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F.4 Additional Mathematics

Tutorial 1

Notes and Exercise

Date: 

Quadratic Equations and Quadratic Functions

A. Solutions of Quadratic Equations

A quadratic equation is an equation of the second degree. The general form is 

Ax2 + Bx + C = 0

Where A, B and C are constants with a is not zero and x is unknown.

a) Method of completing square

· It’s one of the method in solving the quadratic equations.

· It’s more common to use this technique in finding the maximum or minimum value as it will introduce later.

Technique: Change the quadratic equations into the perfect square as follows:

(1) x2 + kx + (k/2)2 = (x + k/2)2
(2) x2 – kx + (k/2)2 = )x – k/2)2
Hence for a quadratic expression in x (coefficient of x2 is 1), we can form a perfect square by adding the square of half the coefficient of x to it. The result is the sum of a perfect square and a constant.

E.g. (1) x2 + x + 1 = x2 + x + (½)2 – (½)2 + 1





  = (x+ ½)2 + 3/4

   (2) x2 – 3x – 1 = x2 – 3x + (3/2)2 – (3/2)2 - 1





   = (x – 3/2)2 – 13/4

   (3) 2x2 – 5x – 9 = x2 – 5/2x – 9/2 

                 = x2 – 5/2x + (½ x 5/2)2 – (½ x 5/2)2 – 9/2 

                 = (x – 5/4)2 – 97/16
b) Quadratic Formula

If ax2 + bx + c = 0 with a is not zero.

Then 

x = -b +/- (b2 – 4ac)1/2
         2a

Example 1

Solve the equation x2 + 6x + 5 = 0 

a) by using the method of completing square.

b) by using the Quadratic Formula

Example 2

Solve the equation 4x -2/3 – 2y -1/3 – 2 = 0

a) by using the method of completing square

b) by using the Quadratic Formula

Example 3

Solve the equation x2 = x – 4

As the answer obtained, it has no real solutions.

Exercise

Using the method of completing the square, solve the following equations.

(1) x2 + 10x + 24 = 0

(2)2x2 – 6x + 3 = 0

(3) 3/y2 + 1/y + 2 = 0

(4) 3x4/3 – 10x2/3 – 8 = 0

(5) 1/x + 1/(x+1) = 1/3

Ans.: (1) –4,-6  (2) (3+/-√3)/2  (3) no real solutions  (4) 8  (5) (5+/-√37)/2

c) Further examples ***

In some situations, non-quadratic equations can be solved by using the methods of solving quadratic equations by first reducing them to quadratic equations.

· Complex expression which follows the “quadratic pattern”.

· The degree of 4, 8, 16..etc equations

Example 4 (Complex expression)

Solve the equation (x2 – 4x)2 – 5(x2 – 4x) + 4 = 0

Let y = x2 – 4x

Example 5 

(x2 + 3x – 4)(x2 + 3x – 18) = 0

Let u = x2 + 3x

Exercise

Solve the following equations

(1) 9x – 2(3x) – 8 = 0

(2) log (x – 1) + log (x – 3) = 1

(3) 2 (x2 + 1/x2) – 5(x+ 1/x) + 6 = 0 *

(4) Using the method of completing the square, solve

x2 – 2ax + (a2 – b2 –2bc – c2) = 0     #

*Hint: Let u = x + 1/x

Ans.: (1) 1.26  (2) 5.32, -1.32  (3) 1 (repeated)  (4) a – b- c , a + b + c

B. Nature of Roots of Quadratic Equations

From the quadratic formula, we can know that b2 – 4ac can be positive, negative or zero. Its value can determine the nature of roots of the quadratic equations.

We call “b2 – 4ac” as the discriminant and it is denoted by Δ

Δ = b2 – 4ac

Case 1: Δ> 0  TWO DISTINCT REAL ROOTS

Case 2: Δ= 0  ONE REPEATED ROOT and x = - b/2a (Max. or Min)

Case 3: Δ< 0  NO REAL ROOTS

Example 6

Determine the possible value(s) of k so that the equation 4x2 + 6(k + 3)x – 9k = 0 has equal roots.

Example 7

Find the range of values of k so that the equation x2 – 3x + 2k = 0

(a) has real roots

(b) has no real roots

Example 8

Prove that the quadratic equation (a – 1)x2 + ax + 1 = 0 has real roots for all values of a.

Exercise

(1) Find the range of values of k so that x2 – 2x + k = 0 has no real roots

(2) Find the possible values of k such that each of the following equations has equal roots.

a) 16 x2 – 2kx + k = 0

b) x2 + (4 + 2k) + 10k –1 = 0

(3) Given that the equation (p2- 1) x2 – 2pqx + q2 = 0 where p and q are real numbers with p2 ≠ 1. Show that the equation always has real roots and state the condition for the roots to be equal.

(4) Given the equation m(x + 1)2 – 2x2 = 3(x+1), find the range of m such that the equation has two distinct real roots.

