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Abstract

This paper introduces a general class of dynamic network -
the Layered Digital Dynamic Network. It then derives the

Jforward perturbation algorithm for computing the gradient

of the network error with respect to the weights of the net-
work.

1 Introduction

Neural networks can be classified into dynamic and static
categories. Static (feedforward) networks have no feedback
elements and contain no delays; the output is calculated di-
rectly from the input through feedforward connections. In
dynamic networks the output depends not only on the current
input to the network, but also on the current or previous in-
puts, outputs or states of the network. There are two general
. approaches to gradient calculations in dynamic networks:
backpropagation-through-time (BTT) and forward perturba-
tion. In the BTT algorithm, the network response is comput-
ed for all time points, and then the gradient is computed by
starting at the last time point and working backwards in time.
In the FP algorithm, the gradient can be computed at the
same time as the network response, since it is computed by
starting at the first time point, and then working forward
through time. In this paper we will discuss FP. The FP algo-
rithm has been discussed in a number of papers ([6], [8]), but
generally in the context of specific network architectures. In
this paper, we develop FP for a general class of network
structure. )

This paper introduces the Layered Digital Dynamic Network
(LDDN) and develops a general training algorithm for this
network. Section 2 describes the general concept of the for-
ward perturbation algorithm through the use of a simple ex-
ample. In Section 3 we define LDDN’s. In Section 4 we
describe a general forward perturbation algorithm for com-
puting training gradients for the LDDN.

0-7803-7044-9/01/$10.00 ©2001 IEEE

A companion paper [1] follows a similar script for the back-
propagation through time algorithm.

2 Example of Dynamic Gradient Calculations

To illustrate dynamic backpropagation ([3], [9], [10]), con-
sider Figure 1, which is a simple dynamic network. It con-
sists of an LFFN with a single feedback loop added from the
output of the network, which is connected to the input of the
network through a single delay. In this figure the vector x
represents all of the network parameters (weights and biases)
and the vector a(s) represents the output of the LFFN at time

step ¢.

p(®

a®)
I—> LFFN

a(#) = NN(p(»),a(+1),x)

Figure 1: Simple Dynamic Network

Now suppose that we want to minimize

Q
Fx) =Y (1) —a()) (t(r) - a(r)) 0))
t=1 :
In order to use gradient descent, we need to find the gradient
of F with respect to the network parameters. There are two
different approaches to this problem. One is called backprop-
agation through time (BTT) and the other is called forward
perturbation (FP). They both use the chain rule, but are im-
plemented in different ways. (See [1] for a discussion of the
backpropagation through time method.) In this paper we con-
centrate on the FP algorithm, which begins with the follow-
ing equation



Q e
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where the superscript e indicates an explicit derivative, not
accounting for indirect effects through time. The explicit de-
rivatives can be obtained with the standard backpropagation
algorithm, as in [4]. To find the complete derivatives that are

required in Eq. (2), we need the additional equation:

da(r) _ oa(r) . o‘a(r) _oa(r—1)

9x  ox +8a(t—l)x ox ®)

Eq. (2) and Eq. (3) make up the forward perturbation (FP) al-
gorithm. Here the key term is

2a(1)
Jx

which must be propagated forward through time.

C))

In the next sections we generalize the FP algorithm, so that it
can be applied to arbitrary LDDN’s.

3 Definition of the Layered Digital Dynamic Network
To explain the general FP algorithm, we must first define the

LDDN. We do that in this section.

First, a layer consists of a set of weights, associated tapped
delay lines, a summing junction, and a transfer function. The
network has inputs that are connected to special weights,
called input weights, and denoted by IW#J/  where j denotes

Layer 1

the number of the input vector that enters the weight, and i
denotes the number of the layer to which the weight is con-
nected. The weights connecting one layer to another are
called layer weights and are denoted by LW/ where j de-
notes the number of the layer coming into the weight and i
denotes the number of the layer at the output of weight. In or-
der to calculate the network response in stages, layer by lay-
er, we need to proceed in the proper layer order, so that the
necessary inputs at each layer will be available. This ordering
of layers is called the simulation order. In order to backprop-
agate the derivatives for the gradient calculations, we must
proceed in the opposite order, which is called the backprop-
agation order.

In order to simplify the description of the training algorithm,
some layers of the LDDN will be assigned as network out-
puts, and some will be assigned as network inputs. A layer is
an input layer if it has an input weight, or if it contains any
delays with any of its weight matrices. A layer is an output
layer if its output will be compared to a target during train-
ing, or if it is connected to an input layer through a matrix
which has any delays associated with it.

