Appendix A

FEuler-Bernoulli Beam

[N (z)] is the shape function matrix for mechanical degrees of freedom and are expressed

as
_ xr — xﬁe Be 12 N xﬁe Be 56'2
1 iR 12 72 + 15 13 . T2
N _Z Ny — 9 3, 9 Be ° Yo z, 4 e z°
14 - L’ 15 — L2 L3 ) 16 — L L2 9
_ _ 72 3 _ 2 23
N21 == O, N22:1—3ﬁ+2ﬁ, NQgZI—Qf‘i‘ﬁ,
_ _ x? AR 2 28
Ny = 0, N25:3ﬁ_2§’ N26:_f+ﬁa
Ny = 0, Np——6" 165 Ny—1-4%43%
31 = U, 32 = 72 I 33 = I 12
_ _ x x? . x x?
N3y = 0, Nyz=6-——6-—, Nypg=-2-—+3—.
34 ; 35 Iz I3 36 I + Iz

[K] is the element stiffness matrix. {Rr} and {R;} are element load vector coefficient

due to temperature rise and current actuation respectively.

* A* * B* * A* * B*
K11 = ;/17 K13:_ 217 K14:_ [lea K16: [111_’
9D7 9 D7 9 D7
K, = 4/37+L—311’ K2*3—2/37+L—211, KZ*S__4/37+L—311’
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Appendix A. Fuler-Bernoulli Beam

. v+9D7 . v+ 12 Dy . B*
K3 = 2/3T117 K33:1/3TH K34:%7
. vy+9 D7 . v+ 6 D7
K35 = _2/3T117 K36:1/3TU
* A7 * B * v + 9D7
K44 - LH’ K46:_%7 K55:4/3—11,
9 D% + 12 D*
Kiy, = _2/37—1—11—2117 K56:1/37TH.
[ _A(;Zpr 1 AT [ 0] [ AR
0 0 0 0
TBpr - BT 0 — B
{R} = In, + N (AT);{Ry} = In, + . (AT).
0 0 0 0
| —rBiy, | | BT | 0] | Bf

Where 7 is ratio between two permeabilities (u7/u) and v = B2AY, + 68. B}, = 98.B},.

The nonzero elements of the mass matrix are

M11 = 1/3L]0, M12:_1/6[0ﬁe+1/211,

M14 = 1/6L[0, M15:1/6]06e_]—/2]17

1 39121, +141,8.2—841, 3. + 126 I,

My = —
22 105 L
My = £L2I +1/151, 62—116+1/101
23 — 210 0 0 Me 30 1 Me 25
My = —1/61pB.+1/21;, My =——

M13 = —1/12[/]066 - 1/12.[/]1,

Mg =—1/12 LI, 3, +1/12 LI,

1 —27L%1,+ 281, 6.2 — 1681, 3. + 252 I,
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13

L

7
Mo = =55 LI +1/150y 5° = =5 I B +1/10 I,

420



287

1
Mg = mL(2L2]0+7]0662—7]156+2812), Msy = —1/12 L1y B, +1/12 L1,
My — 512 —1/151, 52+11 B, —1/101
35 — 420 0 0 Me 30 1 Me 25

1
Mz = EOL(—3L2[0+14[0662—14]165—1412),

M44 == 1/3[/[0, M45:1/6[06e_1/211; M46:—1/12L[066—1/12L11,

1 39L%I,+141,3.> — 841, B. + 126 I,
M55 - )

105 L
Mg = — 2 1/151, 52+715—1/101
56 — 210 0 0 Me 30 1 Me 2,
1
Mes = =——L(2LIy+TI B3> — 71 B.+281).

210



Appendix B

Timoshenko Beam

Matrices for superconvergent Timoshenko beam element can be calculated considering «

and [y as:
a = * A*45SBT1* * ) /Bf = * jvi{‘)]flASE)* * : (B']')
(D1 A7y — By Bi) (A1, D1, — Bf1B11)
Shape function matrix for superconvergent Timoshenko beam element is given by
T ey ’a

