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ABSTRACT

There have been many approaches to the use of neural networks in
control systems, such as the NARMA-L2 Controller, introduced by
Narendra and Mukhopadhyay. One disadvantage of this controller
is that it often produces chattering in the control action. In this
paper we investigate the addition of linear feedback to the
NARMA-L2 controller in order to smooth the control action. We
show that under certain circumstances this linear feedback can
cause problems of stability and increased steady state errors, espe-
cially when the plant model is inaccurate. These problems can be
reduced significantly by the use of appropriate design strategies,
which are presented in this paper.

1. INTRODUCTION

Many neural network architectures have been applied successfully
for the identification and control of dynamic systems ([1], [3]).
One popular neural network control architecture is the NARMA-
L2 controller [4]. Training is straightforward for this method,
because the controller is simply a rearrangement of a neural net-
work plant model, which is trained offline, in batch form; there is
no separate dynamic training [2] for the controller. Another advan-
tage of NARMA-L2 is that the only online computation is a for-
ward pass through the neural network controller. The drawback of
this method is that the plant must either be in companion form, or
be capable of approximation by a companion form model [6]. In
addition, there is often chattering in the control action. This chat-
tering can be reduced by the addition of linear feedback, as we will
discuss in this paper.

In Section 2 of this paper we will present the basic NARMA-L2
controller and will demonstrate its operation on a simple magnetic
levitation system. We will also illustrate the chattering that typi-
cally occurs in the control action. Section 3 shows how linear feed-
back, when added to NARMA-L2 control, can reduce the control
action chattering. The resulting controller is an approximation to
feedback linearization control [6]. In Section 4, we analyze the sta-
bility and steady state performance of the modified NARMA-L2
control.

2. NARMA-L2 CONTROL

NARMA-L2 control transforms nonlinear system dynamics into
linear dynamics by canceling the nonlinearities. The controller is
simply a rearrangement of the neural network plant model, which
is trained offline, in batch form. The only online computation is a
forward pass through the neural network controller. The drawback
of this method is that the plant must either be in companion form,
or be capable of approximation by a companion form model.

2.1 Controller Description

To identify the system to be controlled we use the approximate
NARMA-L2 model to represent the system in companion form [4]:

(1)

where and are approximated using neural networks.
Using this NARMA-L2 model, we can define the controller

(2)

where is the reference signal to be tracked. This control-
ler can be implemented using the previously identified NARMA-
L2 plant model. If the system can be represented in companion
form, and if and are accurately approximated, the sys-
tem output will equal the reference model output:

. (3)

In the next section we will demonstrate the operation of the
NARMA-L2 controller on a magnetic levitation system.

2.2 Magnetic Levitation System (MagLev)

In this test problem, the objective is to control the position of a
magnet suspended above an electromagnet, where the magnet is
constrained so that it can only move in the vertical direction. The
equation of motion is:

where is the distance of the magnet above the electromagnet,
is the current flowing in the electromagnet, is the mass of

the magnet, and is the gravitational constant. The parameter is
a viscous friction coefficient that is determined by the material in
which the magnet moves, and is a field strength constant that is
determined by the number of turns of wire on the electromagnet
and the strength of the magnet.

The first step in using NARMA-L2 control is the identification of
the plant model, in which multilayer networks are used to approxi-
mate and . The inputs to these networks are delayed
plant inputs and outputs ( and ). Table 1 shows the
plant identification parameters for the magnetic levitation system.
The input signal for the system identification consists of a series of
pulses of random amplitude and width (see Figure 1). The first two
rows of the table indicate the ranges for the amplitudes and widths
of the pulses. The last three rows define the architecture of the
identification network. The and networks have the
same architecture, with one hidden layer.
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Figure 1. Sample Input and Output Signals for Identification

Figure 2. MagLev response and control action for the
NARMA-L2 controller.

Figure 2 shows the system response and the control action for the
NARMA-L2 controller when the reference signal is a series of step
functions. The system tracks the reference, but the control action
demonstrates significant chattering. In the next section, we will add
linear feedback to the NARMA-L2 controller to reduce the chatter-
ing.

3. SMOOTHING THE CONTROL ACTION

The NARMA-L2 controller is very similar to the feedback linear-
ization controller [6]. The main difference between the two is that
the feedback linearization controller adds a linear feedback term. If
we modify Eq. (2) to include the linear feedback, we have

(4)

If and are accurately approximated, the system output
will satisfy the following linear difference equation:

(5)

Taking z-transforms, we have

(6)

By appropriately setting the roots of inside the unit circle, we
can have a response that is a smoothed version of . This
means that will also be smoothed, and we can reduce the
chattering found in the NARMA-L2 control. If the parameter is
assigned to be

(7)

then we can be assured of zero steady state error to a step input.

Figure 3 and Figure 4 show the responses and the control action for
the smoothed NARMA-L2 controller on the MagLev system. For
these examples, we have chosen the order of the linear feedback, p,
to be 1. For Figure 3 the closed loop pole (root of ) is set to
0.5, and for Figure 4 the pole is set to 0.95. As the pole moves
toward 1, the response is smoother and the chattering in the control
action is diminished. This responses should be compared to Figure
2, which is the standard NARMA-L2 response, and corresponds to
having the closed loop pole set to 0.

