduction in error when predicting the order of pairs of cases on both variables.  We predict whether one case (e.g., person) will have a higher or lower score than the other on the variable in question.  
2.  One example is that a researcher hypothesizes that "burnout" among elementary school teachers might be related to the number of years a teacher has been employed in the profession.  In a positive association, if Carlos ranked above Julie on years employed, he would tend to rank above her on burnout.  In a negative association, if Carlos ranked above Julie on years of employment, he would rank below her on “burnout”.  Another way to say it, is to ask if teachers who rank higher on years of service would also rank higher on burnout.  If that were true all of the time, we could predict accurately that if teacher A had more years of employment, then teacher A would rank higher on “burnout”.    
3.  If the two variables are associated, we will reduce our errors when making predictions about the dependent variable when we have knowledge of that person’s score on the independent variable.  Additionally, the stronger the association, the fewer the errors we will make.  With no association between the variables, gamma will be 0.  If we cannot reduce our errors of prediction for the order of pairs of cases on one variable by predicting from the order of pairs of cases on the other variable, gamma will be zero.  
4.  So, gamma ranges from -1 to +1.  A gamma of plus or minus 1 denotes a perfect relationship.  The order of all pairs of cases on one variable would be predictable without error from their order on the other variable.  Ordinal variables have direction, so relationships can be either positive or negative.  -1 would be a perfect negative association, -.9, -.8, and -.7 would be a strong negative association, -.6, -.5, and -.4 would be a moderate negative association, -.3, -.2, and -.1 would be a weak negative association.  If the gamma score is 0, there is no association between the two variables.  A score of .1, .2, and .3 would be a weak positive association, .4, .5, and .6 would be a moderate positive association, and .7, .8, and .9 would be a strong positive association, and 1.00 would be a perfect positive association.  
For gamma, we have the two variables in a bivariate table.  If gamma is positive, the variables are moving in the directions of the arrows next to and below the positive sign below; if gamma is negative, the variables are moving in the directions of the arrows next to and below the negative signs below.
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5.  An example for gamma would be the higher someone’s income, the smaller the percentage of that income they will give to charity.  Similar to the last chapter, we are still concerned with the existence of an association, its strength, and its direction; gamma provides all three.  The existence of the relationship is shown by a gamma of nonzero.  The strength is measured by how far gamma is away from zero in either direction.  We will see direction, in that a positive gamma would indicate a positive association, and a negative gamma a negative association.  We could determine if an association exists by calculating percentages for the table and reading the percentages across the table.  By computing gamma or any measure of association, we get a single number summary measure of the existence, strength, and direction of the relationship.
The Computation of Gamma

1.  First, two sums are needed.  We need the number of pairs of cases that are ranked the same on both variables (Ns).  Then, we need the number of pairs of cases ranked differently on the variables (Nd).  We do this by working with the cell frequencies cell by cell.  Begin with the cell containing the cases that were ranked the lowest on both variables.  The total number of pairs of cases is given by multiplying the cell frequencies.  Gamma ignores all ties and, therefore, the pairs of cases formed within the same row, column, or cell are not computed.  This means that, in computing Ns, we will take account only of the pairs of cases that can be formed between each cell and the cells below and to the right of it

2.  So, to find the total number of pairs of cases ranked the same on both variables, multiply the frequency in each cell by the total of all frequencies below and to the right of that cell.  Repeat for each cell and add up the resultant products.  The total of these products is Ns, which is the total number of pairs of cases that are ranked the same on both variables.  
The next step is to find the number of pairs of cases ranked differently (Nd) on both variables.  We will find all people who ranked lower on the independent variable and higher on the dependent variable, and ignore all the ties.  So, this time begin with the upper right hand cell, assuming that this cell is the number of people who are high on the independent variable and low on the dependent variable.  Multiply the number of cases in this cell by the total frequency of cases below and to the left.  The formula for gamma:
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Where Ns = the number of pairs of cases ranked the same as both variables

Nd = the number of pairs of cases ranked differently on the two variables

3.  If Ns is higher than Nd, there will be a positive association.  If Ns is lower than Nd, there will be a negative association.  If Ns is equal to Nd, there will be no association.
Interpreting Gamma

A gamma of .57 indicates that we would make 57% fewer errors if we predicted the order of pairs of cases on one variable (the dependent variable) from the order of pairs of cases on the other (the independent variable—as opposed to predicting order (on the dependent variable) while ignoring the other variable (the independent variable).  The length of service turns out to be associated with degree of burnout.  The relationship is moderate, and the relationship is positive.  Gamma is a symmetrical measure of association.  The value of gamma will be the same regardless of which variable is taken as independent.
Spearman's Rho (rs)

1.  This is used for ordinal-level variables that have a broad range of many different scores and few ties between cases on either variable.  When we add several ordinal variables together to make a new composite measure of a concept, this  results in continuous scores that should be analyzed with Spearman's Rho.  However, we often collapse these values into a smaller number of categories for two reasons, 1) when the differences in individual scores is not important, and 2) when our sample is too small, and too few people will be in each cell, making percentages meaningless.
Computation of Spearman's Rho (rs)

The cases are first ranked from high to low on each variable separately.  Then the ranks (not the scores) are subtracted from each other (rank of each case on Y subtracted from its rank on X), then squared, to produce the final measure.  To rank cases, first find the highest score on each variable and assign it a rank 1.  Do the same for the other variable.  If cases have the same score on a variable, assign them the average of the ranks they would have used up had they not been tied.  The Formula for Spearman's Rho:
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The sum of D is always zero, so should be used to check computations.  In the column headed D2, each difference is squared to eliminate negative signs.  
Interpretation of Spearman’s Rho
1.  It is an index of the strength of association between the variables.  It ranges from 0 (no association) to ±1 (perfect association).  A perfect positive association would exist if there were no disagreements in ranks between the two variables.  A perfect negative relationship would exist if the ranks were in perfect disagreement (if the case ranked highest on one variable were lowest on the other).  Additionally, if the value of Rho is squared, a PRE interpretation is possible.  Rs2 represents the proportional reduction in error when predicting the rank on one variable from rank on the other variable compared to predicting rank on one variable while ignoring the other variable.  So, a Spearman's rho of .30 indicates that our PRE for these data is 9 percent, since we square Rho to make it a PRE measure, and then multiply by 100 to make it a percent.  
Testing the Null Hypothesis of "No Association" with Gamma and Spearman's Rho

1.  If we are working with random samples, we will need to find if sample findings can be generalized to the population.  The measures of association can be tested for their statistical significance.  For nominal-level variables, the test of statistical significance is the Chi Square test.  For ordinal-level variables (for gamma and rho), the null hypothesis is that there is no association between the variables in the population.  So, the population values for both sample measures are zero (Gamma and Rho are zero).  

2.  For the test of significance for Gamma, the null hypothesis states that there is no association between the variables in the population from which the sample was drawn.  We will use the Z distribution, for samples of 10 or more.  So, use a Z(critical) of plus or minus 1.96.  The formula for Z(obtained) is in your book.  If the test statistic falls in the critical region, the null hypothesis can be rejected, and the sample gamma is unlikely to have occurred by chance alone.  We can conclude that these variables are related in the population.
3.  For the test of significance for Spearman's rho, when N is 10 or more, the sampling distribution of Spearman's rho approximates the t distribution.  The t(critical) will be for Degrees of freedom = N - 2, at the .05 level, for a two-tailed test.  The formula is in your book.  If the test statistic falls in the critical region, the null hypothesis can be rejected.  The variables are related in the population.
This would be where the bivariate table goes.
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