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Estimation Procedures

Introduction

1.  Interval estimates consist of a range of values (an interval) instead of a single point.  An interval estimate is usually phrased as "from 39% to 45% of the electorate will vote for the candidate.  It may also be phrased as 42% ± 3 percentage points of the population will vote for the candidate.   

Bias and Efficiency
1.  Sample statistics are used as the estimators of population parameters.  Two sample statistics are unbiased estimators and so are the best ones to use:   Means and Proportions (means for interval variables and proportions for nominal variables).  One rule for selecting which statistic is a good estimate of the population parameter:  A good estimator must be unbiased.  An estimator is unbiased if and only if the mean of its sampling distribution is equal to the population value (population mean for interval variables, or population proportion for nominal variables) of interest.  We know from the theorems in Chapter 6 that sample means conform to this criterion.  The mean of the sampling distribution of sample means (µxbar) is the same as the population mean (µ).  The mean of a sampling distribution of sample standard deviations would not equal the standard deviation of the population—it would be too low, so need to divide each sample standard deviation by N-1.
2.  Sample proportions (Ps) (for nominal variables) are also unbiased estimators of population proportions.  If we do a sampling distribution of the proportions in many samples, the sampling distribution of sample proportions will have a mean (µp) equal to the population proportion (Pu).  
3.  All other sample statistics are biased.  In other words, they have sampling distributions with means not equal to the population value.  As noted above, the standard deviation of the sample will be smaller than the standard deviation of the population.  So, s will underestimate SYMBOL 115 \f "Symbol".  But, they can be corrected for this bias and become an estimate of the population standard deviation for large samples.  Bias is important, because if an estimator is unbiased, we can use the properties of the normal curve to find the probability that our sample statistic lies within a given distance of the population value we are trying to estimate.  
3.  The second rule is that a good estimator must be relatively efficient.  The more efficient the estimate, the more the sampling distribution is clustered around the mean.  This is a matter of dispersion in the sampling distribution.  We will be talking about the standard deviation of the sampling distribution (for means, the symbol is SYMBOL 109 \f "Symbol"xbar and for proportions, the symbol is SYMBOL 109 \f "Symbol"p)—this is also called the standard error of the mean.  So, the standard deviation of the sampling distribution of sample means is equal to the population standard deviation divided by the square root of N.
The formula for the standard deviation of the sample means (the sampling distribution) is
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In English, the standard deviation of the sample means equals the standard deviation of the population divided by the square root of N (the sample size).  With larger samples (e.g., N=16), the population distribution will be 4 times larger than the sampling distribution.  So, as sample size increases, the standard deviation of the sample means will decrease, making it a more efficient estimator.  We know that, because as the denominator increases, the number will decrease in size

E.g. 1/2, 1/4, 1/8, 1/10, 1/15.  We can improve the efficiency (or decrease the standard deviation of the sampling distribution) for any estimator by increasing sample size.  
Procedure for Constructing an Interval Estimate

1.  The first step in constructing an interval estimate is to decide on the risk you are willing to take of being wrong (which is the confidence level).  An interval estimate is wrong if it does not include the population value.  The probability that an interval estimate does NOT include the population value is called alpha.  The symbol for alpha is SYMBOL 97 \f "Symbol" .  An alpha level of 0.05 is the same as a confidence level of 95%.  The most commonly used confidence level is 95%.  It means that we are willing to be wrong only 5% of the time.  If an infinite number of intervals were constructed at this alpha level, with other things being equal, 95% of them would contain the population value and 5% would not.  Since only one interval is constructed, by setting the probability of error very low, we are setting the odds in our favor that the interval will include the population value.
2.  The second step is to picture the sampling distribution and divide the probability of error equally into the upper and lower tails of the distribution and find the corresponding Z score.  If we set alpha equal to 0.05 (95% confidence level), we would place half (0.025) of this probability in the lower tail and half in the upper tail of the distribution.  We need to find the Z score beyond which lies a proportion of .0250 of the total area.  To do this, go down Column C of Appendix A until you find this proportion (.0250).  The associated Z score is 1.96.  Since we are interested in both the upper and lower tails, we designate the Z score that corresponds to an alpha of .05 as ±1.96.  So, we are looking for a Z score that encloses 95% of the normal curve.  We can be 95% confident that our interval contains the population value.  Besides the 95% level, there are two other commonly used confidence levels.  First is 90% level (SYMBOL 97 \f "Symbol" = .10), where we have a 10% chance of making a mistake—it will have a Z score of ± 1.65.  Second is 99% level (SYMBOL 97 \f "Symbol" = .01), where we have a 1% chance of making a mistake.  This will have a Z score of ± 2.58.  (Remember that the area between 3 Z's is 99.72%.)
3.  Important Note: remember that we know that two standard deviations on a normal curve contain 95.44 % of all the cases.  On the sampling distribution, two standard deviations of the sampling distribution (also known as two standard errors of the mean) contain 95.44% of all the infinite number of means we could draw from a population.  Therefore, if two standard deviations contain 95.44% of all the possible means, we are 95.44% certain that our one mean we have calculated from our one actual sample is one of those.  That is the confidence level.  However, when communicating with the public, we don’t want to say we are 95.44% certain, so we round that to 95% certain.  Then, 95% of all the means are contained by 1.96 standard deviations of the sampling distribution.  We moved the standard deviations in a little bit so it only contains 95% of the means, rather than 95.44% which were contained by 2 standard deviations.
Interval Estimation Procedures for Sample Means (confidence intervals)
1.  After deciding on a confidence level, we can construct a confidence interval.
Formula 7.1 for the confidence interval for means of interval level variables:
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We have an example of constructing a confidence interval for IQ.  A sample of 200 residents was selected.  It was found they had a mean (average) IQ of 105.  Now, we want to estimate the IQ of the total population of that community using a statistic we found about the sample (inferential statistics).  We know that the population standard deviation for IQ scores is about 15.  So we set SYMBOL 115 \f "Symbol"  equal to 15.  We are willing to run a 5% chance of being wrong and set alpha at 0.05, the corresponding Z score will be ± 1.96.  The confidence interval is 105 ± 2.08.  So our estimate is that the average IQ for the population in the community is somewhere between 102.92 (105 - 2.08) and 107.08 (105 + 2.08).  
2.  We are 95% confident that that interval contains the actual population mean IQ score (so, there's a 5% chance it is outside that interval).  In the I.Q. example, we knew the population standard deviation of IQ scores.  But, for most all variables, we won't know the population standard deviation.  We do know, however, what the standard deviation of our sample is, since we can calculate it after we finish our study.  We can estimate SYMBOL 115 \f "Symbol" with s, the sample standard deviation