Ny = 1——, Np=-6 6

" [ Uy T R Y T S A L
- xLa o (L*B; +6) - x
Nig = —3———75-——1/2 1/22°, Nuy=—

13 12+ L23; / RN [2a7a, N =T
- TQ ’a - rLa ’a
Nis; = 6 -6 , Nig=-3 +3 )

' 12+ L26;  L(12+123;) ~° 12+ 126, 12+ 123,
_ _ T — 1/6l‘3ﬂf 5526f
Nog = 0, Nyp=1-12 -3

- o L(12+ L26;) “ 12+ L23;
N (v — 1/62°B) (L*B; + 6) 3 2?3+ L)
Nog = +1/62°3, — 2= N, =0,

2 12+ L23; /60 =27 (12 + L2;) 2
- x—1/6235; 26y - r—1/62%3; 2?(—6+ L*Gy)
Nos = +3 ; Nog=—6 - ;

L (12 + L23y) 12 + L2j3; 12 + L2j3; L (12 + L23y)
2

N?)l - O, Ngg =6 < 6f -6 l’ﬁf

L (124 L?fy) 12+ 123
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N x*By (L*Bs +6) 2 z(3+L%0) &
N3z = 1—-1/2 1/2 —4——" N3y =0
33 / 121125, +1/22°3; L2+ 25, =Y
~ 2 ~ 2 .
Ny = 6201 g " g g 0 ,r0% L)

L(12+L23;) 12+ 123, 12+ L26; " L(12+ L23))°

Nonzero entries of stiffness matrix. [K*] of Timoshenko beam is given by:

Kl*l = %7 K1*2:0, Kl*sz_%a K1*4:_%a K1*5:O» Kf6:%>
Ki, = 12A5£¢, Kiy=6As51, Kb =0, K;5:—12A5£w, Ky =6 Ass 1),
Ky = D1*1+3[f}21/114557 K3*4:%’ K5 = —6 A5 9, K§6:_D;J+2L2w14557
Ki = S0 Kyp=0, Kjp=-"t Kg=1277Y K- 6450,

D3, + 3 L% Ass

Kg6 L

where ¢ = 1/(12 + L?f3;). Nonzero entries of mass matrix [M] of a Timoshenko beam is

given by

M11 = 1/3[/[0, M12:—1/210L2C¥’(/1+1/2IJ—6[12/17
My = —1/12L 31y LPav +1; +361;1), My =1/6LI,

My = 1/21pLPa —1/21, +61,¢, Mye=—1/12L (31 L*a¢p — I; + 36 I, ¥),

L 2
My = 3—‘é(13 B2y L* 4+ 4201y L? + 294 B3¢ I, L* + 1680 I, — 84 B I; L
+42 3% 1, L?),
11 11 12 7
Moy = — I, L2 — —1,L> L2 4+ 3/50%1, L*Y? — —a I, L?
23 510 10 70 ' ¢+35 00 L*+3/5a° Iy L™ 1004 1

72 42 432



290 Appendix B. Timoshenko Beam

Moy = —1/21) L*ay+1/21, — 61,1,
3L1)?
Moy = — 7:'? (—=33,°1y L* + 28 a*I, L

—84 B4 Iy L* — 560 Iy — 56 By a I, L* + 28 3%, L?),

72 42 432 7
M26 = 3/50[2[0L4¢2+304]1 77[}2112—3]277[)"‘—[27702——0(]1 ¢L2

5 10
11 12 13
— R L2 +1/101, — — I, L?
70 10 1/14'35 0 +1/10 1, 190 1055

1 6
My = 0% 0L3—1/35[0L3zp+£]0¢2L3+3/10a2]0L5¢2—1/10@]1¢L3

36 216
+= aly v L* +2/15 1, L — 6/5 [, L) + = I L,

My = —1/12L (31, L*av— I, +36 I, ),

72 42 432 7
Mss = —3/5021, L'%)* — F ol ¢2L2+3[2¢— ?12202%— 1—004]1¢L2
11

12 13
— I, L% — —= I, ?L? —1/10 1, + — I, L?
oo v 35 0¥ / 2 g 0 F

1 6
Mg = —351o L?—1/351, L + = 1o VPLP 4+ 3/10% 1 LPy? —1/10a I, o L?

