

1. 4 colours suffice: Any map can be coloured (neighbouring countries having different colours) by 4 colours.
2. 4 is the only composite number n which doesn’t divide (n-1)!.
3. Starting with any number, form a new number by adding the squares of its digits. Repeat. This process eventually either sticks on 1, or goes round a loop of which 4 is the smallest member: 4 – 16 – 37 – 58 – 89 – 145 – 42 – 20 – 4.
4. 4 is the only number equal to the number of letters in its normal English expression: ‘four’.
5. Pigeonhole Principle: Given any sequence of 5 integers there will always be 3 integers forming a monotone subsequence that is either a non-increasing or a non-decreasing subsequence.  In general, given any sequence of n2+1 integers, there will always be n+1 integers forming a monotone subsequence. Conversely, give n bigger than 1, there always exists a sequence of n2 integers such that there is no monotone subsequence of length n+1. This statement can be proved from the simple Pigeonhole Principle, which says that if n+1 pigeons occupy n pigeonholes then there will always be a pigeonhole containing more than one pigeon.
6. Perfect Numbers: 6 is the first perfect number. Its divisors are 1, 2, 3 and 6 = 1 + 2 + 3. First seven perfect numbers are:
6
28

496

8128

33550336

8589869056

137438691328

7. 1-2-3:
6 = 1 + 2 + 3

6 = 1 ( 2 ( 3

6 = square root (13 + 23 + 33)

1-2-3 is the only triplet of consecutive integers where any one divides the sum of other two.

8. Every prime number greater than 3 is of the form 6n ( 1.

9. The only consecutive integers, whose sums of squares of their divisors are equal, are 6 and 7.

10. The number of Goldbuch Decompositions of an even number, N, into the sum of two primes have local maxima when N is a multiple of 6.

11. Iamblichus’s property:  Take any 3 consecutive numbers, the largest divisible by 3. Add them, and add the digits of the result, repeating until a single digit is reached. That number will be 6. 

12. 6 equal circles can touch one other such circle in the plane. 12 identical spheres can touch one other such sphere; each of the outer spheres touching the central sphere and 4 others. The number of spheres that can touch another such sphere in higher dimensions up to dimension 9 are:

Dimension 2:
Number of spheres: 6

Dimension 6:
Number of spheres: 72

Dimension 3:
Number of spheres: 12
Dimension 7:
Number of spheres: 126

Dimension 4:
Number of spheres: 24
Dimension 8:
Number of spheres: 240

Dimension 5:
Number of spheres: 40
Dimension 9:
Number of spheres: 272

13. 7 is the start of an arithmetical progression of six primes: 7, 37, 67, 97, 127,157.

14. 7 = 3! + 1. n! + 1 is prime for n = 1, 2, 3, 11, 27, 37, 41, 73, 77, 116, 154, 320, 340, 399, 427, and no other values below 546.

15. Brocard’s problem: When is n! + 1 a square? The only known solutions are n = 4, 5, and 7: 7! + 1 = 5041 = 712.

16. 7 colours are sufficient to colour any map on a torus. Surprisingly, this was known before the 4-colour conjecture was solved for plane maps.

17. Queen Numbers: In how many ways Qn, n queens can be placed in an n ( n board so that none attacks another?
n = 1,

Q1 = 1;

n = 7,

Q7 = 6;

n = 2,

Q2 = 0;

n = 8,

Q8 = 12;

n = 3,

Q3 = 0;

n = 9,

Q9 = 46;

n = 4,

Q4 = 1;

n = 10,

Q10 = 92;

n = 5,

Q5 = 2;

n = 11,

Q11 = 341;

n = 6,

Q6 = 1;

n = 12,

Q12 = 1787.

18. Catalan’s Theorem: 8 = 23 and 9 = 32 are the only two consecutive powers.

19. 9 is the only square that is the sum of two consecutive cubes: 32 = 9 = 13 + 23.