But, s is a biased estimator ofSYMBOL 115 \f "Symbol", so the formula needs to be changed slightly to correct for the bias

For larger samples the bias of s will not affect the interval very much.
3.  The revised Formula 7.2 for cases in which the population standard deviation (SYMBOL 115 \f "Symbol") is unknown:
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The substitution of s for SYMBOL 115 \f "Symbol" is permitted only for large samples (that is, samples with 100 or more cases).  You have to now divide by N-1, because we didn’t do that when calculating the standard deviation of the sample.  For smaller samples, when the value of the population standard deviation is unknown, the standardized normal distribution cannot be used in the estimation process.  
4.  We can construct interval estimates for samples smaller than 100, but we need to use the Student's t distribution (Appendix B) which will be covered in chapter 8, instead of the Z distribution.  The formula for a confidence interval is made up of two things:

1) The confidence level (Z)
2) The size of a single standard deviation
Larger Z values result in wider confidence intervals (larger Z values = larger confidence levels).  Larger N values result in narrower confidence intervals.  
Interval Estimation Procedures for Sample Proportions (Large Samples)

1.  Estimation procedures for sample proportions are about the same as those for sample means, but using a different statistic.  We know from the Central Limit Theorem, that sample proportions have sampling distributions that are:
 
1)  Normal in shape

2)  With the mean of the sampling distribution equal to the population proportion (SYMBOL 109 \f "Symbol"p = Pu)

In addition, the standard deviation of the sampling distribution of sample proportions (SYMBOL 115 \f "Symbol"p) is equal to the following:
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4. So the Formula 7.3, for the confidence interval for proportions is


[image: image5.wmf](

)

N

P

i

c

N

P

P

Z

P

i

c

s

u

u

s

25

.

96

.

1

.

.

1

.

.

±

=

-

±

=


Where the values for Ps and N come directly from the sample.  The value of Z is determined by the confidence level using the same techniques in estimation with sample means.  That leaves one unknown in the formula (Pu), which is the value we are trying to estimate.  The problem is resolved by setting the value of Pu at 0.5.  What this means is that the guess at the percentage of the population that agrees will be 50%, which is the most heterogeneous possibility.  If we set Pu at .4, we are saying that 40% agree and 60% disagree, and the values of the expression will be .24, or less than if we guessed the percentage as 50%.  So 1 - Pu will also be .5, the entire expression will always have a value of 0.5 x 0.5, or 0.25.  This is the maximum value this expression can attain.  Setting Pu at its maximum possible value, the interval will be at maximum width.  This is the most conservative solution possible.
Controlling the Width of Interval Estimates

1. The width of an interval estimate for either sample means or sample proportions can be partly controlled by manipulating two terms in the equation:
a)  The confidence level can be raised or lowered.  The exact confidence level (or alpha level) will depend, in part, on the purpose of the research.  If dealing with harmful effects of drugs, you would demand very high levels of confidence (99.9%).  If the intervals are only for guesstimates, then lower confidence levels can be used (such as 90%).  The intervals widen as confidence levels increase (you want the intervals to be narrow).  When you move from 90% confidence level to 95% to 99% confidence levels, the intervals will get wider.  So we may have an interval of 10 percentage points, which is most often too large to make a prediction.  We may have to say that 45% of the population will vote for a candidate, ± 10%.  That would mean that somewhere between 35% and 55% will vote for a candidate.  So, either a minority will vote for the candidate, and they will lose, or a majority will vote for them, and they will win—we cannot call the election.  So, we may have to settle for less certainty to decrease the confidence interval width.  The relation between confidence levels and interval width is shown in Table 7.2.  As the confidence level increases, the interval width increases, which is why we usually compromise with a 95% confidence level.  But, again, the level may be dictated by the type of research.  However, wider confidence intervals are more likely to include the population value.  
b) Second, the interval can be widened or narrowed by gathering samples of different size.  Sample size has the opposite relationship to interval width.  As sample size increases, confidence interval width decreases.  However, the decrease in interval width (increase in accuracy) does not bear a linear relationship with sample size.  N might have to be increased four times or more to double the accuracy.  So there are diminishing returns with increases in the sample size.  We usually need a sample of at least 500 to 1,000 to accurately predict the attitudes or behaviors of the entire population of the United States.  
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