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Abstract

This paper describes some of the difficulties in training
recurrent neural networks, provides explanations for why
these difficulties occur and explains how they can be miti-
gated.

1 Introduction

Recurrent neural networks have been applied successfully in
the identification and control of dynamic systems [5]. Gen-
erally training of this class of neural networks has been diffi-
cult due to the time dependencies present in their
architecture. Some researchers have suggested improve-
ments that can be made to well know training algorithms,
which can improve the training of recurrent networks. Ben-
gio et al. [2] reported difficulties using gradient descent
based algorithms. They proposed alternatives, such as simu-
lated annealing, multi-grid random search, time-weighted
Pseudo-Newton optimization and discrete error propagation.
Bianchini et al. [3] discussed the problem of local minima in
recurrent neural networks. The input structure analysis they
provided was related to the size of the “frame input” and the
sequence of frames. They provided “recurrent network
assumptions (RNA)” that allow the design of recurrent net-
work architectures. However, the conditions for optimal
learning are only sufficient. The design criteria may create
networks with large input size based on the unfolding in
time of the neural network weights. Atiya and Parlos [1]
proposed a new algorithm based on approximating the gra-
dient calculation. They comment that although we have a no
exact search direction, we can obtain faster convergence.

In this paper we will suggest a mechanism that can explain,
at least in part, the difficulties that occur in training recur-
rent networks. Based on our analysis of this mechanism, we
will also propose modified training procedures that can pro-
vide improved convergence. We will demonstrate the opera-
tion of these training procedures on two simple recurrent
networks.

2 Prelude

We begin with an explanation of how we came across a cer-
tain characteristic of the error surfaces of recurrent net-
works. While training a neural-network-based Model
Reference Controller [4], we found that the error sometimes
increased during training, although a line search was being
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executed at each iteration. In order to understand the failure
of the line search, we plotted the error surface along the
search direction. Typical profiles are shown in Figure 1. For
the system shown, ‘we have 65 weights being trained. The
surface we present is along the direction of search (obtained
by the BFGS quasi-Newton algorithm) through a 65-dimen-
sional space. It is clear from these profiles that any standard
line search, using a combination of interpolation and sec-
tioning, will have great difficulty in locating the minimum
along the search direction. There are many local minima
contained in very narrow valleys. (Some of the valleys were
found to have widths on the order of 10"0.) In addition, the
bottom of the valleys are often cusps. We normally assume
that the minimum will occur at the point where the deriva-
tive is zero. However, for some of these valleys the deriva-
tive continues to increase as we' approach the minimum.
Even if our line search were to locate the minimum, it is not
clear that the minimum represents an optimal weight loca-
tion. In fact, in the remainder of this paper we will demon-
strate that spurious minima are introduced into the error
surface due to characteristics in the input sequence.
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Figure 1: Error profile

In order to understand how the spurious valleys can appear
in the error surface, ‘we analyzed the surfaces for some very
simple recurrent networks. The idea was to find the simplest
network that would produce the valleys. In the next section
we will discuss a first-order linear recurrent network that
produces the spurious valleys. We will also show how non-
linear transfer functions can affect the shape of the valleys.



This is followed by some modifications we propose to
improve the training process, based on our analysis of the
creation of the spurious valleys. The fourth section of the
paper tests the proposed modifications on first and second
order recurrent networks. In the last section, we give a sum-
mary of the results.

3 First Order Model

3.1 Linear model

Figure 2 illustrates the simplest possible recurrent network.
As we will see, even this network produces spurious valleys
similar to those shown in Figure 1.
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Figure 2: First order linear recurrent network.

In order to generate an error surface, we first developed
training data using the network of Figure 2, where the
weights were set to W! = 0.5 and W2 = 0.5. We used a
random input sequence for u(r), and then used the network
to generate a sequence of outputs y(r) . Our training objec-
tive was then to train another network with the same archi-
tecture to fit the training data. The global minimum of the
error surface should occur at the values W! = 0.5 and
W2 =05.

