F.4 Additional Mathematics

Tutorial 1

Notes and Exercise

Date: 

Limit of Functions

A. Infinitive Definition

By considering a function, f(x) = x + 1

Then, f(1) = 1 + 1 = 2

When the values of x tends to 1, we have the following:

	x
	0.9
	0.99
	0.999
	1
	1.001
	1.01
	1.1

	f(x)
	1.0
	1.99
	1.999
	2
	2.001
	2.01
	2.1


· As x approaches the value 1, f(x) approaches the value 2

· The limit of f(x) is 2, as x approaches the value 1

· f(x) approaches 2 as a limit when x tends to 1.

In mathematical symbols, we write lim f(x) = 2

x(1

Consider another function g(x) = x2 – 1 / x – 1

	x
	0.9
	0.99
	0.999
	1
	1.001
	1.01
	1.1

	f(x)
	1.9
	1.99
	1.999
	?
	2..001
	2.01
	2.1


Note carefully that, although g(1) is not known, we can still say that

· As x approaches the value 1, g(x) approaches the value 2

· The limit of g(x) is 2, as x approaches the value 1.

· g(x) approaches 2 as a limit when x tends to 1.

In mathematical symbols, we may write as by lim g(x) = 2










 x(1

DEFINITION

A function f(x) has a limit l at a is that f(x) can be made as close to l as we like by taking x sufficiently close to a. In symbol, we write

Lim f(x) = 1

x(a

B. Rules on computing limits

a) General Manipulations

Let u = g(x), v = h(x), lim u = l, lim v = m





  x( a   x(a

(i) lim (u +/ - v ) = lim u + lim v = l = l + / - m

x(a         x(a – x(a

(ii) lim (u x v ) = lim u x lim v = l x m

x(a       x(a  x(a

(iii) lim (c x u) = c ( lim u) = c x l       where c is a constant

x(a         x(a

(iv) lim (u/v) = lim u / lim v = l/m for m is not zero

x(a     x(a  x(a

Example 1

(a) lim (x3 + x2 + x + 1)

x(1

(b) lim  (5x + 2) / (x2 – 3x + 5)

x(2

Example 2

(a) lim [(3x2 – 2) / (4x2 – 3x + 7) ]1/2 
  x(1

(b) lim (2x2 – 4x + 11) (8 – x2)1/2
x(2

Exercise 

Refer to the Revision exercise

b) Technique of Factorization and rationalization

As we can see from Section A, the limit of g(x) = x2 – 1 /; x – 1 at x = 1 cannot be found by substitution. For instance, 

g(1) = 12 – 1 / 1 – 1 = 0/0 = ? UNDEFINED!

In this case, we compute the limit by some techniques, most likely, factorization and rationalization,

Example 3

(a) lim  x2 – 3x + 2
x(2
x2 – 5x + 6

(b) lim  5x3 – 2x2 – 3

x(1
   x3 – 1

(c) *** Find the value of lim      x – 8   

x(8  (x+1)1/2 – 3

Exercise

1. Evaluate lim    (x+1)3 + ( x-3)2


 x(-5      x(x +5)

2. Evaluate the following limit:

(a) lim   x1/2 – 3 

x(9   x - 9

(b) lim   (x + 9)1/2 – 3
x(0       x 

3. Evaluate lim   x – 3  



x(3  (x2 – 9)1/2
4.* Find the value of lim   (x+ 1)1/3 – 1





x(0       x

Ans.: 1. -32/5   2.a) 1./6  b)1/6   3. 0   4. 1/3
c) Limit of Trigonometric Function (Out C)

(i) lim  sinθ = 1 whereθ is in radian

θ(0   θ

(ii) lim  sinθ = 0

θ(0 

(iii) lim  cos = 0 

θ(0

Example 4

(a) lim  tan x
x(0   x

(b) lim   sin2x
x(0   x

(c) Find the value of lim  sin3x
x(0  sin9x

Exercise

1. Find the value of lim  3sinx – sin2x
x(0      2x

2. a) Find the values of lim  cos9x – cos7x
 




x(0      2x

   b) lim  3sinx – sin 3x

x(0       x3
Ans.: 1. ½   2.a) 0  b) 4

C. Limit an infinity

Consider the function f(x) =1/x
	x
	1
	10
	100
	1000
	…
	100000

	f(x)
	1
	0.1
	0.01
	0.001
	…
	0.00001


You may observe that when x increases infinitely through positive values, f(x) tends to zero. If we use the symbol” “
