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                        Hypothesis Testing II, The Two-Sample Case

Introduction

1.  For the two-sample case, we will look at the difference between two separate populations, as opposed to the difference between a sample and the population, which was Chapter 8.  (Example:  males and females, people with no children compared with people with at least one child, etc.).  We cannot test all males and all females, so we will need to draw a random sample from the larger population.  Most of the time, we will want to find that the difference between the samples is real (statistically significant) rather than due to chance.  
Hypothesis Testing With Sample Means (Large Samples)

1.  We need to assume that each sample is random, and also that the two samples are independent of each other.  When random samples are drawn in such a way that the selection of a case for one sample has no effect on the selection of a case for another sample, the samples are independent.  We would not want to randomly choose males, and then choose their spouses for the sample of women.  To satisfy the requirement of independent random sampling, we may randomly select cases from one list of the population, then subdivide that sample according to the trait of interest.  

2.  In the two-sample case, the null hypothesis is still a statement of "no difference", but now we are saying that the two populations are "not different" from each other.  The null hypothesis stated symbolically: 
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We know that the means of our samples are different, but we are stating in the null that they are theoretically the same in the two populations.  If the test statistic falls in the critical region, we may conclude that the difference did not occur by random chance, and that there is a real difference between the two groups.  
3.  The test statistic will be the difference in sample means.  If sample size is large, meaning that the combined number of cases in the two samples is larger than 100, the sampling distribution of the differences in sample means will be normal in form, and the standard normal curve can be used for critical regions.  In other words, instead of plotting sample means or proportions in the sampling distribution, we will plot the difference between the means of each sample.  
4.  The formula for Z(obtained) will be the same.  The sample outcome minus the mean of the sampling distribution divided by the standard deviation of the sampling distribution

Formula 9.1:
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However, we do not know the means of the populations in this chapter--we only know the means for the samples.  The expression for the difference in the population means (µ1 - µ2) is dropped from the equation.  The expression equals zero, because we assume in the null hypothesis that the values are the same.  So, the new formula for Z(obtained) is Formula 9.2:
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The Formula 9.4 for the denominator (called the pooled estimate) if we don't know the population standard deviation is:
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5.  We will use an example of support for gun control, and find if there is a difference between women and men on this issue.  We need to interpret the statistics with both a statistical and a sociological interpretation.  We know that there is a difference between the sample means of the two groups.  We are doing the test of hypothesis to see if the difference is large enough to justify the conclusion that it did not occur by random chance alone, but reflects a significant difference between men and women in the population on this issue.  
In the example on gun control, we find that Z(obtained) is -2.80, and Z(critical) is SYMBOL 177 \f "Symbol"1.96.  We can conclude that the difference did not occur by random chance.  The outcome falls in the critical region, so it is unlikely that the null is true.  Our decision is to reject the null hypothesis and find that there is a real difference between men and women on this issue of support for gun control.  We find that women are more supportive.
6.  We then need a sociological interpretation, and we begin by looking at which group has the lower mean.  We find that men have a lower average score on the Support for Gun Control Scale, so are less supportive of gun control than women.  We need to speculate why this is.  It may be that little boys are given toy guns, or that women tend to be less adventurous, while men are more independent and do not want government intervention in their lives, etc.
Hypothesis Testing with Sample Means (Small Samples)

1.  We cannot use the Z distribution for the sampling distribution of the difference between sample means when we have a small sample (meaning both samples added together total to less than 100).  Instead will use the t distribution to find the critical region.  We will need to make two adjustments.  The degrees of freedom now will be (N1 + N2) – 2.  The second assumption with small samples, to justify the assumption of a normal sampling distribution and to form a pooled estimate of the standard deviation of the sampling distribution, is that we need to assume that the variances of the populations of interest are equal.  In testing for the difference between two sample means when the sample size is small, we may assume equal population variances if the sample sizes are approximately equal.  If one sample is large, and the other is small, we will not be allowed to use this test.  We will test the hypothesis that people with children are more likely to be happy with family life than are people with no children.
2.  The formula for the pooled estimate of the standard deviation of the sampling distribution is different for small samples than it was for large samples, see Formula 9.5:
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The Formula 9.6 for t(obtained) is the same as for Z(obtained):
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3,  We need a statistical interpretation of the results.  We will use a two-tailed test, since no direction has been predicted.  We find that the test statistic falls in the critical region, so we find that married people with no children and married people with at least one child are significantly different on the variable satisfaction with family life.  We also need a sociological interpretation.  We begin by comparing the means—higher scores indicate greater satisfaction.  The samples were divided into respondents with no children and respondents with at least one child, and we find that the respondents with no children scored higher on this attitude scale, indicating that they are more satisfied with family life, which completely contradicts our hypothesis.  We know this difference is not due to chance, but is a real difference.
Hypothesis Testing With Sample Proportions (Large Samples)

1.  The null hypothesis states that no significant difference exists between the populations from which the samples are drawn.  We will use the formulas for proportions when there is a percentage in the question.  Formula 9.8 for Z(obtained):
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The Limitations of Hypothesis Testing

For all tests of hypothesis, the probability of rejecting the null is a function of four independent factors:
1.  The size of the observed differences(s).  The greater the difference, the more likely we are to reject the null hypothesis.
2.  The alpha level.  The higher the alpha level, the greater the probability of rejecting the null hypothesis.  This is true, because the higher the alpha, the larger the critical region.  It is easier to reject at the .05 level than at the .01 level.  However, higher alpha levels will lead to more frequent Type I errors.  We may find that rather small differences between samples will be statistically significant.
3.  The use of one- or two-tailed tests.  Use of the one-tailed test increases the probability of rejection of the null.
4.  The size of the sample.  The value of all test statistics is directly proportional to sample size (not inversely proportional).  The larger the sample, the higher the probability of rejecting the null hypothesis.  In all the formulas for the test statistic (Z or t obtained), sample size (N) is in the "denominator of the denominator."  This is equivalent to being in the numerator of the formula, so as N increases, the whole number increases.  [Another way to look at it, is that if N increases, the denominator of the denominator becomes smaller, and with smaller denominators, the whole number becomes larger (for example: 1/10, 1/8, 1/4, 1/3,1/2)].  Two things need to be remembered about this relationship.  Larger samples are better approximations of the populations they represent, so decisions based on larger samples about rejecting or failing to reject the null, can be regarded as more trustworthy than decisions based on small samples.  It shows the most significant limitation of hypothesis testing. 

5.  Because a difference is statistically significant does not guarantee that it is important in any other sense, particularly with very large samples (N's in excess of 1000), where very samll differences may be statistically significant.  Even with small samples, trivial differences may be statistically significant, since they represent differences in relation to the standard deviation of the population.  Therefore, statistical significance is a necessary but not sufficient condition for theoretical importance.  Once a research result has been found to be significant, the researcher still faces the task of evaluating the results in terms of the theory that guides the inquiry.  
6.  The conclusion, then, is that a difference between samples that is shown to be statistically significant may not be theoretically important, practically important, or sociologically important.  Logic will have to determine that, and measures of association that we cover in the last four chapters will show the strength of the association in the samples.
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