Figure 3 is a typical error surface obtained using the above
procedure for one particular input sequence and the initial
output y(0) = 0. (The plot is cut off at 10,000 to better visu-
alize the surface.) There are several interesting features of
the surface. First, the error surface generally increases dra-
matically as the weight W2 becomes larger than 1 in magni-
tude. This is to be expected, since the network is unstable for
these weight values. What is unexpected are the two valleys
that run through the surface. Even though the network is
unstable for [W2>1, for this particular input sequence
there are some values for W2 in this range that produce
small network outputs (and therefore relatively small
errors). We expect the output to grow without bound under
these conditions, but it doesn’t always happen.

Figure 3: Error surface for first order linear model.

The two valleys in the error surface occur for two different
reasons. One valley occurs at W! = 0. If this weight is zero,

and the initial condition is zero, the output of the network
will remain zero. Therefore, our mean squared error will be
constant and equal to the mean square value of the target
outputs.

The second valley in the error surface is due to the input
sequence that is presented to the network. For a given input
u(1), the system output will be:

y(1) = Wha(e) + W2y(1-1) )

If we accumulate the responses starting from some initial
condition y(0) = 0 up to time k>0, we obtain

y(k)

Wlu(k) + W2y(k-1)
Wlu(k) + W2(Wlu(k - 1) + W2y(k - 2))

0))
= WHu(k) + W2u(k 1)+ (W2)2u(k-2)
+ .+ (W2E=1(1) 1+ (W2)ky(0)

Here we can see that the response at time £ is a polynomial
in the parameter W2, The coefficients of the polynomial
involve the input sequence and the initial condition. We
obtain the second valley because this polynomial contains a
root outside the unit circle. There is some value of W2 that
is larger than 1 in magnitude for which the output y(k) is
almost zero.

Of course, having a single output close to zero would not
produce a valley in the error surface. However, we discov-
ered that once the polynomial shown in Eq. (2) has a root
outside the unit circle, that root appears also in the next
polynomial at time k+1, and therefore the output will remain
small for future times.

Figure 4 shows a cross-section of the error surface presented
in Figure 3 for W! = 0.5 using different sequence lengths.
The error falls abruptly near -3.8239 . That is the root of the
polynomial described in Eq. (2). The root maintains its loca-
tion as the sequence increases in length (k increases).
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Figure 4: Error cross-section for W! = 0.5.

To summarize, there are two mechanisms that create the
spurious valleys. The first mechanism has to do with the ini-
tial conditions. If some initial conditions are zero, then there
are certain combinations of weights that will produce zero
outputs for all time. (This effect is more complex in larger
networks, as we will see in a later example.) The second
mechanism has to do with the input sequence. There are val-
ues for the weights that produce an unstable network, but for
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which the output remains small for a particular input
sequence. If the input sequence is modified, it may produce
a valley in a different location.

In section 4 we will propose some modified training proce-

dures that can mitigate the effects of the spurious valleys.
Before introducing that topic, let’s investigate the effect of
nonlinear transfer functions on the error surface.

3.2 Nonlinear network

Figure 5 presents a modification of the linear network pre-
sented in the previous section. Here we include a sigmoid
nonlinearity at the output.
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Figure 5: First order nonlinear model.

Figure 6 presents the error surface for the same input
sequence used in the previous section. Due to the nonlinear-
ity, the output is bounded for large weight values. So the
error does not grow without bound, as in the linear network.
We notice that the valley is still present, however it is bent.
This curving valley is still able to trap the training algorithm
and even to move the weights away from the true minimum.

Figure 6: Error surface for first order nonlinear network.

4 Modifications to the Training Procedure

From the previous section we see that difficulties in training
recurrent neural networks could be due to the presence of
spurious valleys. The shape of the valleys could be complex
for large nonlinear neural networks. If a gradient search
algorithm falls inside a valley we may converge to a region
where the network is unstable or where the weights are
unreasonably large. The location of those valleys depends
on the input sequence and on the initial conditions. In this
section we will propose three modifications to standard
training procedures that can mitigate the effects of the val-
leys.