36 216
+t=a I L? —1/30 [, L — 6/5 I,y L + = L *L,

My = 1/3LI), My =1/21, LPay—1/21, +61, 1,
My = —1/12L 31y L+ I; +36 1, ¢),

Mss = 1/35L(13 8L, L* + 421y L* + 294 8¢ I L* + 1680 I,
—84 B a Iy L* 4 42 B¢ I, L),

11 11 12 7
Msg = ——I)L*+ — 1, L% — —= [)*L* —3/50°1) L*Y* + — o I, ¢ L?
56 510 *° +700 (0 35 0 /50”1 ¢+100411/) )
72 42 432
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1
My = —
66 105

+6/5 I L*¢* — 1/10 B a I; L°4?
+6a Iy, L3? +2/15 3,2 L Ly)® + 2 I, B L3¢* + 48 I, La)*.

B2y L™? +1/5 1y B L* + 3/10 I LPa*y)?

The elements of force vector for a Timoshenko beam is given by

{R} =)

p

— e -

0
e
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In, +
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—A;
0
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(AT);{Ru} =

Where r is ratio between two permeabilities.
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Appendix C

Higher Order Theories

Elements of stiffness [K], coupling stiffness [K™] and mass [M] matrices, are written as

A Lo 1.
Ko = 7 A Kuun = 7 AN Kur =05 Koy = —5iAl;
L o I 1. 5,
Kuluz - _ZA[11]7 K’lﬂuiz - _EA[I}D Kul’wQ = 07 Kul'wiZ = _§ZA[1}3’
% = L Al gl gL e L
UilUml 3L 55 + ) w1 _5 55 ujuUs _Z 11y
1 i+m— i+m— 1 . itm— itm
Kui1wm1 = _5 (mA[ ; ! + A[ iy 11) ) Kuilqu - 6_L (277114&[35+ Q}Lg - 6"4[11+ }> ;
K _ ZA[l_l] K _ 1 A[i—i—m—l] A[H—m 1] K . 1A[0}
wiwz T 5 55 UilWm2 — 5 —Mmais + ) wiwy Z 559
1 ( i—1] 1 0 1 i
Kupjwy, = ZA[5}5§ Koy, = 05 Kopyugy = __A55 y Koywy, = _ZA[55]; Koy, = _ZA[sé;
1 i+m— i+m 1 +m— - Alim—
Ko wpm 3L <zmA 2 Al }> D Ko, = 5 <mA[1; Al 1]) :
K = E.A[z‘}. K = _lA[z‘]. K 1 Az+m Ar2 _ g plitml) .
wilu2 2Z 135 wiwy — I 557 WilWma — 6L m 55 ;
KwUz = ZA[llla KU2U¢2 = EAH? KU2w2 = 0; Ku2w¢2 = 5214[1;’,;[(7%211}2 = §Aé5 };
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Kw2w2 =

K", =

uirul

K", =

uUl1wi

K", =

uiu2

K", =

ulw2

m
U1 Um1

m
Um1W1

Km

Um1Wi1

m
Um1U2

m
Um1Uqi2

m
Um1W2

L o
EA[BE} ) Kw2wi2 =

AN

1 0] 4[0] m 0] Too] i1
_A ( A[lleA[15e) ) KUl’leQ = W ( A[11€A156 - §A[11}6A[13e ]) )

(mA[z+m 1] + A[z+m 1>’

| —

1 . i+m—2 i+m
6_L (QZmAEr);_ }LZ + 6A[11+ ]> ; KuimeQ =

1

i 1
A[5]5’ Kwi2wm2 = 6L <

1 0 [0 m 1 0] i 0 i—1
(FA%AR ) K, = g5 (FARAL - GARARY)

1 0] m 1 0 7 [0 i—1]
7 (TARAL) Koo, = g (FARAL - SARARY)

1 1

0 0 m [0 ) 0] i—1 .
_A[ll}eA[ll]e) ) Kuuuz = m <_LA11]eA[lle - _A[116A15e }) )

1

imL

m] i U m] 4li-1 mL m—1 i—1
ATIAY, - ZATLALD - TR AR AT + TR AL ALY

1 1 m 0 [0 m—1
an ( A[lliA[w]e - _A15]eA[15e ]> )

