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F.4 Additional Mathematics

Tutorial 9

Notes and Exercise

Date: 
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Coordinate Geometry I Straight Lines

A. Basic Formula

a) Distance between two points

Let A, B be (x1, y1), (x2, y2), then 
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AB = [( x2 – x1 )2 + (y2 – y1)2]1/2

Note that when x-coordinates or y-coordinates of two points are the same,

We can simply use the difference in a absolute sign

e.g. A= (a, 1); B= (b, 1), then AB = ∣a - b∣

b) Point of Division (Section Theorem)

[image: image3.png]B
©Q%

Al R)

ey



Let A, B be (x1, y1), (x2, y2) be two points, If P(x, y) is the point dividing AB such that AP : PB = r: 1, then 

x = (x1 + rx2) / (r + 1)

y = (y1 + ry2) / (r + 1)


Note that if r = +ve, the division is INTERNAL


     r = -ve, the division in EXTERNAL

c) Area of Recilinear Figure

1. Triangle with vertices A(x1, y1), B(x1, y2) and C(x3, y3)

Area = ½ [x1(y2 – y3) + x2(y3 – y1) + x3(y1 – y2)]
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2. [image: image6.png]


Area of n-sided polygon with vertices P1(x1, y1), P2(x2, y2), …, Pn(xn, yn)

Points to note:

1. The points should be arranged in anti-clockwise sense for positive area.

2. For triangles, we simply take the absolute value.*

3. If A, B and C are collinear points (on the same straight line), the area is zero. 

Example 1

A and B are two points (1, 2) and (7, 4) respectively. P is a point on a line segment AB such that AP/PB = k

a) Write down the coordinates of P is terms of k.

b) Hence find the ratio in which the line 7x – 3y – 28 = 0 divides the line segment AB. 

Solution

Example 2

Find the ratio in which the line segment joining A(-5, -3) and (4, 3) is divided by the straight line x – y – 2 = 0.

Solution

Exercise 1 – 3

Example 3

O, A, B are the points (0, 0), (20, 8), (10, 20) respectively. C is a point on OB such that OC: OB = 1: r and D is a point on OA and OD :DA = r : 1, where r > 0.

a) Express the coordinates of C and D in terms of r. 

b) Express the area of △ODC in terms of r.

c) If the area of △ODC is k times the area of △OAB. Express t in terms of k. Hence, or otherwise, show that k = ¼ 

d) Using the result is c), or otherwise, find the maximum area of △ ODC.

Solution

Exercises 

1. A(3, 7), B(-1, -1) and C(5, -2) are three points. P(s, t) is a point on AB.

a) Express t in terms of s.

b) Find the coordinates of P is the area of △APC is 13/2.

2. A(1, -3) and B(0, 4) are two vertices of △ABC. If its centroid is P(2, 1), find vertex C.

3. The vertices of △ABC are A(3, 3), B(5, -8) and C(-2, 7).

a) Find the length of BC

b) Find the area of △ ABC.

c) Find the length of the altitude drawn from A to BC.

4. P(2, 4), Q(-5, 0) and R (-1, -6) are the vertices of triangle. A is a point inside the triangle so that the triangles PQA, QRA, PRA have the same area. Find the coordinates of A.

Ans.: 1. t = 2s + 1; P = (2,5) or (4, 9) 2. C= (5,2) 3. BC=√274; h = 47/√274 4. A = (-2/3, -4/3)

B. Straight Lines

a) Slope of a straight line

(i) Definition

The slopes (or gradient) of a line l passing through the points A(x1,y1) and B(x2,y2) is defined as 

 
m = y2 – y1  = tanθ whereθis the angle of inclination of l for 0 ≦θ≦ π
        x2 – x1
	A. If 0 <θ<π/2, then m > 0

B. If 90<θ<π, then m < 0


Note: (I) If y2 – y1 = 0 (i.e. the line is horizontal), then the slope = 0.

    
 (II) If x2 – x1 = 0 (i.e. the line is vertical), then the slope is undefined.