4.1 Proposed solutions

In this section we will propose three variations to the stan-
dard training algorithms for recurrent networks. These vari-
ations include regularization, switching training sequences,
and randomly setting initial conditions.
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If we compare the linear and nonlinear cases from section 3,
we notice that the linear case has a natural way of allowing
convergence to the optimal weights, because larger weights
generate a large outputs. The farther we move from the sta-
ble region, the larger the gradient will become. A gradient
descent algorithm would generally move the weights toward
the stable region. This effect does not occur in the nonlinear
networks. However, we can obtain a similar effect if we
combine regularization [7] with our mean square error per-
formance function. In other words we can use the perfor-
mance function

J(W) = SSE + aSSW, A3)

where SSE is the sum squared errors and SSW is the sum
squared weights. This performance function would help to
force the weights back into the stable region, because it
would overwhelm the spurious valleys for large values of
the weights. We can decrease the regularization factor a
during training to ensure that we don’t bias the final trained
weights,

Another technique for improved training involves using
more that one training sequence. Figure 7 presents the error
surface for the nonlinear model of Figure 5, using a different
sequence. The valley that appeared in Figure 6 has moved to
the positive region of W2. For any two random input
sequences, the valleys will appear in different locations.
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Figure 7: Error surface for first order nonlinear model for
different input sequence.

This suggests another technique for improved training. We
could use multiple input sequences. Because valleys are
sequence dependent, we can use one sequence for a given
number of epochs and then alternate to a new sequence. If
we become trapped in a spurious valley, that valley will dis-
appear when the new sequence is presented.

Another implementation of multiple sequences could be
sequence averaging. We could compute the gradients for
multiple sequences and then move in the direction of the
average. Figure 8 presents an error surface for five
sequences. This figure demonstrates how the spurious val-
leys are reduced in amplitude.



Figure 8: Error surface using sequence averaging. '

Another method to move the valleys is to use random initial
conditions. Figure 9 shows how the error surface is changed
when we set the initial condition to y(0) = 0.1. The valley
at W! = 0, which we discussed earlier, is missing. In later
experiments with larger networks, we found that the valleys
do not always disappear when nonzero initial conditions are
used. They are often only moved to new locations. A better
approach would be to use different small random initial con-
ditions at different stages of training. We could switch the
initial conditions in combination with the switching of
sequences.

In all, we have four proposed training modifications. For
ease of reference, we will label them as follows: switching
sequences (SS), averaging sequences (AS), regularization
(REG), nonzero initial conditions (IC).

Figure 9: Error surface using y(0) = 0.1.
5 Test Results

In this section we will test the training modifications that
were proposed in the previous section. For these tests we
will train the nonlinear network shown in section 3 (and a
more complex, second-order network) using the standard
gradient descent algorithm with a golden section line search.
‘We will not worry about using the most sophisticated train-
ing algorithm. Rather, the objective will be to verify the
ability of the new procedures to improve training perfor-
mance. We will define the results obtained with the gradient
descent algorithm alone as our baseline. Other tests will be
performed for each one of the proposed modifications. For
the REG test, we.divided o by 1.2 at each epoch. For the IC
method we set all layer initial conditions to 0.2. One test
was performed using all three methods. We called this train-
ing procedure the “Multiple” method. For all tests, the gra-
dient is computed using the dynamic backpropagation
method described in [6], [8] and [9].

5.1 First order nonlinear system
For the first order nonlinear system we generated training

data using W1 = 0.5 and W2 = 0.5. The training was done
using 25000 different sequences of 15 samples each and ran-
dom initial conditions. The random initial weights were gen-
erated in three different levels: 1, 5 .and 20 standard
deviations from the true solution.

Table 1 summarizes the results of the first tests on the first
order network. It shows the percentage of tests in which the
weights converged close to the optimal weights. Each
method provides some improvement on the baseline
method. However, the multiple method is the only one that
guarantees accurate convergence.

Table 1: Percentage of final weights within 0.001 of the
optimal weights for the first order nonlinear network.

