F.3 Mathematics

Tutorial Lesson 7

Date: 

Notes and Exercises

Coordinate Geometry of Straight Lines

A. Revisions on basic knowledge 

a) Points on a rectangular coordinate plane

In a rectangular coordinate plane, any point can be represented by ordered pair (x1,y1).

b) Distance between two points

The distance between two points A(x1, y1) and B(x2,y2) is given by

AB = [( x2 – x1 )2 + (y2 – y1)2]1/2

c) Slope of a straight line

(i) Definition

The slopes (or gradient) of a line l passing through the points A(x1,y1) and B(x2,y2) is defined as 

 
m = y2 – y1  = tanθ whereθis the angle of inclination of l for 0 ≦θ≦ 1800
        x2 – x1
	A. If 0 <θ<900, then m > 0

B. If 90<θ<1800, then m < 0


Note: (I) If y2 – y1 = 0 (i.e. the line is horizontal), then the slope = 0.

    
 (II) If x2 – x1 = 0 (i.e. the line is vertical), then the slope is undefined.

(ii) If A, B and C are three points which are collinear (i.e. lie on the same 

   straight line), then slope of AB = slope of BC = slope of AC

(iii) The Slopes of parallel and perpendicular lines

L1 and L2 are two lines with slopes m1 and m2 respectively.

1. If L1 // L2, then m1 = m2
2. If L1 ⊥ L2, then m1․m2 = - 1
Exercise

1. Find the perimeter of the triangle with vertices at A ( 1,1 ), B ( -2,5 ) and C (5,4).

2. Show that the triangle with vertices at A( 0,-1 ), B( 4,3 ) and C( -2,1 ) is a right-angled triangle.

3. The vertices of ΔPQR are P ( 6,n ), Q ( 0,4 ) and R ( 4,-2 ). If ∠PQR=∠PRQ, find the value of n.

4. Find the slope and angle of inclination of the line joining (2,4) and (5,7)

5. Given that P( 2,0 ), Q ( 4,6 ), R( -1,1 ) and S( 0,s ), find the value of s if 

a) PQ // RS

b) PQ 丄 RS

Ans.: 1. 10+5√2  2. Pyth. Theorem. 3. 11/3  4. m = 1; 450  5.a) 4  b)2/3

B. Points of Division

Given that two pointes, say A(x​1, y1) and B(x2, y2), it is possible to find the coordinates of another point P which divides AB INTERNALLY if we know the ratio AP : PB. (A point P is a said to divide a line segment joining tow points A and B internally A and B and the ratio AP: PB is less than 1)

If P(x, y) divides A(x1, y1) and B(x2, y2) in the ratio r: 1 such that AP: PB = r : 1
Then

x1 – x / x – x2 = r / 1   OR    x = (x1 + rx2) / (r + 1)

y1 – y / y – y2 = r / 1   OR    y = (y1 + ry2) / (r + 1)

This is known as Section formula

Note: In particular, if M (x,y) is the mid-point of AB, then


x = (x1 + x2) / 2     ;     y = (y1 + y2) / 2       

This is known as mid-point formula

In the system of Coordinate Geometry, every triangle has a median. A median is a line which joins a vertex to the mid-point of the opposite side.

The medians of a triangle intersect at a point which is called the centroid of the triangle. It is known that the centroid divides each of the medians of a triangle internally in to ratio 2:1.
The centroid can be found directly using the following formula:

x = (x1 + x2 + x3) / 3     ;     y = (y1 + y2 + y3) / 3

where ( x1, y1),(x2, y2) and (x3, y3) are the vertices of the triangle

Example 1

Given two points A(-6,4) and B(3,-8), find a point P(x,y) divides the line segment AB in the ratio 1:2.

Solution

Let we take x1 = -6, x2 = 3, y1 = 4, y2 = -8  r = ½
∴ x = (x1 + rx2) / (r + 1) = (-6 + ½ (3)) / ( ½ + 1 ) = -3

y = (y1 + ry2) / (r + 1) = (4 + ½ (-8)) / ( ½ + 1 ) = 0

∴ P = (-3,0)

Example 2

Given two points A( 7,2) and B (-2,-4 ), the line segment AB cut the x-axis at P(x,0), find the value of x.

