MATH 1011 – Linear Algebra 1, 1999 - 2000

Revision notes

Solution of systems of linear equations:

It is a simple matter to solve a system of two linear equations in two unknowns. It is simply a case of eliminating one of the variables in one equation (by adding and subtracting multiples of the other equation) and obtaining a value for one of the variables, and then substituting that value into one of the equations to obtain a value for the other variable.

Example: Solve the equations
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Solution: Simply add one equation to the other to obtain 
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, and thus it follows immediately that 
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Any system of two linear equations in two unknowns can be solved by elementary methods in this way.

Geometric viewpoint:

An equation in two variables represents a straight line in two dimensional space.

We must remember at this point that that the general equation of a line in two dimensions is 
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  (a,b,c 
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R), can be arranged into the general form of the straight line.

If we have two such equations in two dimensional space, then the simultaneous solution of those two equations will be the point of intersection of the two lines described by those equations.
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In the example above the two equations re-arrange to 
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. The graphs of these equations are illustrated below.

We are able to verify that the solution to the two equations 
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, as determined above is the correct one, as the lines intersect at the point (1,1). This approach will work for any number of equations in two unknowns, but there is only a unique solution (i.e. one value for each of the variables) if there is a point common to all of the lines representing the equations.

It is also possible that the lines representing the equations are parallel, in this case there are no points common to all lines, and thus no solutions to the equations.

We could also have a situation where the equations represent the same line, and thus there are an infinite number of possibilities as any point on these lines is a solution.

The Possibilities for the solution sets of systems of equations:

1. There is a unique solution: In this case each variable in the system of equations takes on one value only. This is called a unique solution.

2. There are infinitely many solutions: In this case there are an infinite number of possibilities for the values of the variables. Thus we have infinitely many solutions.

3. There are no solutions: In this case it is not possible to satisfy all the equations simultaneously, no matter what values the variables take. In this case the solution set is empty. If the solution set were denoted 
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[image: image14.wmf]Æ

=

S

.

The solution of three or more equations:

If the correct techniques are used, solving more than two equations is also relatively simple. The row reduction algorithm is extremely useful, but I find that it can prove a little tedious if followed too rigidly. A common sense approach, in conjunction with the algorithm, is usually the best solution.

Coefficient matrix and augmented matrix of a system of equations:

This should be a familiar concept , but to make sure, I will include an example.

Example: Write down the coefficient matrix and the augmented matrix of the system of equations:
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Solution: The coefficient matrix will be formed by placing the coefficients of 
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and into a matrix as follows.
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The augmented matrix of the system is formed in much the same way but we include the values on the right hand side of the equals sign too, as follows.
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This represents the augmented matrix of the system. The line is optional, but distinguishes the right hand side from the left.

Matrices and row-reduction:

The basic idea of the row-reduction algorithm is to eliminate the entries of the matrix in such a way as to leave only the value 1 in the matrix  at points which make it an easy task to pick out the solutions to the equations that the matrix represents.

Ideally, we want to reduce the coefficient part of the matrix to the form,
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this then means that when we row reduce the augmented matrix we get a matrix of the form.
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In this case 
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Basic row operations: 

There are three basic row operations, these are:

1. We can interchange two rows. 

2. We can multiply any row by a non-zero constant

3. We can add multiples of one row to any other rows

With these operations it is possible to row reduce any matrix. For examples of how to row reduce you should refer to the lecture notes. Sometimes we are unable to row reduce a matrix to the form outlined above. Some examples of what to do in this situation are as follows.

Possibilities for the row reduced matrix:
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In this case (above) there are unique values for the variables, hence a unique solution.

In the next case, the row reduction leads to one or more complete rows of zeros. Here we have infinitely many solutions for the system of equations.
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In this case, there are infinitely many solutions. We can determine what the solution set is, by following the method set out in the example below.