STD of the initial weights

Method ] 5 20
Baseline 92.1 61.2 37.9
REG 99.6 99.7 99.9
SS 96.5 64.7 45.7
AS 94.3 58.1 427
IC 95.6 71.1 45.0
Multiple 100.0 100.0 100.0

Figure 10 shows the relative final position of W! vs. W2
for Baseline, SS, AS and IC. For the three first methods
many tests finished along W! = 0. That condition was
removed when we set the initial conditions to 0.2. When we
switch the sequences we avoided many cases where training
may be trapped in the spurious valleys. The averaging of
sequences did not improve our training results, resulting in
worse results than the baseline method for S std.

Basgline ss

Figure 10: Relative final position of W! vs. W2 for § std.

5.2 Two layer neural network

Figure 11 has a neural network with two layers, where each
layer is feedback to the previous layers. This system will
allow us to test the previous training procedure modifica-
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tions on a more complex system. For these tests, we gener-
ated training data using the following weights:

W2 = 05 W3 = 0.25
w! = 05 w4 = 03
u(t)
—> 1 y(1)
w L
Dl w b+ x
WA
Hyll e

Figure 11: Two-layer nonlinear model.

Table 2 shows the percentage of weights close to the final
weights after the training process. For this neural network
architecture, regularization resulted in a success rate of over
ninety percent. However, it is again the multiple method that
guarantees the best convergence.

Table 2: Percentage of final weights within 0.5 of the
optimal weights for the two-layer nonlinear network.

STD of the initial weights - -
Method 1 s 20
Baseline 82.2 '12.8 03
REG 93.0 95.0 97.0
SS 95.8 38.6 2.5
IC 54.6 7.2 0
Multiple 100.0 99.0 100.0
Baseline . i SS
T° b .

Figure 12: Relative final position of W3 vs. W for 20 std.

Figure 12 presents the final weight positions in the W3 vs,
W+ plane for the Baseline, SS and IC training methods. For
the Baseline training method, we notice the presence of
three axes or valleys where the training converged. From the
middle figure we can see that the SS method can eliminate
the diagonal final condition. However, the axis along

W3 = 0 remains. When we set the initial layer conditions to
0.2, we can see from the last figure that two new axes
appear. This demonstrates that setting the initial conditions
to nonzero values does not necessarily remove spurious val-
leys. It may just move them to new locations. This suggests
that we should vary the -initial conditions whenever we
switch the training sequence.

Figure 13 shows how the final distance to the optimal
weights is affected by the switching sequence interval.
While training for 10000 epochs, we switched the training
sequence every 1, 10, 100, 500 and 1000 epochs. Frequent
changes consistently resulted in more accurate final weights.
If training continues with the same sequence, we could be
caught in a spurious valley, resulting in failed training.

Figure 13: Final distance to optimal weights for different
switching sequence intervals.

Figure 14 shows the average performance for three different
switching intervals, We obtain substantial improvement
when the sequence is switched more frequently. We can con-
clude that we should not maintain the same sequence for
long periods, when training recurrent neural networks.

Another battery of tests was performed to evaluate how to
adjust o when regularization is being used. We adjusted o
by dividing it by a constant at each epoch. The constants we
used were 1.01, 1.2 and 2. Figure 15 shows the average per-
formance when a is divided by 1.01 and 1.2. The best
results were obtained for 1.2. (The results for 2 were almost
identical to the results for 1.2.) From this test we can con-
cluded that o must be decreased in some way to obtain the
best training resuits.
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Figure 14: Average performance for different switching se-

quence interval.

Figure 16 shows the number of flops required to train the
two-layer neural network to convergence using the multiple
method with different sequence lengths. This figure does not
demonstrate any advantage to using long sequences for this
network. The algorithm converged for all sequences, but the
longer sequences require more computation. One would
expect that for more complex networks there might be some
advantage to longer sequences.

Figure 15: Average performance for o/1.01 and a/1.2.

6 Summary

This paper has presented an analysis of some problems that
we may encounter when training recurrent neural networks.
We found that the error surface for recurrent neural net-
works contain spurious valleys that make the training more
difficult for gradient descent algorithms. We found that reg-
ularization, frequent switching of training sequences, and
application of random initial conditions to the layer outputs
are useful training modifications for recurrent networks.

Figure 16: Flops for different sequence length.
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