Exponential and Logarithmic Equations
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Exponential Equations & Their Graphs

Exponential equations are equations that have a variable in the exponential position.  An example would be y = 2x.  In this example, 2 is the base and x is the exponent.  This graph is shown to the right.  The basic exponential graph (without shifting) has the following characteristics:

· Domain:  {x: x((}


Range:  {y: y > 0}

· x-intercept:  none


y-intercept: y = 1

· Vertical Asymptote:  none

Horizontal Asymptote:  y(0

· The graph is a function since it passes the vertical line test.

The basic graph can be manipulated.  The graphs below show various manipulations of the basic graph.
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y = 2x

       y = 2x + 1

         y = -2x

    y = 2 x –1

  y = 10 x 


Basic graph                
     graph is shifted up 1                       graph is flipped upside down
graph is shifted right 1              base changed; graph rises faster
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You may have heard the phrase “it grew exponentially”.  This phrase is often misused, so let’s look at some examples of exponential growth.

The table to the right shows in the first two columns that as x increases from –3 to 8, y substantially increases.  Essentially the y-value is doubled with each increase of x.  This is the reason for the dramatic curvature in the graph as x increases.

Exponentials can also have decay (this is the opposite of growth).  Notice as x increases from –3 to 8, y substantially decreases in the last column.  If you are trying to mimic these results on a calculator, do not forget that only the 2 is being taken to the “x” power, and then the negative is applied.

Some examples of exponential growth and decay are population models, decay of nuclear materials, and the interest earned on a financial investment.

Logarithmic Equations and Their Graphs
Logarithms are just a shortcut for exponents.  Consider the following:


Multiplication is a shortcut for adding:   

2 + 2 + 2 + 2 = 4 • 2 = 8


Exponents are a shortcut for multiplication:
2  • 2 • 2 • 2 = 2 4 = 16


Logarithms are a shortcut for exponents:

10 3 = 1000 is the same as log 10 1000 = 3

Logarithms can be broken down into parts:

log 5 125 = 3
 can be read as log to the base 5 of 125 is 3



5 is the base of the logarithm;  it is also the base when written in exponential form



3 is the value of the logarithm; it is also the exponent when written in exponential form
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Let’s look at the graph of the logarithm.  Since it is an inverse way of writing an exponent, the graph is the inverse of the exponential graph.  Consider our original example,     y = 2 x.  Its inverse would be y = log 2 x  (Recall that in order to find the inverse of something you need to switch x and y, and solve for y).  This means that the exponential and logarithmic graphs that share the same base would be reflections across the line y = x.  The exponential graph is shown in red, the logarithmic graph is shown in blue.  The reflecting line is shown in green for reference.  The basic characteristics of the logarithmic graph are:

· Domain:  {x: x > 0}


Range:  {y: y ( (}

· x-intercept:  x = 1


y-intercept: none

· Vertical Asymptote:  x ( 0

Horizontal Asymptote:  none

· The graph is a function since it passes the vertical line test.
Properties of Logarithms

There are two special types of logs that we name.  

· Common logs are logarithms that have a base of 10.  For example, log 10 27 is a common log and can be rewritten as log 27.  In other words, if the base is not written, assume it is base 10.

· Natural logs are logarithms that have a base of e (approximately equal to 2.71828…).  For example,  log e 5 is a natural log and can be written as ln 5.  Assume any logarithm that uses ln instead of log has a base of e.

Some common properties of logarithms:

· y = log b x    if and only if      by = x
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This means that you can rewrite an exponential as a logarithm for the purposes of finding the value of the variable x. 
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Example/                       can be rewritten using a “circle method” as   
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Example/                            can be rewritten using the “circle method” as well:  

· log b x = log a x / log a b
This property is the Change of Base Formula.  If you are given a logarithm that has a base other than 10 or e, you cannot type it directly into your calculator.  The change of base formula allows you to convert it to a common or natural log for easy calculation.

Example/   log 3 7 = (log 7) / (log 3)  = (ln 7) / (ln 3)




     logs with base 10            logs with base e

· log b (xy) = log b x + log b y
This property is used when condensing or expanding a logarithmic expression.

Example/    log 9 (5xy) = log 9 5 + log 9 x + log 9 y

· log b (x/y) = log b x – log b y
This property is used when condensing or expanding a logarithmic expression.

Example/    
log 2 (7k/n) = log 9 7 + log 9 k – log 9 n

(notice that 7 and k are connected by multiplication on the left, and split up by addition on the right;  n is being divided on the left, so it is separated by subtraction on the right)

· log b (xn) = n • log b x 
This property is used when condensing or expanding a logarithmic expression.

Example/    log 4 (3x5) = log 4 3 + 5 log 4 x



(note that the exponent only affects the x, so it sits in front of the log that contains the x)

Solving Exponential Equations

It will seem awkward to solve an exponential equation because the variable is in the exponent position.  You need techniques to move it from this spot.  
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Example/


Example/ 

The method of applying a log to both sides so that you can use properties to simplify the expression is common.  It makes no difference whether you apply the common log (log 10) or the natural log (log e = ln).  Both expressions can be found easily using a calculator.


Solving Logarithmic Equations
When you solve exponential equations you use logarithms.  Similarly, when you solve logarithmic equations you use exponents.
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Example/
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This example shows how to solve an exponential equation if you are able to rewrite both sides with the same base.





� EMBED Equation.COEE2  ���





This example shows different bases.  





Begin by applying log to both sides.  Bring the exponents out front.





Distribute, then collect all of the “x” terms together.





Factor out the x.








Divide by the parentheses.








Plug it into your calculator.
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This problem is solved easily by rewriting the equation using the “circle method” shown at the beginning of this document.
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In this example, the bases are the same and each side contains only a single log.  Eliminate the log 6 and solve the remaining expression.





� EMBED Equation.COEE2  ���





The left side of this example must be condensed first, then the log 3 can be cancelled.  The result is a quadratic, so set the quadratic equal to zero, factor, and solve.





� EMBED Equation.COEE2  ���





Condense the left side by changing the subtraction sign to division.





Rewrite using the “circle method” to eliminate the log.





Simplify with algebra.








Miss Deborah Baus

dbaus@laca.org
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