(ii) If A, B and C are three points which are collinear (i.e. lie on the same 

   straight line), then slope of AB = slope of BC = slope of AC

b) Forms of Straight Lines
Let we recall what we learned in F.1. In F.1, we studied how to use a table to find 
out an equation as follows:

E.g. Draw a line to represent x + y =1
	X
	-1
	0
	1
	2

	Y
	2
	1
	0
	-1


By finding the corresponding value, every point on the line x + y = 1 must obey the relationship between x and y.

In the Coordinate Geometry, the equation is to write out the relationship between x and y. By means of different methods as shown below, we can “link” x and y into an equation. The result is just like the method we did in the past. Every value on certain line must obey the corresponding relationship. 

	
	Name
	Given
	Forms of Equations

	1.
	Two-point From
	2 points (x1,y1) and (x2,y2)
	y – y1 = y2 – y1
x – x1   x2 – x1

	2.
	Point Slope Form
	Point (x1, y1) and slope m
	y – y1 = m(x – x1)

	3.
	Slope Intercept Form
	Slope m and intercept c
	y = mx + c

	4.
	Intercept Form
	x-intercept=a, y intercept=b
	x / a + y / b = 1

	5.
	General Form
	A,B,C are some constants where A and B cannot be both zero
	Ax + By + C = 0


Note:

1. Since Ax + By + C = 0 can be written as y = -A/B x – C/B

which is the slope intercept form ( compared with y = mx + c)

From this equation, 

	 Slope = m = -A / B

 x-intercept = -C / A

 y-intercept = -C / B


Note what is meant by intercept!!!

2. The equation of any line parallel to Ax + By + C1 = 0 

has the form Ax + By + C2 = 0

3. The equation of any line perpendicular to Ax + By + C2 = 0

has the form Bx - Ay + C2 = 0

c) Angle between two straight lines

There are two angles between two straight lines. Usually we take the acute angleθ(≦900)


Let slope of L1 = tanθ1 = m1
   slope of L2 = tanθ2 = m2
Let m = tanθ                                    θ

tan (θ2 –θ1)

= 

=                                         θ1            θ2
Asθ must be acute, we simply take the absolute value


Tanθ = 


The Slopes of parallel and perpendicular lines

L1 and L2 are two lines with slopes m1 and m2 respectively.

If L1 // L2, then m1 = m2
If L1 ⊥ L2, then m1․m2 = - 1
Example 4 [ 93/II/4] (6 marks)

Two lines pass through (4,3) and each line makes an angle π/4 with the line y = 1/3x. Find the equations of the two lines.

Exercises

1. Find the straight line with equal intercepts and passing through the point (1, 3)

2. Given the points A(1, 2) and B (-3, 5). Find the perpendicular bisector of AB.

3. Let θ be the acute angle between two lines L1: y = 2x and L2: y= 3x. 

a) Find tanθ.

b) Find the equation of straight line other than L2 which makes and angleθ with L1 and passes through the origin. [ 94/II/6] (6 marks)

Ans.: 1. x + y = 4 or y = 3x; 2. x – y + 4 = 0; 3. a) tanθ= 1/7 b) y = 13/9x.

Example 5

The points O(0, 0), A(5, 2) and C(7, 5) are vertices of a //gram OABC.

a) Find the coordinates of B.

b) Let ∠AOC be θ. Find tan θ

c) Calculate the area of //gram OABC.

C. Distance Between Straight Lines

a) Distance from a point to a straight line ***

Let L be the line Ax + By + c = 0. The SHORTEST perpendicular distance from a point P(x1, y1) is given by

d = ∣Ax1 + By1 + C / √(A2 + B2)∣
To decide whether √(A2 + B2) is positive or negative is out of syllabus.

b) Distance between two parallel lines (Not common in CE)

Let two parallel lines be

L1 Ax + By + C1 = 0

L2: Ax + By + C2 = 0

Then, the distance between them is 

D = ∣C1 – C2 / √(A2 + B2) ∣
Example 6

Find the equation of angle bisector of the angle between the following lines:

x – 2y + 5 = 0 and 2x – y – 15 = 0

Method 1 [ tanθ1 = tanθ2 ( point slope form] 

Method 2 [ d1 = d2]

Example 7 [89/II/7]

A straight line L1: y = mx + c, where m and c are constants, makes an angle of 450 with the line L2: 17x – 7y + 14 = 0.

a) Find the two values of m.

b) If the distance from the point (1,2) to L1 is 5, and m makes the greater of the two values obtained in a), find the two values of c.