Example: Assuming that the row reduction of the augmented matrix of a system of equations led to the matrix below, write down the solution set of the system of equations.
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Solution: We observe that we have two complete rows of zeros, and so we know there are infinitely many solutions.

If the original system was in the variables 
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, then we say that this row reduced matrix corresponds to the simpler system:
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We now assign some constants to those variables which do not appear as the first term in any equation, in this case 
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We write, “As neither 
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 appear as leading terms, we assign arbitrary constants to them, so that 
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and then re arrange the equations to get 
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 EMBED Equation.3  [image: image40.wmf]
We can now write the solution set, 
[image: image41.wmf]S

, as


[image: image42.wmf]-

î

í

ì

-

+

=

5

8

,

,

9

(

a

a

S
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This solution set represents all possibilities for the solutions of the system of equations whose row reduced augmented matrix is given above. For any number of equations in any number of unknowns, you should find that you assign the same number of arbitrary constants (two in this case) as you have complete rows of zeros (again two in this case).

Another possibility, is that an inconsistency arises, giving a row reduced matrix looking something like the one below.
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 where 
[image: image46.wmf]0

¹

c

.

This clearly can not be the case as if 
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Example: What is the solution set to the system of  equations whose row reduced augmented matrix is
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We see that we have a row which is inconsistent as it implies that 
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 and so there are no solutions and thus the solution set is empty. 
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denotes the solution set.
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- dimensional space (denoted Rn):

First of all consider the basic operations of arithmetic, addition, subtraction, division and multiplication. If we can find a set of numbers such that we can apply any of these operations or any combination of them, and produce a number in the set we chose, we say that the set is closed. Such a set of numbers is called a field of numbers. For the purpose of this module, the set we consider is the real numbers, denoted R.

The points of two dimensional space have co ordinates of the form (
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R2 = 
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It follows that Rn   can be generalised to 

Rn =
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(a1,a2,….,an): a1…. an 
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The solution set to a system of linear equations is a subset of Rn.

The elements of Rn  ,( a1,a2,….,an), are called vectors.

Basic operations on vectors:

Vector addition: To add vectors together, we add the components together. Given the two vectors v = (
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u + v = (
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This result can be generalised to any number of vectors in the same way. For example using the same two vectors and one other vector w = 
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u + v + w  =  
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Scalar multiplication: This is again done component wise. Given a vector , say v from the example above, and a scalar 
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, for example, we calculate the product of v and 
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So for the vector v =(2,1,3,5,0), and the scalar 
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v = 2(2,1,3,5,0) = (4,2,6,10,0)

These are the basic operations on vectors that are needed in Linear algebra.

Subspaces of Rn:

Definition: A subspace, S, of a vector space V , is a set of vectors from V, that is non-empty and is closed under the operations of vector addition and scalar multiplication.  

We often have to check that a set of vectors forms a subspace of a given vector space. For more examples you should consult the lecture notes, but some examples are outlined below.

Examples: 1. Is the following set a subspace of R3? 
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Solution: We can observe that this set contains only one vector This means that the set is not empty, i.e. 
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. That is (0,0,0). So, if we take vector addition for two vectors u and v in this set .

Let the vector u be u = (0,0,0) and the vector v be v = (0,0,0)

u + v = (0,0,0)+(0,0,0) = (0,0,0)

Since (0,0,0) 
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As u + v is also in the set, then the set is closed under vector addition.

We now have to check that the set is closed under scalar multiplication. I choose to use the vector u for this:
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(0,0,0) = (0,0,0).
Since (0,0,0) 
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As 
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, this means that the set is closed under scalar multiplication. We have seen that the set is closed under multiplication and addition, and it is also non empty. This means that the set 
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 a subspace of three dimensional space?