(5) Find the values of k for which the quadratic expression

k(x2 + 3x + 1) – (8x + 3) will be a perfect square.

(6) Given the quadratic equation  #

2x2log(k – 2) – 4x log(k –2) + log k = 0

where k > 2 and k ≠3.

Find the value of k such that the equation has equal roots. 

(7) If one root of the equation 2x2 + ax – 12b = 0 is –3 and the equation x2 – ax + b = 0 has equal roots, find the value of a and b.

Ans.: (1) k > 1  (2) 0, 16   (3) q = 0   (4) m > 15/8   (5) 16/5 or 4  (6)4   (7) a = 2, b = 1 or a - -3, b = 9/4

C. Relations between Roots and coefficients of a Quadratic Equation

Let αandβbe the roots of the equation ax2 + bx + c = 0 where a is not zero.

The equation can be rewritten as

x2 + b/a + c/a = 0

It can also be written as

(x–α)(x-β) = 0

x2 – (α+β) x + αβ= 0

In Summary, 

Sum of roots = α+β = - b/a
Product of roots = αβ = c/a
A quadratic equation in x can be written in the form:

x2 – (sum of roots)x + (product of roots) = 0

Example 9

If αandβ are the roots of the equation 4x2 + 8x – 1 = 0 , find , without solving the equation, the values of

a) 1/α+ 1/β

b) α2+β2
c) α3+β3
d) α-β where α>β
Example 10

If αandβ are the roots of the equation 2x2 – 5x – 1= 0, in each of the following, form an quadratic equation in x whose roots are

a) 1/α2,1/β2
b) α+1/β, 1/α+β
Example 11

Given the equation x2 – (k – 4)x + 2k – 12 = 0, find the possible value(s) of k if

a) the two roots of the equation are numerically equal but opposite in sign;

b) the two roots of the equation differ by 4.

Example 12

If αandβare roots of ax2 + bx + c = 0, form the equation whose roots are α+2β and  2α+β.

Exercise 

(1) Given that αandβare the roots of the equation 2x2 - 3x – 4 = 0, find the values of

a) (2α+1) ,(2β+1)

b) 1/α,1/β

c) (α+1/β),( 1/α+β)

(2) The equation 3x2 – 4x + 1 = 0 has roots αandβ(α>β). Find the values of
a) α2 + β2
b) α3β+αβ3
c) α-β
d) (α+1/α)(β+1/β)
(3) State the condition that the sum of reciprocals of the roots of the equation ax2+bx+c= 0 is 1.

(4) αandβare the roots of the equations ax2+bx+c=0 such that α-β=2, where a is not zero. Show that b2 – 4ac = 4a2.
(5) *αandβ are the real roots of the equation 2x2 + 4x + m = 0 while 1/α2and1/β2 are the roots of the equation 9x2 –nx + 4 = 0. Find the values of m and n.
(6) * αandβ(α>β)are the roots of the 5x2+7x+2=0. Find the values of
a) α4-β4 

b) α6-β6 
(7) * Find all quadratic equations in x whose roots α,β satisfy the following conditions: 
α2+β2=13  and 1/α2+1/β2=13/36
(8) # Let αandβbe the roots of the equation x2 +px + q = 0.
a) express (α3-β)(β3-α) in terms of p and q.

b) If one root of the equation is the cube of the other, using the result of a), show that
p2(p2-4q)=q(q-1)2
(9) # a) If αandβare the roots of the equation ax2+bx+c=0 where a is not zero, find 
(i) the equation in x whose roots α2andβ2
(ii) the equation in x whose roots are α3andβ3
b) Using the result of a), find a quadratic equation in x whose roots are α6andβ6, where α,β are the roots of the equation 2x2 – 3x + 1 = 0.
*

Q.5: Find the sum of roots and the product of roots for both equations

Q.6: a) Use the identity a2-b2=(a+b)(a-b)

b) Consider (α2+β)

Q.7 There are 4 such quadratic equations.

Ans.: (1) a)5,b)-3/4,c)3/4  (2) a) 10/9, b) 10/27, c)2/3, d)20/3  (3)b=-c  (5)m =-3, n=28  (6)-609/625  (7) –15561/15625  (8) q(q-1)2-p2(p2-4q)  (9)a) (i) a2x2-(b2-2ac)x+c2=0  (ii) a3x2-(3abc-b3)x+c3=0   b)64x2-65x+1=0

D. Quadratic Functions

Properties of Quadratic Functions: y = Ax2+Bx+C

a) A determines the “direction” of the parabola of quadratic function.

