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F.4 Additional Mathematics

Tutorial 10

Notes and Exercise

Date: 

Locus

A. Simple Locus Problem

A locus is a path of variable satisfying certain conditions. The locus formed is usually expressed in from of an equation. Note that this equation actually represents the relation of the x and y coordinates of the variable point.

For example, y – y1 = m(x – x1) is the locus of a point (x, y) whose slope with the given point (x1, y1) is always m. In fact, we know that it’s a straight line.

Another example is (x2 + y2)1/2 = r  represents the locus of a point (x,y) whose distance from the origin (0,0) is always r. In fact, this locus is a circle origin with radius r.

Technique in solving problems related to locus: ***

1) Sketch diagram if possible.

2) Let the variable point of the locus be (x, y) 

3) Formulate all the conditions about (x, y) into equations

4) If necessary, use variables other than x, y to represents the conditions (see parametric problems)

5) Combine all the equations so that the final equation has variable x and y only.

The main idea of locus problem:

Relating x and y coordinates of the variable point in one equation from the given conditions. 條件( 關係 ( 答案
Example 1

Given two points A(-6,2) , B(2,2). Find the locus of a point P such that ∠APB = 450
Exercise 1

Example 2

A is a variable point on the curve 4x2 + y + 6 = 0. Find the locus of point of trisection nearer to the origin of the line joining the origin and the point A.

Example 3

A rod PQ of length 4 units with P on the axis and Q on the y-axis. R is a point on PQ such that PR: RQ = 1: 3. Find the equation of the locus of R.

Exercises 2 – 4 

Exercises

1. P(0,4) and Q(2,6) are two points and R(x,y) is a variable point. 

a) Find the area of ΔPQR in terms of x and y.

b) In the area of ΔPQR is 4 square units, find the equation of the locus of R. [94/II/4](5 marks)

2. The point H is a variable on the curve x2 - y2 = 8. the feet of the perpendicular from H to the axes are M and N. Find the locus of the mid-point of MN.

3. A line parallel to the y-axis cuts the curves y = 2x2 at P and 2x – y + 6 = 0 at Q. Find the locus of the mid-point of PQ when the lines moves.

4. S and T are variable points on the lines y = 0 and x – y = 0 respectively. Such that the length of ST is always equals to 2 units. Find the equation of the locus of the mid-point of ST. [ 90/II/8](6 marks)

Ans.: 1.a) Area= │y – x - 4│b) y – x- 8 = 0; y – x = 0; 2. x2 – y2 = 2; 3. y = x2 + x + 6; 4. x2 – 4xy + 5y2 = 1
B. Parametric Problems

Parameter

Parameter is a variable that is to take different values, thereby giving different values to certain other variables. Usually, a change in parameter will cause a change in the whole situation. In coordinate geometry, the concerning objects are coordinates (the x, y coordinates). If x and y also depends on another “ variable k”, we call k a parameter.

Locus Problem Involving Parameter

For example, a car is moving in a x-y plane. Its position (x,y) can be expressed in terms of time t: x= t+ 1, y = 2t + 1. In this case, both x and y depend on the value of time t. Thus we say that t is a parameter.

In doing this kind of locus problem, we have the following steps:

1. Let the varying point be (x,y);

2. Find x and y in terms of the parameter;

3. Form an equation in x and y by eliminating the parameter.

Example 4

x = cosθ + sinθ

y= cos 2θ
Example 5

Let L be the straight line y = mx – 1. Suppose L cuts the line 2x + y = 1 at the point A. O is the origin. 

a) Find the coordinates of A in terms of m.

b) Find the coordinates of the mid-point P of OA.

c) Find the locus of P as m varies.

Example 6

A straight line L passing through the point R(-2, -2) has slope m. L intersects the curve x2 + y2 = 4 at A(x1, y1) and B(x2, y2). Let P be the mid-point of AB.

a) Write down the equations of L in terms of m.

b) Show that x1 and x2 are roots of the equation


(1+ m2)x2 + 2m( 2m – 2)x + (4m2 – 8m) = 0

c) Find the coordinates of P in terms of m.

d) Find the locus of P as m varies.

Exercises

1. A= ( t, ½ t2) is a point on the curve x2 = 2y. B is the point (2,2).

a) Find the coordinates of the mid-point, M, of AB in terms of t

b) Find the locus of M as A moves along the curve.

c) Sketch the locus in b)

2. A point moves in the x-y coordinate plane so that it is always equidistant from A(3,2) and B(-2, 7). Find the equation of its path.

3. A is the point (1,3).

a) find the equation of he straight line with slope m passing through A.

b) Find the slopes of straight liens which pass through A and at distances √2 units form the point (2, 6).

c) Find the equation of the line throught the point (2,6) cutting the two lines in b) at points B and C such that AB = AC.

d) Calculate the area of the triangle ABC.

C. Further Examples

1. Consider a family f quadratic curves (i.e. parabolas)

F: y = x2 + (2m + 1)x + (m2 – 1)

where m is a real number.

a) By writing F in form of y = (x – A)2 + B, find the vertex of the parabolas in F for each value of m.

b) Find the locus of vertexes of parabolas in F.

c) Let L be the straight line x – y = a.

(i) Find the values of a for which L cuts any parabola in F at two distinct points.
(ii) Taking a = ½, show that L is cut by every parabola in F a constant length.
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