We can observe that the set is not empty since (0,0,0,)
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We now pick two general vectors in the set:
u = (u1,u2,u3) : 2u1 +3u2 –5u3 = 0







v = (v1,v2,v3) : 2v1 +3v2 –5v3 = 0

I now will check that the set is closed under vector addition by computing the sum of u and v.

u + v = (2u1 +3u2 –5u3) + (2v1 +3v2 –5v3) = (2u1 + 2v1, 3u2 +3v2, -5u3 – 5v3)


                                                         = (2(u1 + v1), 3(u2 +v2), –5(u3 + v3))

This final vector is in 
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Checking the scalar multiplication condition for the vector u and a scalar 
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(2u1 +3u2 –5u3).

This vector has the correct form to be in 
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[image: image111.wmf]{

Î

=

)

,

,

(

z

y

x

S

 R3:
[image: image112.wmf]}

0

5

3

2

=

-

+

z

y

x

 is non empty, and it is closed under the operations of scalar multiplication and vector addition. This means that we have shown that it is a subspace.
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Looking at the form of this set, it is unlikely that it will be a subspace. Indeed, all that is needed here, to show that this is not a subspace is the statement that the zero vector is not in the set, i.e. (0,0,0) 
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. If we did not spot this, we could pick two vectors in the set to ‘try out’. In this case I will use (1,1,1) and (1,0,2,). These vectors are in 
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 as the sum of their components is 3, but the sum of these two vectors (2,1,3) is not in 
[image: image118.wmf]S

 as the sum of its components is 6 and not 3. We can see that this is not closed under vector addition, and therefore the set 
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If we wish to show that something is not a subspace, then we only need show that one of the conditions fails. If one of the subspace conditions fails, then we conclude that the given set is not a subspace.

Spanning sets:
Definition: A spanning set is a set of vectors from a vector space. From these vectors, we can generate every other vector in the vector space. The given vectors are said to span the vector space if this is possible 

Example: Using the vectors 
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 we can uniquely describe each vector in two dimensional space. For example the vector (9,34) can be expressed as 
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This is called a linear combination of the vectors 
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 is said to span two dimensional space because I can write any vector from R2 as a linear combination of this set in a unique way. In general for R2 I can write the vector (
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This idea can also be extended to a vector space of any number of dimensions.

The rank of a matrix:

Definition: The rank of a matrix is the number of non zero rows when the matrix is in fully row reduced form. 

For example the matrix below has rank 3 as there are three rows which are not completely full of zeros.
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Finding spanning sets:
Given a set of vectors it is useful to be able to determine if that set form a spanning set for a given vector space. A method id outlined below.

1. A spanning set for a space Rn ,must contain at least n vectors. For example, a set of two vectors can not possibly span three dimensional space as there are only two vectors.

2. Arrange the given vectors into a matrix, using the given vectors as rows or columns (it does not matter which).

3. Row reduce the matrix as far as possible.

4. If the matrix in row reduced form has rank = n, then the set spans the given space. For example, a spanning set of three dimensional space, would have a row reduced matrix of rank 3.

Examples: 1. Does the set of vectors 
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Solution: Clearly, this can not be a spanning set for R3 as there are less than three vectors.  (
2. Does the set 
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Solution: There are enough vectors, so this could span R3. Now we form the matrix as described above, this is,
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This matrix has rank 3 and so the given set is a spanning set for three dimensional space.  (
This method always works when you are given set of vectors and asked to determine if it is a spanning set.

Spanning sets of solution sets:

Once you have found a solution set to a given system of equations, you can determine a spanning set for this solution set in the following way. Take, as an example the solution set
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We can find a spanning set simply by writing the vector  in the form of two separate vectors, as follows.

(
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The vectors which span this solution set are therefore 
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This method always works when given a solution set and you are asked to find a set of vectors which spans that set.

Linear Independence:

Definition: A set of vectors is said to be linearly independent if the following condition is true:
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  and the only way that this relation can be satisfied is if 
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If it is possible to satisfy the relation  
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 in some way such that  
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are not all equal to zero. Then the vectors are linearly dependent.