AP\ L 2

1 1 [ m i—1] i m—1 ZmL m—1 i—1
ar ZAISeA[15e__A11<1,A136 __A1]56A[15e ]‘l’ 3 A[15e ]A13e] ;
1 [m] [0] [m—1]
Il zAlleAlle + A116A15e ;

imL

m m—1 m i—1 m—1 i—1
A[lliA[lle+ AlleA[ISe ] A[lllA[15e] A[15e ]A15e])7

m [0 m—1
A[llc]aAl&a + AlB]GA[15e ]> )
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mo L(__A |40 A - ”——A[m]A[’ L ime 1]A11)
Um 1 W42 Ag T 1le**15e 15e“*15e 1le“+13e 6 15e 13e )

Ko = 7 (TARAR) 0 Kl = 7 (GARA - AR

Kl = 77 (-7ARAL):  Ku, = g5 (-pARAR - SARAEY):

Ko = g (~gARAR ) KD = g (—pARARL - jARARY )
Tows = 7 (ABALL - JAALD - ZAL A+ TEATALY)
B = g (~ARA + FALAT)

Kl = g (-7 ALAR+ FARAG - LATALY + BEALD AT
Ky owe = Aig( 2/4[105]e1415e+ zAgeA[fge ”)a

Kl = o7 (-pARAR + ZARARY - ZaRLARY + TR AL AY).
B = g (TARAL): K. = g (FARATL+ FARLART).
Ko = g (7ARAR )0 K, = g5 (TARAR + JaRAR" )
Faws = 37 (FAATL - SARLAY + 2all s+ LA A
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m L (1m0 m o] 4m-1
Kl = 5 (ARG + Zalal).

Kipwe = Aié‘ (ll;AlleA[fE;e + A156A[17g€ U A[ﬁbiAllseﬂ m;LA[l?e 1114[113@1) ;
Kl = g (FARAN ) Kl = g (FARAR + AR )
Ky = fi“ (1 AllL]r)eA[I?e 21415614[11%1 + A15eA£Tg;1] ZmLA[llzsel]Al:Se > 3
Mur = STop Mus = 50 Muy =0 Mo, =0

My, %f[o}' My, = %f[i]; My = 0; My, = 0;

Myyu = gfmm]; My w, = 0; My wn = 0; My, = %fm;
Muyjue = %I[i—i-m]; My wy, = 0; My 1wy = 0;

Myyw, = g[[o}; Myyw,y = g[[i]; My, = 0; Myyuyy = 0;

Myjwy, = %I[O}; My, = %IM;

Moywny = gj[i—‘rm]; My uy = 0; My s = 05 M0, = %fm;
Moyywns = %][i—i-m];

My, = gf[o]; Myyuzy = %fm; My, = 0; My, = 0;



296 Appendiz C. Higher Order Theories
L
Mui2um2 gI[H-m]’ Mui2w2 07 Muﬂwnﬂ = 07
L L
Mw2w2 51[0}7 ngwig = gl[z}v
L
Wi2Wm2 gI[iJFm] ’

Matrix entries of W are given as

Waiouwo =
Waown, =
Wi =

(3

Wi =

AllR? - rge? + Al AYLR2) /4

ALR? = Tger® + kAT Y+ | AL AT 4 mjk Al VAT 4
A2 = pgo® — kAl + (Al DR - igeallalll] /A