For example, the LDDN shown in Figure 2 has two output
layers (1 and 3) and two input layers (1 and 2). For this net-
work the simulation order is 1-2-3, and the backpropagation
order is 3-2-1. As an aid in later derivations, we will define
U as the set of all output layer numbers and X as the set of all
input layer numbers. For the LDDN in Figure 2, U={1,3} and
X={1,2}.

Layer 3
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Figure 2: Three-layer LDDN with two output layers (1 and 3)
' and two input layers (1 and 2)
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The general equations for simulating an arbitrary LDDN net-
work are given below. The net input at layer m can be com-
puted as

"= Y Y LW*(aa'i-a)

IELLdGDLm,I
)
+ 3 Y wWraple-a)+b”

lel,de Di,,
where DL, ; is the set of all delays in the tapped delay line

between Layer / and Layer m, DI, ; is the set of all delays in

the tapped delay line between Input / and Layer m, I, is the
set of indices of input vectors that connect forward to layer
m, and L,{, is the set of indices of layers that directly connect
Jforward to layer m. The output of layer m is then computed as

a"(n) = ' (n"(1). (6)

At each time point, Eq. (5) and Eq. (6) are iterated forward
through the layers, as m is incremented through the simula-
tion order. Time is then incremented from =1 to =Q.

4 Forward Perturbation

In this section we will generalize the Forward Perturbation
(FP) algorithm, given in Eq. (2) and Eq. (3), for LDDN net-
works.

4.1 Eq.(2)

The first step is to generalize Eq. (2). For the general LDDN
network, we can calculate the terms of the gradient by using

the chain rule, as in
[aa"(:) T
ow ] ’

where w represents Iw,'.f"j'(d), iw:t"]-l(d) and b; . (The
equation is the same for all network parameters.)

oF°F
X
aa"(1)

CEP>

t=1uelU

M

4.2 Eq.(3)
The next step of the development of the FP algorithm is the
generalization of Eq. (3). Again, we use the chain rule:

9a“(r) _ 3%a“(r)
aw  ow

AP

%a“(r)

weUxeXdeDL,, anx(z)r ®
y 'n* (1) » 3a“(1-d)
a“u-ay
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In Eq. (3) we only had one delay in the system. Now we need
to account for each output and also for the number of times
each output is delayzd before it is input to another layer. That
is the reason for the summations in Eq. (8). These equations
must be updated forward in time, as ¢ is varied from 1 to Q.
The terms

0a"(1
2 ) ©)
are generally set to zero for < 0.
To implement Eq. (8) we need to compute the terms
e e X
az: (t;x Ei'n (t)T (10)
on (1) oda (1-d)
To find the second term on the right, we can use
Sl
=3 5 (S mii@deo)
leLfde DL \i=1
) an
+ 3 ( 3w} (d)pi( —d')) +b}
le e Dl \i=1
we can now write
at X t R
A0t (12)
da(1-d)
If we define the following sensitivity term
%ai(r)
ser()=——, (13)
on; (1)
which can be used to make up the following matrix
s () sT3 () o SYE ()
57y = LEW 1570 s330) - s 0
on" (1)
SEI) 5§70 55T (1)
(14)
S0 "y
s m(t)T
= [s';’m(t) s;'m(t) s';:"m(t)] = |2
s 4™y



then we can write Eq. (10) as

[a"a”(:) L9 ]
BnX(I)T aa“'(z - d)T i j (15)
s, :
= 3 sii+dyx wp i (d)
k=1
or in matrix form
%a“() . 9°m"()
x, T x u'
on () oa (1-d)
and therefore Eq. (8) can be written

= S (H)xLW*“(d).  (16)

Y S“f()xLW""(d) amn

92" (1 - d)
X ow

Many of the terms in the summation on the right hand side of
Eq. (17) will be zero and will not have to be computed. To
take advantage of these efficiencies, we introduce the
following definitions.