20. Kaprekar Numbers: 9 is the smallest Kaprekar Number apart from 1: 92 = 81, and 8 + 1 = 9. The first few Kaprekar numbers are 1, 9, 45, 55, 99, 297, 703, 999, 2223, 2728, 4950, 5050, 7272, 7777, …When an n-digit Kaprekar Number is squared and the right hand n-digits are added to the left hand n or n-1 digits, the result is the original number.

21. Which fits better, a round peg in a square hole or a square peg in a round hole? This can be interpreted as, which is larger, the ratio of the area of a circle to its circumscribed square, or the area of a square to its circumscribed circle? In 2 dimensions, these ratios are (/4 and 2/( respectively, so a round peg fits better in a square hole than a square peg fits into a round hole. However, this result is true only in dimensions less than 9. For n ( 9 the n-dimensional unit cube fits more closely into the n-dimensional unit sphere than the other way round.

22. Among any 10 consecutive integers there is at least one that is relatively prime to all the others.

23. Multiplicative Persistence: Take a number, and multiply its digits together. Repeat with the answer and repeat again until a single digit is reached. The number of steps required is called the multiplicative persistence of the number. 10 is the smallest number with multiplicative persistence of 1. The smallest numbers with multiplicative persistence up to 8 are:
Multiplicative Persistence 1

Smallest Number 10

Multiplicative Persistence 2

Smallest Number 25

Multiplicative Persistence 3

Smallest Number 39

Multiplicative Persistence 4

Smallest Number 77

Multiplicative Persistence 5

Smallest Number 679

Multiplicative Persistence 6

Smallest Number 6788

Multiplicative Persistence 7

Smallest Number 68889




Multiplicative Persistence 8

Smallest Number 2677889

The smallest number of multiplicative persistence of 11 is 277,777,788,888,899. No number less than 1050 has a greater multiplicative persistence and it is conjectured that there is an upper limit to the multiplicative persistence of any number.

24. 122 = 144, 
212 = 441. 

132 = 169, 
312 = 961.

25. Abundant Numbers: 12 is the first Abundant Number, meaning that it is less than the sum of its divisors excluding itself: 1 + 2 + 3 + 4 + 6 = 16. There are only 21 abundant number below 100: 12, 18, 20, 24, 30, 36 …

26. Emirp: 13 is the smallest emirp, a prime which is a different prime when reversed. The sequence continues: 13, 17, 31, 37, 71, 73, 79, 97, 107, 113 …

27. 18 is the smallest number that is twice the sum of its digits.

28. Matching Birthday: If there are 23 or more people in a room the probability that at least 2 of them have same birthday is greater than 50:50. If there are at least 88 people in the room, there is better than 50:50 chance that 3 of them have same birthday. If dates of birthdays are not randomly scattered through the year, then these chances increase.

29. 12 + 22 + 32 + … + 242 = 702. This is the only solution to this pattern, though other sequences of consecutive squares not starting with 1 can sum to a square. For example, 182 + 192 + … + 282 = 772.

30. 25 = 4! + 1. This is the only solution of (n-1)! + 1 = nk.

31. Fermat asserted correctly, without proving, that 52 = 25 = 33 – 2 is the only square that is 2 less than a cube.

32. 3x + 1 Problem: This problem starts with any number, divides it by 2 if it is even, and multiplies it by 3 and adds 1 if it is odd. This process is then repeated. All the integers less than 109 have been tested, and every one eventually ends in the sequence 4-2-1. It is not known whether every number eventually reaches 1. Of the first 50 integers, 27 takes the longest, 111 steps, reaching a maximum height of 9232.

33. 30 is the largest number such that all the numbers less than it and prime to it are themselves primes. The other numbers with this property are 2, 3, 4, 6, 8, 12, 18 and 24.