(i) If A is +ve ( the vertex is pointing downwards ( Min. Value

(ii) If A is –ve ( the vertex is pointing upwards( Max. Value

b) B determines the value of sum of roots, (for A=1)it does NOT have any indication in determining which quadrant the graph is situated.

c) C determines the product of roots(for A = 1), in fact, it’s shown as y-intercept in the graph.

d) The max. or min value is obtained from two ways

(1) Technique of completing squares

(2) When x = -b/2a, y is max. / min

(3) The x-intercept is the roots of the equations. According to discriminant, “b2-4ac”, It shows the three possible ways:

(4) Δ > 0: Two distinct real roots cutting two points on x-axis

(5) Δ = 0: One repeated root touching one point on x-axis

(6) Δ < 0: No points are cut or touched in this situation.

e) The shape of parabola is in symmetry, in sketching the graph, mark the coordinates of following points:

(1) vertex (Max. or Min)

(2) y-intercept & x – intercept(s)

Example 13

For the parabola y = 3x2 – 6x + 4, find (1) the coordinates of the vertex and the equation of the line of symmetry. (2) sketch the graph.

Example 14 (The technique of completing square)

Show that the following functions are positive for all real values of x:

a) x2 – 4x + 9

b) 3x2 + 6x + 4

Example 15

The curve y = 1 – (y-3)2 intersects the x-axis at A and B. If C is the vertex of the curve, find the area of triangle ABC.

Example 16

Find the maximum value of the expression 2/ (4x2 + 6x + 7)

Bare in mind that it’s a fraction!

In order to find its max. value, the min. value of the quadratic function must find first!

Exercise

(1) Sketch the graph y = -2x2 + 5x –1, indicates all the intercepts and vertex.

(2) Find the maximum value of the expression 11/(3x2 – 4x + 5) and the corresponding value of x.

(3) * Given that the maximum value if f(x) = 2 + 9/kx – x2, where k ≠0, is 18. Find the values of k.

(4) * Given a quadratic curve C1: y = x2 + 6x + 3.


a) Find the vertex of the curve C1

b) the curve moves 2 units vertically upwards form the curve C2. Find the equation.

c) The curve C2 moves m units horizontally towards to the right to form the new curve C3. If C3 passes through the origin, find the values of m.

(5) # a) Prove that the expression 9x –20)(x –6) + k is positive for all real values of x if k > 49.


b) Hence, or otherwise, show that the expression 


[(y-5) (y+4)][(y-3) (y+2)] + 50 is positive for all real values of y.

(6) # The function y = ax2 + 12x + c (with a > 0) attains its minimum value –10 when x = -13/2. Find the values of a and c.

(7) # Find a and b such that x2+ 6x + 11 = (x + a)2 + b. Hence, or otherwise, show that 

0< 6 / (x2 + 6x + 11) ≦ 3 for all real values of x.

*Q.3 Express f(x) in the form p(x+h)2+ q

 Q.4b) The shape of C1 and C2 are the same. Hence the coefficients of x2 in their equations are the same.

Ans.: (2) 3, x = 2/3  (3) k=9/8, -9/8  (4)a) (-3,-6) b) = x2+6x + 5  c) m=5 or 1  (6) a = 12/13  c=29  (7) a=3, b = 2

E. Graphical Solutions of Simultaneous Equations: One linear and One Quadratic

In lower form, we learnt that simultaneous linear equations can be solved graphically by their intersecting points.

The same idea is applied on the simultaneous equations of one linear and one quadratic equation.

In general, to solve this kind of questions of the following form

y = ax2 + bx + c ……………(1)

y= mx + k ………………….(2)

by equating (1) and (2), we obtain

mx + k = ax2 + bx + c

( ax2 + (b-m)x + (c-k) = 0………….(3)

Hence, we obtain a new quadratic equation.

By the determinant of the quadratic equation (3), we can know the solutions have two roots, one repeated roots or no real roots when Δ> 0, Δ=0, Δ< 0 respectively.

Furthermore, this technique (one quadratic and one linear equation) can also applied in solving another quadratic equation.

Example 17

a) Plot the graph of y = 2x2 – x + 1 for –3 ≦x≦3.

b) Using the graph in a) , and by drawing a suitable straight line, solve each of the following quadratic equations:

(i) 2x2 – x – 2 = 0

(ii) 2x2 – 4x – 3 = 0

(iii) 3x2 + 5x – 2 = 0

(Give the ans. correct to 1 d.p.)

Exercise

1. a) Plot the graph of y = 2x2 – 4x + 1 for –4 ≦x≦4.

b) Using the graph in a) , and by drawing a suitable straight line, solve each of the following quadratic equations:

i. 2x2 – 4x – 3 = 0

ii. 2x2 – 3x – 1 = 0

iii. -x2 - 2x + 4 = 0

2. a) Plot the graph of y = -x2 + 2x for –3 ≦x≦-3.

b) Using the graph in a) , and by drawing a suitable straight line, solve each of the following quadratic equations:

(i) 3x2 – 4x + 5 = 0

(ii) 4x2 + 12x + 9 = 0

(iii) 2x2 - 5x – 3 = 0
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