Testing for linear independence:

Re read the section on the rank of a matrix.

Given a set of vectors, you can determine if they are linearly independent in a given vector space in the following way:

1. A linearly independent set for a space Rn ,must contain at most n vectors. For example, a set of three vectors can not possibly be linearly independent in two dimensional space as there are more than two vectors.

2. Arrange the given vectors into a matrix, using the given vectors as rows.

3. Row reduce the matrix as far as possible.

4. If the matrix in row reduced form has rank = n, then the set is linearly independent for the given space. 

Example: Does the set 
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form a linearly independent set for either R1 or R2?

There are two vectors and so this is not  a linearly dependent set of vectors in R1. 

For R2, we form a matrix, as follows:
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As this matrix is in row reduced form already, and it has rank 2, the given vectors form a linearly independent set for R2.  (
Bases and dimension:

Definition: A basis is a linearly independent spanning set. 

To check that some set of vectors is a basis, you need to check that it is both linearly independent and a spanning set, using the methods outlined above. If it is linearly independent and a spanning set, the set form a basis.

In the example above we wee that the matrix has rank 2, and so these vectors are a spanning set and a linearly independent set, and so form a basis for R2. This particular basis is called the standard basis for R2.

The standard basis for R3 is the set of vectors 
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. The standard basis for Rn is therefore the set 
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There are many different bases for each vector space, but the key fact is that each base for any given vector space will contain the same number of vectors. For example, any basis for R3 will always contain 3 vectors.

Definition: The dimension  of a vector space is the number of vectors contained in the basis. 

For example, R3 is of dimension three as there are three vectors in any of its bases.

You may be asked to find the dimension of a solution set, in this case, the dimension is the rank of the row reduced matrix.

Example: Find the dimension of the solution set of the system of equations whose row reduced matrix is,
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Solution: The dimension of this solution set is 2, as the matrix has rank 2.  (
Transformations of space:

We can represent a transformation of space using a matrix. However, first of all, it might be wise to discuss transformations in a more fundamental sense.

If we take a point in the 
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. We can use a matrix to describe a transformation that moves the point 
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. We can show this on a diagram as follows.
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This diagram describes pictorially the process of transformation of a point in the plane, but the same principal will apply to any object in space (it just gets a little more complicated and the matrices get bigger!).

More on matrices: Multiplication:

This should be a familiar idea, but just in case you have forgotten it, as I have to admit, I frequently do, I include this short revision section.

The multiplication of matrices can be considered in many ways. By far the best theoretical way is that discussed in the lecture notes, but a few numerical examples should help to back up what we already know. We should be aware that the matrix product AB, of the matrices A and B, is only defined if B has the same number of rows as A has columns. That is AB exists if and only if :

(number of columns in A)=(number of rows in B).

Examples:

1. Find the following matrix products: AB = 
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Solution: Both of these products are defined and we can work them out in the following way where a dot between two numbers indicates multiplication:

AB = 
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2. Find the matrix products BA and DC using the matrices in example 1, compare the results.

Solution: The product DC is not defined as we are able to clearly see that the relationship (number of columns in A)=(number of rows in B), is not true.

DC = 
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The product BA is defined and can be found in the same way as outlined above;

BA = 
[image: image167.wmf]÷

÷

ø

ö

ç

ç

è

æ

1

2

2

1



 EMBED Equation.3  [image: image168.wmf]÷

÷

ø

ö

ç

ç

è

æ

6

2

1

1

 = 
[image: image169.wmf]÷

÷

ø

ö

ç

ç

è

æ

+

+

+

+

6

.

1

1

.

2

2

.

1

1

.

2

6

.

2

1

.

1

2

.

2

1

.

1

 = 
[image: image170.wmf]÷

÷

ø

ö

ç

ç

è

æ

8

4

13

5


This answer is clearly not the same as that found for the product AB so we conclude that when we multiply matrices order is important. This means that matrix multiplication is non commutative.