There is clearly a trade-off to be made here between the reduction
in chattering and the speed in the overall response. As the closed
loop poles are moved toward 1, the chattering is reduced, but the
system settling time is increased. There are also other consider-
ations of stability and steady state error that are caused by the fact
that the functions and are only approximated. As we
will show in the next section, even when the roots of are
inside the unit circle, equilibrium points of the closed loop system
can become unstable because of errors in the approximations of

and .

Table 1: Parameters for MagLev Plant Identification

MagLev

Input range (0, 4)

Input interval (0.05, 5)

Sample time 0.01

Delayed inputs (m) 3

Delayed outputs (n) 3

Hidden layer size 10
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Figure 3. MagLev response and control action for the
NARMA-L2 controller with linear feedback (pole=0.5).

Figure 4. MagLev response and control action for the
NARMA-L2 controller with linear feedback (pole=0.95).

4. ANALYSIS OF SMOOTHED NARMA-L2

The analysis of the previous section assumed that the approxima-
tions for and were exact. In practice these approxima-
tions will only be valid within the regions where training data
exists. In addition, even where training data does exist, there will
be some small approximation errors. In this section we will investi-
gate the effect of these approximation errors on the response of the
smoothed NARMA-L2 controller. In particular, we will investigate
stability and steady state errors of the closed loop system, and how
they are affected by both the approximation errors and the roots of

.

Let’s begin by modifying Eq. (4) to indicate that and
are being approximated:

(8)

If we substitute this equation into Eq. (1), we find

(9)

where we have removed the arguments for and in order
to simplify the notation. Define the following variables:

, (10)

then Eq. (9) can be rewritten as

. (11)

We now want to check the stability and steady state error associ-
ated with a specific equilibrium point. In other words, is set to a
constant value, and we want to check the location of the corre-
sponding equilibrium point for , and its stability. For this situa-
tion, we will assume that and are approximately constant.

Eq. (11) can then be rewritten as

(12)

Taking z-transforms we have

(13)

Although the roots of are designed to fall inside the unit cir-
cle, it is the roots of that will determine the stability of the
equilibrium point for the closed loop system. If we place the roots
of too close to the unit circle (in order to eliminate chatter-
ing), then the roots of may fall outside the unit circle.

If the roots of fall inside the unit circle, then we can find the
steady state response to a step input of amplitude A
( ) from the following equation.
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(14)

If , and is set using Eq. (7), then and
the steady state error will be zero.

We can use Eq. (14) to determine the values of and , which
would then allow us to predict the stability and steady state error as
we move the roots of closer to the unit circle. To determine
these values, we can evaluate the steady state error for two differ-
ent settings of . This will give us two equations in two
unknowns.

We will demonstrate this analysis on the MagLev system, with the
reference position set at 2. We simulated the closed-loop MagLev
system at two different settings for . The first setting had
three roots at 0.94; the second setting had three roots at 0.95. The
results are as follows:

(15)

(16)

Using these two values and Eq. (14), we can compute

. (17)

From these values we can determine the roots of to be

(18)

when the roots of are set to 0.96. The roots of fall
inside the unit circle, so we would expect this equilibrium point to
be stable, and simulation demonstrates this to be true. If we per-
form a similar analysis for containing three roots at 0.97, we
find that the roots of are located at

(19)

This indicates an unstable equilibrium point, which was verified by
computer simulation.

Eq. (14) can also be used to predict the steady state error at a new
choice for . To illustrate, consider again the MagLev system
at the set point of 2, with the three roots of set to 0.96. We
know that the equilibrium point is stable, based on the pole loca-
tions given by Eq. (18). Using the values for and given in
Eq. (17), we use Eq. (14) to compute the steady state response. The
resulting calculation was . From the computer simula-
tion we obtained a value of .

To summarize our analysis, errors in the approximation of the func-
tions and can cause steady state errors in the system
response, or even instabilities. The system is more likely to become
unstable if the roots of are near the unit circle. If it is neces-
sary to place closed loop poles near the unit circle, it is critical that

the network approximations for and be very accurate,
which may require larger training sets. See [5] for a discussion of
how to increase the training set to improve the approximation.

5. SUMMARY

This paper began with a review of the NARMA-L2 controller. This
controller is attractive because it requires a minimal amount of
computation, both for training of the neural networks and for
implementation of the controller. The controller is simply a rear-
rangement of the neural network plant model, which is trained
offline, in batch form. The only online computation is a forward
pass through the neural network controller. A drawback of this
method is that the plant must either be in companion form, or be
capable of approximation by a companion form model. In addition,
this controller is characterized by chattering in the control action.

Control chattering in the NARMA-L2 controller can be signifi-
cantly reduced by adding linear feedback, as in the standard feed-
back linearization controller. By using the linear feedback to
position the closed loop poles near the unit circle, the system
response can be significantly smoothed and control chattering
greatly reduced.

Because the system model is only approximate, the cancellation of
nonlinearities will not be exact. The errors in the approximation
can cause instabilities or steady state errors in the closed loop sys-
tem response. For these reasons, the desired closed loop poles
should not be placed too close to the unit circle.
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