34. Happy Numbers: Start with any number, and square and add its digits. Then repeat. If you eventually get to 1, you started with a Happy Number. 31, 32 is the first pair of consecutive happy numbers.

35. A Tragedy: If n points are marked irregularly on the circumference of a circle, and all the diagonals drawn, so that no three diagonals concur, then the number of regions created is 1, 2, 4, 8, 16, 31, … 

36. Neither 233 nor 533 contains any zero. 33 is probably the largest such number.

37. Lucky Numbers: The prime numbers can be found by using the Sieve of Eratosthenes: write down the integers in order and strike out every other number, to get rid of the multiples of 2. Then strike out every 3rd number in the original sequence to get rid of multiples of 3, and so on. A similar process constructs lucky numbers. First strike out every other number, leaving the odd numbers: 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, … After 1 the next number is 3, so strike out every 3rd number in this sequence, leaving: 1, 3, 7, 9, 13, 15, 19, …The next number remaining is 7, so strike out every 7th number, starting with 19. And so on. The Lucky numbers are those that remain. The sequence starts: 1, 3, 7, 9, 13, 15, 21, 25, 31, 33, 37, 43, 49, 51, …Lucky numbers share many properties with prime numbers (Example: Any even number is sum of two lucky numbers), which suggests that those properties, surprisingly, belong to the primes not because each prime has no factors but itself and 1, but because of the way in which the primes can be constructed by Sieve of Eratosthenes. It is likely that any sequence constructed by a similar sieve will have the same properties.

38. The name ‘forty’ is the unique number name in which the letters appear in alphabetical order.

39. A Contradiction: 51 appears to be the first uninteresting number, which of course makes it an especially interesting number, because it is the smallest number to have the property of being uninteresting. It is therefore also the first number to be simultaneously interesting and uninteresting.

40. 53 is the smallest prime, which is not the difference between powers of 2 and 3. The sequence of such prime continues: 71, 103, 107, 109, 149, 151, …

41. 81 is the only number whose square root is equal to the sum of its digits, apart from trivial 0 and 1.

42. 1 = 30, 2 + 3 + 4 = 32, 5 + 6 + … + 13 = 34, 14 + 15 + … + 40 = 36 and so on. The number of terms in each sequence is 1, 3, 9, 27, …

43. It is a very old puzzle to join the digits 1 to 9, in that order, using only the usual signs of operations, and brackets, to make a total of 100. One solution: 1 + 2 + 3 + 4 + 5 + 6 + 7 + (8 ( 9) = 100. Another solution: 123 – 45 – 67 + 89 = 100. Alternatively, using the digits in reverse order, 98 – 76 + 54 + 3 + 21 = 100.

44. Erdos conjectured that 105 is the largest number n such that the positive values of n – 2k are all primes. The only other known numbers with this property are 7, 15, 21, 45 and 75.

45. 120 is the smallest multiple of 6, such that 6n - 1 and 6n + 1 are both composite.

46. 120 is the smallest number having 16 divisors.

47. The product of any two of the numbers 1, 3, 8 and 120, plus 1, is a square. It is proved that a 5th number cannot be added to this set so that the property is preserved.

48. 135 = 11 + 32 + 53
175 = 11 + 72 + 53
518 = 51 + 12 + 83
598 = 51 + 92 + 83
49. 13 + 33 + 63 = 244, 23 + 43 + 43 = 136.

50. Euler conjectured that no nth power could be the sum of fewer than n nth powers. For example, a cube cannot be the sum of only two cubes, which is true. It is the smallest case of Fermat’s Last Theorem. In 1966 L. J. Lander and T. R. Perkin were searching on computer for 5th powers that were the sum of 5 other 5th powers. To their great surprise they not only found 4 solution to their original problem – but in one solution, one of the numbers was 05, so they had in fact discovered a counter-example to Euler’s conjecture: 1445 = 275 + 845 + 1105 + 1335.