A[ffLm} k* + imAg;m_Q] — I[Hm}uﬂ + (m — i)jkA[f;m_H

- [A%A%Tikz +imAG AR — irAflAlY + mikaly Al ] /A
A9 — 1w + [AQ%LAE,}@W] JA

ALW — T + mjk Al 4 [A AT 4

ALR? — 1w — kAl o+ (AL AR

imAL™ 4 AT T ge® + (m = kAR 4 Al Al 4

Al + [ AN Al w2 /A

mij Al + AR+ Al Al /A

—ijkAl; "+ Al + Al AL - ijRAL AT /Ay
mlj ALY L im Al g Al gl

+ Al Ak — arallail] A

AR + A AR /A

ikj Al + Al + (Al AlR? + kAl Al 4
—mkj A Al [AQ(LA[@/{?} JAS

ikj AL g Al A2 g Al 2]
+ Al A+ agpalall] A
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Matrices, POpc, POac, P1, and P2 are given as
POpo(1+m,1+i) = —(—mi ALy ™73 A¢ —miy ATz ALY A¢
POpo(1+m, 2+ Un +iz) = mig Afs, AP /A
POpe(2+Un +n,1+1;) = niy AL AU /A4S
POpo(2+Un+n,2+Un+is) = (nixAf 745+ nip Al AR ) A¢
PI(1,1+1y) = i A ALY /A
SN [i2—1] qe A[iQ*”A[O] A€ -
P1(L2+Un+iy) = i2(Ays A, + Ay, “Ape) /AL
P1(1+m,1) = —mA Al /A
P11 +m, 1 +1i1) = —(—i AJAR T + mAf AR A
_ A[m—l]Ae A[O] A[m—l} A€ -
Pl(l +m, 2+ UTL) m( 55 o + 15e“*15e )/ o
P11 +m, 2+ Un +i5) = (i A3 AS 40, AT ALY — Az 1A —mAfEl AT ) A
SN [i1—1] ge A[O} A[il—l} Ac -
P1(2+Un,1+11) = i1(Ag; A,u + AjseAise )/ w
P12+ Un, 2+ Un + i) = in A, A2/ A¢;
oAl ge o gln=1] 4101 g
P12+ Un+n,1) = —n(Aj; AL+ Alse Alle)/A;u
P12+ Un+n,1+iy) = —(nAL " VA +nAll AT — i Al As — 4 AT AT A

P12+ Un+n,2 + Un) = —nAQ AL /A
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P12+ Un+n,2+Un +1i5) = (—nAiZ Al 4+ i ATL A3 T) /A

P2(1,1) = —(-AfL AN, — AR A /AL P2(1,1+14r) = —(—ANP AL — AL AT /A
P2(1,2 4+ Un) = Al A /A% P2(1,2 + Un +iy) = AL A2 A¢
P2(1+m,1) = —(—A{1 A5, — ADL AT /A5

P2(1+m,1+ir) = —(=Af ™ As — AT AR /A

P2(1+m,2+Un) = AQLATLJAS  P2(14+m,2+ Un +ip) = AlPAZ /A<
P2(2+Un,1) = AJLAL/AS P22+ Un,1+1i) = AL AL /A

P2(2+ Un,2 + Un) = —(—A55A5, — Al ATl ) A¢;

P22+ Un, 2+ Un +iy) = —(— AL A5 — A Al /A

P22+ Un+mn,1) = ATLAW JAS P22+ Un+n,1+14) = AlILATL /A,
P22+ Un +n,2 + Un) = —(—Al A — AL ATy A¢;

P22+ Un+n,24 Un+ip) = —(—Al A2l _ A[gg”?]A;) JAS

where, 7; and m varies from from 1 to Un and i, and n varies from from 1 to Wn.
Expression for I, I,, Iy, 1., aq, ay, by, by, Cq, da, C, dp, are given by
I, = (Ii,—1L%); I,=-I"— L+ Il — [’ 1y + 2L L I3;
I, = —Lld+ LI3° + 1" — 20 LI + 1,y
I, = —1%—L%I+ IgI4d, — IoI% + 21, 1,15,

ag, = ALLAD + LADL —an? Al — a1y1,AL - 1,2AD 4 an AL
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Cp

dy,

p

b

- 124‘4[0]2 + 1614[2}2]1 812314[0]]114:[313 + 8[2214@33]14:[323]1 + 16[12A[1] I?