Epw(x) = {ue U3I(LW""0)} (18)
EX(u) = {xe X>3(S"*#0)} (19)
Eg(u) = {x33(s“*20)} (20)

Using Eq. (18) and Eq. (19), we can rearrange the order of the
summations in Eq. (17) and sum only over existing terms

9a“(r) _ 9°a”(1)
ow  ow
+ Y s Y Y LWr@) an
xe EXw) we Ely(x) € Plaw
9a" (1-d)
X ow

This can be written for the individual weight matrices
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0a"(1) - 9%a"(1)
wvec(LW™ @)  dvec(LW™(a))"

+ 2 S* %) 2 E wa'u'(d) (22)

xe EXu) u'e Efw(x)de DLy
y 9" (1-d) _
dvec(LW™(d))
2a"(1) o°a“(1)

vec(MW™(d))’  avec(@W™(ay)
+ 3 s Y S LW @) (23)
xe EXw) e Ely(x)?€ Plaw
da" (1 - d)
m, [ T
avec(IW™ '(d))

aa’(n) _ o‘a’(y
a(b"‘)T a(b'")T

+ 0 LW*“(d
2 2 L3 MW@ by

x€ Ex(u) u' € Epy(x)

X

« 0a” (1 —Td)
a(b™

where the vec operator transforms a matrix into a vector by
stacking the columns of the matrix one underneath the other

[5].

Eq. (21) through Eq. (24) make up the generalization of Eq.
(3) for the LDDN network. It remains to compute the sensi-
tivity matrices S“"(r) and the explicit derivatives
o°a”(1)/0w , which are described in the next two subsections.

4.3 Sensitivities

In order to compute the elements of the sensitivity matrix, we
use a form of backpropagation. The sensitivities at the out-
puts of the network can be computed as

aea:(’) _ f«("?(t)) fori=k

st = ,ue U, (295
i an;‘u) 0 fori#k (
or, in matrix form,
S“"“y = F‘"“()), (26)

where F“(n"(1)) is defined as



oy o 0
F"(n“(t)) = 0 fu(ng(t)) 0 (27)
0 0 . fr()

The matrices §“ (1) can be computed by backpropagating
through the network, from each network output, using

S“™1y = { ¥ /(LW (0)

L]
le L,

}F’”(n"‘(:», ue U, (28)
where m is decremented from » through the backpropagation
order and Lfn is the set of indices of layers that are directly

connected backwards to layer m (or to which layer m con-
nects forward) and that contain no delays.

4.4 Explicit Derivatives
We also need to compute the explicit derivatives

%a" (1)
ow

(29)

We can derive the following three expansions of Eq. (29):

aea:(t) _ aea:(t)x aen;"(t)

= Tm — = syl x pyit-d)y, (30)
diw; i (d)  on; (1) Oiw; ;(d)

°n} (1)

o%a (1) ay (1)
k = Al

S , = sl xaj(t-dy, (31)
i) iyl

a1y  ai(r) (1)
- % -

= — — =50 (). 32)
ob; on; (1) ob;
In vector form we can write
e u
220 - semoyxpli-a), (33)
diw; ; (d)
I3 gy xal-ay, (34)
alw; " (d)
ofa"(e u,m
dal) _ gumq (35)
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In matrix form we have

a‘()

) - ple-an’es "), (6
vec(IW™'(d))
M_T = [al(-a)) ®S (), @37
dvec(LW™ Il,d))
‘ E’ea_(’_r) = §“™(1), (38)
ab™)

where A ® B is the Kronecker product of A and B [5].

4.5 Summary
The total FP algorithm for the LDDN network is summarized
in Figure 3.

5 Summary

This paper has introduced the Layered Digital Dynamic Net-
work (LDDN), which is a general class of dynamic network.
A universal dynamic training algorithm for the LDDN was
also developed, based on the forward perturbation algorithm.
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mitialize: ( Forward Perturbation ) \
2a"(1)

ow
Fort=1t0 Q,
U=, Eu) = @ and Ey(u) = @ forall ue U.

=0,t<0 ,forall ue U,

For m decremented through the BP order
Forall ue U’

S“”"(t)={ h S“"(r)LW”"'(O)}F”‘m"'(r»
le Eguyn L
add m to the set Eg(u)
if me X , add m to the set E?(u)
EndFor u
If mevu
$™ ") = F(n"(1))
add m to the sets U’ and Eg(m)
if me X , add m to the set E)s((m)
EndIf m
EndFor m

For ue U incremented through the simulation order
For all weights and biases (w is a vector containing all weights and biases)

— 220 ply-ay @s ")
dvec(IW™ ' (d))
aea“([) - - [al(’_d)]7®su,m(t)

dvec(LW™'(d))
a‘a“(tT) _ghm
a(b™)
EndFor weights and biases

(1

u e u X u'
Ja (7{) - da ;t)_’_ E Su,x(t) Z 2 wa,u(d)xaa (t;d)
ow ow deDL,, ow
EndFor u
EndFor ¢

xe EX(u) we Ely(x)

Cbmpute Gradients

N /

Figure 3: Pseudo Code for the Forward Perturbation Method
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