Domain and co-domain of a transformation:

The domain and co-domain of a linear transformation are analogous to the domain and co-domain of any function. The transformation maps a point (or set of points) in the domain onto a point (or set of points) in the co-domain. We can have transformations between vector spaces of the same or different numbers of dimensions. In general, a transformation, 
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, which maps a point in domain D to a point in co-domain C is written as 
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C. We sometimes also use a subscript to denote which bases we are working with respect to. If no subscript is given, was assume that it is to be understood the standard bases are been used (see below).

Notation (using the standard basis): The transformation represented by the matrix 
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 with respect to the standard bases in both domain and co-domain, and applied to a vector (x), which is the set of n-tuples such that x = 
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x1 ,x2 … xn
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, can be denoted tA(x).

Notation (using non-standard bases): The transformation represented by the matrix 
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 with respect to the base E in domain and E in co-domain, and applied to a vector (x), which is the set of n-tuples such that x = 
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x1 ,x2 … xn
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,  can be denoted t(A,E,E)(x).

Notation (using on-standard bases) : The transformation represented by the matrix 
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 with respect to the base E in domain and F in co-domain, and applied to a vector (x), which is the set of n-tuples such that x = 
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x1 ,x2 … xn
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,  can be denoted t(A,E,F)(x), etc.

Representing transformations of space as matrices (Linear transformations):

The only transformations that we should consider in a linear algebra course are linear transformations, but we will need to find out if a transformation is linear or not. This means that we will need to define what it means for a transformation to be linear.

Definition: A transformation of space is a linear transformation if and only if it can be represented by a matrix or a combination of matrices. Thus if you can not represent a transformation as a matrix it can not be linear.

The rules that linear transformations obey:

Transformations of space obey certain rules. For example we are able to add them and multiply them, as well as compose them in the same way that we compose functions.

 Addition: You can add together linear transformations. If we have two transformations represented by matrices 
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 and 
[image: image184.wmf]B

then we can add them as follows:
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Multiplication: The product of the transformation represented by matrix 
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 and a scalar 
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 is defined in the following way:
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A combination of these: Both of these properties can be combined, for suitable scalars 
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, 
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 and suitable matrices 
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 and 
[image: image192.wmf]B

in order to give:
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Calculating the results of basic linear transformations using matrices:

Example: A transformation, t, is such that it maps points in R4 to points in R3. This linear transformation is represented by the matrix,
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,  and this transformation can be denoted (using the previously 

discussed notation) as tA : R4 
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R3. (Note that this is with respect to the standard basis in both domain and co-domain). Find the effects of the following transformations:

(1)     tA 
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    and,     (2)    tA
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Solutions: (1)  The transformation represented by tA applied to the vector 
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tA 
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So from this we can deduce that the transformation tA maps the point 
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(2) In this example we are asked in effect to do the opposite of before, in that we know which point in the co-domain the transformation tA maps a general point in the domain, say 
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This is no more difficult than the first example but once again relies on our knowledge of the multiplication of matrices.

We can do this as follows, bearing in mind several concepts that we have met earlier in the course, the outline method, but not the complete solution are given below:

tA
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We can now form a system of simultaneous equations in the following manner:
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Which is a system 

of equations which clearly we can solve using row reduction methods. We will obtain values for the unknowns 
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 and 
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, and these values will give the point in the domain that we seek.

These methods are valid for any  linear transformation of space so long as we are working with respect to the standard bases in both domain and co-domain.

Calculating the results of transformations with respect to non-standard bases:

We may also want to know some other information about a particular transformation. For example, if a transformation, t, is represented by a matrix 
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 when we are working with respect to the standard bases (E) in both domain and co-domain, what is the matrix 
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A

which represents this transformation in the new basis (E’). Following the method below should lead to a correct result in the vast majority of cases.