51. 145 = 1! + 4! + 5!. The only other numbers that are the sum of the factorials of their digits are 1, 2, and 40585.

52. Adding the factorials of the digits of 169: 1! + 6! + 9! = 363601. Repeat the process with 363601 to get 1454. Repeat again to get back 169.

53. 199 + 210n for n = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 provides the smallest 8, 9 and 10 primes in arithmetical progression.

54. Amicable Numbers: 220 and 284 form the first and smallest amicable pair. Each is the sum of the divisors of the other. Euler was the first mathematician to successfully explore amicable numbers and find many examples. His methods are still the basis for present-day exploration. More than 40,000 pairs of amicable numbers are now known.

55. 28 = 256 = 35 + 32 + 3 + 1. Erdos has conjectured that no higher power of 2 is a sum of distinct powers of 3. 

56. 257 = 44 + 1 and is prime. The only known primes of the form nn + 1 are when n = 1, 2 and 4. It has been shown that if there are other primes of this form, they must have more than 3000,000 digits.

57. 1233 = 122 + 332, 8833 = 882 + 332 found by B. S. Rao.

58. 1729 = 123 + 13 = 103 + 93. 1729 is the smallest number expressible as the sum of two cubes in two different ways. Some more examples: 93 + 153 = 23 + 163, 153 + 333 = 23 + 343, 163 + 333 = 93 + 343, 193 + 243 = 103 + 273.

59. 4150 is the smallest number, which is the sum of the 5th powers of its digits. 4150 = 45 + 15 + 55 +05. Another one: 54748 = 55 + 45 + 75 + 45 + 85.

60. 5282 is the number of ways of placing 8 non-attacking rooks on a standard chessboard.

61. Harshad Number: 6174 is a Harshad Number, because it is divisible by the sum of its digits.

62. 6578 = 14 + 24 + 94 = 34 + 74 + 84. This is the smallest representation of a number as the sum of 3 4th powers in 2 ways.

63. 8208 = 84 + 24 + 04 + 84.

64. Sociable Numbers: 12,496 is the first of a chain of 5 sociable numbers, discovered by Poulet in 1918. The sum of the divisors, excluding itself, of each number is the next number in the chain, the last number preceding the first: 12496, 14288, 15472, 14536, 14264 and again 12496. Poulet also found a 28-link chain starting with 14316. No more were known until 1969 when Henri Cohen found 7 new chains, each of 4 links. Recently, computer searches have found many more, including a 9-link chain starting with 805984760. Curiously no chain with just 3 links has been found, despite diligent searching. There certainly none with smallest number less than 50 million. Someone named these hypothetical chains ‘crowds’, so mathematically speaking a crowd is a very elusive phenomenon, and may not exist at all.

65. 142857 ( 1 = 142857

142857 ( 2 = 285714

142857 ( 3 = 428571

142857 ( 4 = 571428

142857 ( 5 = 714285

142857 ( 6 = 857142

66. 1741725 = 17 + 77 + 47 + 17 + 77 + 27 + 57. There are 3 other numbers equal to the sums of the 7th powers of their digits: 4210818, 9800817 and 9926315.

67. 24678050 = 28 + 48 + 68 + 78 + 88 + 08 + 58 + 08.

68. 438579088 = 44 + 33 + 88 + 55 + 77 + 99 + 00 + 88 + 88. The only other number with this property is 3435.

69. 43252003274489856000 is the total number of positions that can be reached on the original 3 ( 3 ( 3 Rubik’s Cube.

70. 3610! – 1 is the largest prime of the form n! – 1 which is also prime for n = 3, 4, 6, 7, 12, 14, 30, 32, 33, 38, 94, 166, 324, 379, 469, 546, 974, 1963, 3507. There are no more with n ( 4580.

71. The complete table for number of primes less than powers of 10:

10
4


106
78498

102
25


107
664579

103
168


108
5761455

104
1229


109
50847534

105
9592


1010
455052511