Solution

AP / PB = (2-0) / (0-(-4)) = 2 / 4 = 1 / 2

AP / PB = 7 – x / x – (-2) = 1 / 2

∴ 14 – 2x = x + 2

∴ x = 4

Exercise

1. Given two points A(-2,1) and B(4,2), the line segment AB cut the y-axis at Q(0,k), find the value of k.

2. P(0,2) and Q(2,1) divide the line segment AB in the ratios 1:2 and 2:1 respectively. Find the coordinates of A and B.

Ans.: 1. 4/3  2. A(-2,3) B(4,0)

C. Different forms of equations of straight line

Let we recall what we learned in F.1. In F.1, we studied how to use a table to find 
out an equation as follows:

E.g. Draw a line to represent x + y =1
	X
	-1
	0
	1
	2

	Y
	2
	1
	0
	-1


By finding the corresponding value, every point on the line x + y = 1 must obey the relationship between x and y.

In the Coordinate Geometry, the equation is to write out the relationship between x and y. By means of different methods as shown below, we can “link” x and y into an equation. The result is just like the method we did in the past. Every value on certain line must obey the corresponding relationship. 

	
	Name
	Given
	Forms of Equations

	1.
	Two-point From
	2 points (x1,y1) and (x2,y2)
	y – y1 = y2 – y1
x – x1   x2 – x1

	2.
	Point Slope Form
	Point (x1, y1) and slope m
	y – y1 = m(x – x1)

	3.
	Slope Intercept Form
	Slope m and intercept c
	y = mx + c

	4.
	Intercept Form
	x-intercept=a, y intercept=b
	x / a + y / b = 1

	5.
	General Form
	A,B,C are some constants where A and B cannot be both zero
	Ax + By + C = 0


Note:

1. Since Ax + By + C = 0 can be written as y = -A/B x – C/B

which is the slope intercept form ( compared with y = mx + c)

From this equation, 

	 Slope = m = -A / B

 x-intercept = -C / A

 y-intercept = -C / B


Note what is meant by intercept!!!

2. The equation of any line parallel to Ax + By + C1 = 0 

has the form Ax + By + C2 = 0

3. The equation of any line perpendicular to Ax + By + C2 = 0

has the form Bx - Ay + C2 = 0

Example 3

Find the equation of the line passing through A(-2,3) and B(1,4).

Solution

By two-point form, the required equation is

y – 3 / x – (-2) = 4 – 3 / 1 – (-2)

y –3 / x + 2 = 1 / 3

3y – 9 = x + 2

∴ x – 3y + 11 = 0

Example 4

Find the equation of the line having a slope –3 and passing through the point (2,-1).

Solution 

By point-slope form, the required equation is 

y – (-1) = -3(x-2)

y + 1 = -3x + 6

∴ 3x + y – 5 = 0

Example 5

Find the equation of the line with y-intercept - -4 and slope = 2/3

Solution 

By slope-intercept form, the required equation is 

y = 2/3x + (-4)

3y = 2x –12

∴ 2x – 3y –12 = 0

Example 6

Find the equation of the line with x-intercept = ½ and y-intercept= -3

Solution

By intercept form, the required equation is 

x / 1 + y / -3 = 1

6x – y = 3

∴ 6x – y –3 = 0

Example 7

Find the equation of a straight line passing through the point(-3,2) and parallel to the line 2x – 4y + 3 = 0

Solution

Slope of the given line = ½
Slope of the required line = ½
By the point slope form,

The required equation is 

y – 2 = ½ (x - (-3))

2x – 4 = x + 3

x –2y + 7 = 0

Exercise

1. Find the equation of a straight line passing through the point (-1,7) and perpendicular to the line 4x + 3y –2 = 0.

2. PQRS is a parallelogram. If the coordinates of P, Q and R are (-2,3), (0,-4) and (3,2) respectively, what are the coordinates of S? Is PQRS a rectangle? Why?

3. The points A(0,4), B(-3,1),C(1,-2) and D(x,y) are the vertices of a parallelogram ABCD. Find the values of x and y.

4. Find the equation of the perpendicular bisector of A(-2,1) and B(4,-5).

5. ON is perpendicular to the line l and N = (1,-2), find the equation of the line l.
6. Find the equation of the line containing the point (2,-1) and passing through the point of intersection of the line x – 2y + 3 = 0 and x + y + 6 = 0.

7. Find the equation of the line passing through the point of intersection of the lines 3x + 4y – 14 = 0 and x + y = 0 and perpendicular to the line 4x – y –5 = 0.

Ans.: 1. 3x –4y –31 = 0  2. (1,3);Yes,PQ丄QR  3. x = 4; y = 1

4. x – y – 3 = 0  5. x – 2y – 5 = 0  6. x + 4y – 42 = 0

Recommended Exercise

Ex. 6A: 3, 4, 6

Ex.6B: 4, 7, 11, 16, 20

Ex.6C: 5, 7, 13, 23, 28, 33, 43, 45—49

Ex.6D: 6
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