Exercises

1. A straight line with slope m passes through the point (4, 7).

a) Write down the equation of the line

b) If the distance from the origin to the line is 1, find the two possible values of m. [ 92/II/3]

2. Find two points on the line x – y + 1 = 0 such that its distance to the line x + 3y – 4 = 0 is √10.

3. Point B is called the reflection of the point A with respect to a straight line L if L is the perpendicular bisector of AB. Find the coordinates of the reflection of the point A(2, 9) with respect to the straight line y = 2x.

Ans.: 1. a) mx – y + (7-4m) = 0 b) m = 12/5 or 4/3  2. (11/4, 15/4) or (-9/4, -5/4); 3. (6,7)
D. Family of Straight Lines

Given that two straight lines 

L1: A1x + B1y + C1 = 0

L2: A2x + B2y + C2 = 0

have intersection.

The Family of straight line passing through their intersection is given by:

(A1x + B1y + C1)+ k(A2x + B2y + C2) = 0 where k is a parameter.

Note that k, which is a parameter, gives different straight line ACCORDING TO DIFFERENT CONDITIONS GIVEN. That’s why we call this is a family. In calculation, other conditions must be given in order to find the parameter k.

Remarks:

1. Besides, the family of intersection of two given straight lines, we have different family on other properties of straight line:

	family
	presentation

	Parallel to Ax + By + C = o
	Ax + By + k = 0

	Perpendicular to Ax + By + C = 0
	Bx – Ay + k = 0

	Passing through (x1, y1)
	y – y1 = k(x – x1)

	With slope m
	y = mx + k


2. We have a standard procedure for doing this kind of problems: ***

a) Write down the family (Ax1 + By1 + C1) + k(Ax2 + By2 + C2) = 0

b) Rewrite the family in general from Ax + By + C = 0 where A, B and C depend on k.

c) Using the conditions given to form an equation in k.

d) Solve for k.

e) Put k into the equations in b)

Example 8

Given that two straight lines L1: x – 2y – 1 = 0 and L2: x + y – 4 = 0, find a straight line passing the intersection of L1 and L2 and 

a) with slope 2

b) passing through (3, 2)

Example 9 ***

The line (1+k)x + (3 – k)y = 2(1 + 3k) passes through a fixed point P for any value of k. Find the coordinates of P.

Example 10

Find the straight line passing through the intersection of x – y + 1 = 0 and 2x + y – 10 = 0 and having a perpendicular distance 5 from the origin.

Exercises

1. Find the equations of straight line perpendicular to L1: 4x – 3y + 2 = 0 and has a distance of 3 from the point (1, -1).

2. Given a family of straight lines (2x + y –11) + k(3x – 2y + 1) = 0 where k is a constant. Let L1 be x – 2y + 4 = 0.

a) Find the equations of the lines in the family such that each makes an angle of 450 with L1
b) Find the equation of the line L2 in the family such that it’s parallel to L1.

3. a) Show that the point P(t –1, 2t –1) lies on the line 2x – y + 1 = 0.

b) If Q is the foot of the perpendicular of P the line x – 3y – 2 = 0, find the equation of the line passing through mid-point of PQ.

Ans.: 1. 3x + 4y + 16= 0; 3x + 4y – 14 =0; 2.a) 3x-y-4 = 0; x+3y – 18 = 0; b) x – 2y + 7 =0; 3. b) x – y = 0

Suggested Exercises

A.Maths- Revision & Practice (Canotta): 

p.79 Test A: Q.3, 4

p.81 Test C: Q.1
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