Example: A transformation, tA, is denoted by the matrix 
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as given below. Let E denote the standard basis of R3, so that tA = t(A,E,E), using the notation previously discussed, both here and in the lectures. Let e1’ = 
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 which represents the transformation tA  with respect to the basis E’ = 
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 e1’, e2’, e3’
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 of R3  in both domain and co-domain.
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Solution: Do not be deterred by the length of the question, there is not actually a great deal of computation to do, though it looks like there should be! We can also break the question down into more manageable pieces. We are given  the old basis, E, and a new basis, E’. We are told that the matrix 
[image: image239.wmf]A

 represents the transformation with respect to the standard basis. The matrix 
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A

represents the transformation with respect to the new basis E’. We are asked here to find the matrix 
[image: image241.wmf]'

A

. First of all we need to calculate the effect that 
[image: image242.wmf]A

 has on each of the new basis vectors. We use the notation outlined below. 
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(3).

We have now established the effect of 
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 on each of the vectors in the new basis, E’. We have to relate the results we have obtained above to the vectors in the basis E’ somehow.

The basis vectors of E’, are e1’ = 
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We now proceed to solve these equations for 
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We then use the same argument on the remaining equations (4) and (5), and finally obtain
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 Which is the answer to the original problem.

Composition of linear transformations:

Given two transformations of space, tA and tB, represented by matrices 
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 and 
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, we can compose these transformations in much the same way that we compose functions of real variables, say 
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, and in much the same way, the composition of the transformations tA and tB can be represented as tA
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 tB.  We have a nice relation for the composition of linear transformations, namely:

For composition of linear transformations: If tc = tA
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 tB, then the matrix representing tc , will be the product of the matrices representing tA and tB . That is 
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Example: A transformation tA is represented by a matrix 
[image: image296.wmf]A

 (given below), and a transformation tB is represented by a matrix 
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, also given below. The transformation tc is defined to be tc = tA
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 tB.  Find the matrix 
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Solution: To find the matrix 
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, all we need do is find the matrix product 
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as for composition of transformations we have a rather nice relation, which was stated above but is restated here: 

For composition of linear transformations: If tc = tA
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 tB, then the matrix representing tc , will be the product of the matrices representing tA and tB . That is 
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In this case, we have,
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, which is the matrix 

representing the transformation tc.

Note: This method holds for any size of matrices so long as it is possible to compute their product, i.e. so long as this product is defined.

Determinants:

The actual motivation for studying determinants is explained very well in the lecture notes, so here I shall only briefly cover the technique of calculating the value of a determinant. Remember that determinants are only defined for square (
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) matrices.

Determinant of a (1x1) matrix: A (1x1) matrix 
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Determinant of a (2x2) matrix: A (2x2) matrix 
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Determinant of a (3x3)matrix: The general (3x3) matrix 
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more complicated expression as its determinant, but the way to compute this expression is fairly simple, and can be remembered using the following diagram.
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This expression (which was derived from the above diagram) is the general expression of a (3x3) matrix. Thus, the determinant of the general (3x3) matrix is:
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Computing determinants for larger matrices (in general (
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x
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n

matrices):

 Do you remember row reduction methods? The easiest way to compute the determinant of larger matrices is to row reduce the given matrix according to the basic row operations in order to get the matrix into what is called upper triangular form.

 Definition: If a matrix is in upper triangular form, all entries below the leading diagonal are zero, as illustrated (for example) in the (4x4) matrix below:
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 is a (4x4) matrix in upper triangular form.

Once the matrix is in upper triangular form, the determinant is simply the product of the elements in the leading diagonal, in the matrix above this would mean that:

det
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 which row reduces to the upper triangular matrix: det
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has the determinant given by det
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.   (Once the matrix is in upper 

triangular form. The row reduction algorithm, however, does change the value of the determinant, and so we shall consider what effect each basic row operation has on the value of the determinant.

We can interchange two rows: Every time we do this we multiply the value of the determinant by –1.