812 L, AR AN T, — 321 L AR L AL + 32101, AR 1 AL + 81, AR 1, 1,2 AT
812 AN AL 4+ 81, AR L 1 L AL 4 3212 AR 1, AL + 81,1, AL 1,2 ALY
320 LI 1, A9 AR 321, AR 12 4+ 81,3 AR ALY — 21,497, 1,2
321340 LAY 4 161,212 A9 A2 1 161,20,1,A1Y° — 161,21,1,AL)
H1612L2AY 1 12497 1,2 — 161,21,A1”

bo = —ALLAR +4LIAY + L2AY — 4, AL, + 44812 — AR L1,

2 2 2 2 2
- _1612310/1@}5] + 160,212 AZ" + 161,24 1,2 + A7 1212 + 1, AY

11642714 321,12 A2 LAY 1 321,21, A2 1 AW g1,1,242 A0,
81 AN L2 AY 4 321, 1 AN AR 2 — 815102 AN AT, + 8]1A[”12A[0] Il
+8A8 1240 11, — 321, 1, 1,1, AN AP + 8123IOA525]A ~ 320,1,A2°
8L2AY LAY 18124948 12 0r,2 401 301,340 1, AP

6L LAY + 161,21,2 A9 42— 161,21,1,A,

ca = ALLAY —412AB 4 an AN — 0249 4 110,49 — 411,45,
do = IoANL — 4L LAY + an LAY — 12AY 4, AR — 41,2 AL,

2 2
161,22 A% — 161, AY° 1) + 161,442 — 321,1,42° 1,2 — 21,1,49° 1,2
3212 LA AR — 81,2 A0 L Al 4 81,2410 1,2 A7) — 81,21, AL 1, ALY
+81 [ Al 11]2A[5 + 8T I3 AN 1,2 A + 321, 1, AL 1,2 A
11612L,2AY° — 321,21,A8 AL ¢ 3210]2214{.?51114?;
4 [012 _ 2 417 m _ (2] 4[0] 3 412
+814112A§A[0]10 — 81,1, A AN ¢ 16132A52QA I + 1,21,2AY;

3242 A0 11,1y + 1642 A0 12102 + 8AP A0 11,2 — 164 1, 11,2

2 2 2 2
—16AY LIy + 12 AN 1,2 + 81,A0 1,1 1, AY) — 321, 1, AL 12 — 21, A% 1, 1,2

2 2
+16 AN 1,102 + 16 A 4 321, AL T2 AL — 81,2 AL AL 4 81,2 A0 12 AL

2 2

3202 AN ALY ¢+ 1,140 4 161,20,2 A 1612024 — 842 AL, 1, 1,2
+810 L AN L2 AL + 8 AR AN 131y — 81,2 AL L, 1, AL — 321,%1, AL 1, AL
+321, 1,2 A 1, AL
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Nonzero entries of [Q0] and Q1 are given as

QO(1,1+1i1) = i A Al /A QO(1+m,1+1ir) = i A Al YA
QO(1,2+ Un + i) = (in A3 VAL +ip A3 VAL /AT
QO(1 +m, 2+ Un +i5) = (i AT AR 4 ip ATy 271 A9) /AC

QU2+ Un, 1 +i1) = (AR AL + i AD, AT /AS
QU2+ Un,2 + Un +1iy) = wA[l%]eA[fée 1A

Q02+ Un +n,1+ i) = (i, Al AE +i Al AN )/A
Q02+ Un+n,2+Un+iy) = ZQA[{QEAQ’; 4

Q1(1,1) = (A A + AT AN ) /A Q11,1 +4y) = (AFL AT 4 Al ac) A
Q1(1,2 + Un) = A, AT, /A¢; Q1(1,2 + Un +iz) = A} AZL/AC;

QU(1+m, 1) = (AfAN + AJT A5 JAS
QL1 +m,1+414;) = (A¥f+m]Ae + A[ﬁliAne)/A
QU1 +m,2+Un) = AR AN /AL QU +m,24 Un +ip) = AT AR /AL

Q1<2 + Un? 1) 1()1]6A[1()5]6/A Q1(2 + Un? 1+ ll) = A[105€ lle/A
QL2+ Un,2 + Un) = (ALLAY, + A55A) JAS;
QL2+ Un,2+ Un +iy) = (AL AS + AP AlZ) /e

Q12+ Un+n,1)= AQ‘LA[{Qe/Ae : Q124+ Un+n,1+1i;) = A[flllAQ@e/A;;
Q12+ Un+n,2+ Un) = (A A5 + Al A1) /A¢;
QL2+ Un+n,2+Un+iy) = (A[f;]eA[f;l + ARl AC) A

where, 7; and m varies from from 1 to Un and i, and n varies from from 1 to Wn.



