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Mathematical Induction

A. Concepts and Principle of Mathematical Induction

In mathematics, we always try to relate some expressions with one valuable. For example, 1 + 2 + 3 + …… + n = ½ n(n + 1)

However, how can we prove it as a true statement?

By using mathematical induction, we can prove the statement is true in all instances. The concept is best illustrated by using the dominoes.

The principle of mathematical induction states that:

Suppose P(n) is a statement ______________________________________________

For n = 1

L.H.S. = _____________________________________________________________

R.H.S. = _____________________________________________________________

L.H.S. = R.H.S.

∴P(1) is true.

Assume that P(k) is true for some positive integers k.

i.e. __________________________________________________________________

For n = k + 1

L.H.S = ______________________________________________________________

R.H.S. = _____________________________________________________________

L.H.S. = R.H.S.

∴P(k +1) is also true.

P(k) ( P(k+1)

By the principles of mathematical induction, P(n) is true for all positive integers n.

B. Application of Mathematical Induction

a) Proofs of Summation Formulae for Series

Example 1

Prove by mathematical induction, that

12 + 32 + 52 + …… + (2n –1)2 = 1/3n(4n2 –1)

for all positive integers n.

Example 2

a) Prove, by mathematical induction, that

1/1x2 + 1/2x3 + 1/3x4 + …… + 1/n(n+1) = n/n+1 for all positive integers n.

b) Hence, find the value of 1/50 x 51 + 1/51x52 + 1/52x53 + …… + 1/99x100
Example 3

n

Σ2r(2r –1) = n(n+1)(4n-1)/3 for all positive integers n.

r=1

Exercise

Prove, by mathematical induction, that the following statements are true for all positive integers.

1. 1 x 5 + 3 x 7 + 5 x 9 + …… + (2n-1)(2n +3) = n/3(4n2 + 12n –1)

2. 1/1x3x5 + 2/3x5x7 + 3/5x7x9 + …… + n/(2n-1)(2n+1)(2n+3) = n(n+1)/2(2n+1)(2n+3)
n

3. Σ(1+4r) = n(2n+3) for all positive integers n.

r=1


4. a) Prove, by mathematical induction, that

1/1x3 + 1/2x4 + 1/3x5 + …… + 1/n(n+2) = ¾ - 2n+3/2(n+1)(n+2) for all positive integers n.

b) Hence, find the value of


1/8x10 +1/9x11 + 1/10x12 + …… + 1/34x36

5a) Prove, by mathematical induction, that



13 + 23 + 33 + …… + n3 = ¼ n2(n+1)2


for all positive integers n.


b) Using the result of a), find 



23 + 43 + 63 + ……. + (2n)3

c) Using the result of a) and b), find 



13 + 33 + 53 + …… + (2n + 1)3.


6. a) Prove, by mathematical induction, that

1x7 + 2x8 + 3x9 + ……. + n(n+6) = 1/6n(n+1)(2n+19) for all positive integers n.


  b) Using the result of a) and the fact 1+ 2 + 3 +…… + n = ½ n(n+1)



show that 1x2 + 2x3 + 3x4 + …… n(n+1) = 1/3 n(n+1)(n+2)

Hint 

Q.5 c) 13 + 23 + 33 + …… + (2n + 1)3 = [13 + 33 + 53 + ……(2n+1)3] + [23 + 43 + …… + (2n)3]

Q.6 b) 1x7 + 2x8 + 3x9 +…… + n(n+6) = 1 x (2x5) + 2x(3+5) + …… n[(n+1) + 5]

b) Proofs of Divisibility

Mathematical induction can also be used to prove statements concerning divisibility.

We can make use of the following fact when we prove statements concerning divisibility.

Assume P(k) is true for some positive integer k.

i.e a is divisible by b

then, a = bm where m is an integer.

Example 4

Show, by mathematical induction, that 23k –1 is divisible by 11 for all positive integers n.

Example 5

Show, by mathematical induction, that 7n – 6n is divisible by 13, where n is a positive even integer.

Exercise

1. Prove, by mathematical induction, that the following statements are true for all positive integers n.

a) 9n – 1 is divisible by 8

b) 45n – 1 is divisible by 11

c) 62n + 1 is divisible by 7

d) 3n + 2n –1 is divisible by 11

2. a) Prove, by mathematical induction, that n(n+1) is divisible by 2 for all positive integers n.

b) Using the result of a), prove, by mathematical induction, that n3 + 5n is divisible by 6.

3. Prove, by mathematical induction, that the following statements are true for all positive integers n.

a) x2n – y2n is divisible by x2 – y2 , where x and y are integers.

b) a2n-1 – b2n-1 os divisible by a – b, where a and b are integers.

c) Proofs to Inequalities

To be taught in inequalities

Note: This topic appears in short questions in every year of HKCEE. Candidates are required to write the steps clearly in order to get the full mark in this kind of questions.

Recommend Exercise.
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