We can multiply any row by a non-zero constant: We multiply the determinant by the value of the non zero constant.

We can add multiples of one row to any other rows: This does not change the determinant in any way. Since this is the most frequently used row operation, this is a really neat fact!

Column operations:

We can interchange two columns: Every time we do this we multiply the value of the determinant by –1.

We can multiply any column by a non-zero constant: We multiply the determinant by the value of the non zero constant.

We can add multiples of one column to any other columns: This does not change the determinant in any way. Since this is the most frequently used column operation, this is a really neat fact!

NOTE: Column operations must not be used for any other purpose other than computing determinants. Adequate explanation as to why this is the case is given in lecture notes.

We can use a combination of row and operations to get our matrix into upper triangular form and from here the determinant is very easy to compute (as described above).

Invertibility and the inverse matrix (
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) of 
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:

The motivation for studying the inverse of a matrix is given in the lecture notes and so here I only include the “cook book” method used to compute the inverse (if it exists) of an (
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First of all note, that for any (
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) = 0 then the inverse does not exist, and the matrix 
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 is called singular.

Definition: A singular matrix, 
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, has the property that   det(
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) = 0. Also a singular matrix does not have an inverse, that is to say it is not invertible.

Definition: An invertible matrix, 
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, is one which is non-singular (i.e. det(
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0), and thus possesses an inverse, which we denote 
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Method to compute the inverse (if it exists) for any (
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matrix, 
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:

We wish to find the inverse (if one exists)of a general matrix 
[image: image355.wmf]A

, the way we do this is to form the augmented matrix (
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For a general (2x2) matrix we would thus have:
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 (as per the rule above).

We must now row reduce this matrix so that we end up with the identity matrix on the left hand side and some other matrix on the right hand side. If this occurs, then the matrix on the left is the identity matrix and the one on the right will be the inverse of the matrix that we started with. If it is not possible to row reduce the left hand side to the identity matrix, then the original matrix 
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 is not invertible.

Definition: If there is a matrix 
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, show how we might determine the inverse.

Solution: As this is not a numerical example, we shall assume the entries have been chosen so that the inverse does exist. We would follow the method outlined above:

We would row reduce the matrix 
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lead to the matrix 
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 is the inverse 

of the matrix 
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The inverse matrix is useful for solving systems of equations when it is known. The system
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 is matrix can be solved using the inverse of 
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Eigenvectors and eigenvalues.

As the lecture notes covering this topic are, in my opinion, excellent, I shall only give a very brief outline of the basic principles here.

An eigenvector, x, and its corresponding eigenvalue 
[image: image380.wmf]l

, along with a matrix 
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, satisfy the equation 
[image: image382.wmf]A

x 
[image: image383.wmf]l

=

x .  In these notes I shall only consider the process of findoing the eigenvectors and eigenvalues.

Finding the eigenvalues:

The eigenvalues of a particular matrix 
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By combining  the methods that we know for solving determinants, and the row reduction method, we can obtain from this equation, a single equation in 
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 which can be solved by elementary means. The values of 
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 satisfying this equation, are called the eigenvalues of the matrix 
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Finding the eigenvectors when the eigenvalues have been determined:

We now substitute the values of 
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Which we would solve by the row reduction method as if it were any other system of linear equations. The solution to these systems will be the eigenvectors.

A few extra notes:

1. X = 0 is not permitted to be an eigenvector, though it can be an eigenvalue.

2. An eigenvector corresponds to a transformation (a stretch) by a factor 
[image: image411.wmf]l

(the eigenvalue). 

The consideration of eigenvectors and eigenvalues given in the notes is excellent and so I see no need to dwell on this topic any further. This concludes the module MATH 1011.
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1. The vector sum of u and v should be denoted by the tensor addition symbol � EMBED Equation.3  ���. However, for the ease of typing, I shall continue to use the standard u + v as opposed to the alternative u ( v .
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