
F.3 Mathematics

Tutorial Lesson 6

Date: 

Notes and Exercises

Mensuration

A. The Pyramid

The base (shaded part) of a pyramid may be any polygon and the remaining faces are all triangles that meet in a common point, the vertex (V). The vertex of a pyramid is opposite to the base and the perpendicular distance of the vertex from the base is called the height of the pyramid. The lines joining the vertex to the corners of the base are called the slant edges. If the slant edges are all equal in length, the pyramid is called a right pyramid.

A pyramid is named according to the shape of its base; such as a triangular pyramid and square pyramid.

	Volume of any pyramid = ​1/3 x Base area x Height


Example 1

A right pyramid with a rectangular base ABCD. If AB= 8cm, BC= 6cm and the slant edges are all 13cm, find

a) the height of the pyramid,

b) the volume of the pyramid

Solution

a) From the right-angled triangle ABC,

AC = (AB2 + BC2)½
   = ( 82 + 62 ) ½
   = 10 cm

∵AN = NC = ½AC

∴ AN = 5cm

From the right-angled triangle VAN,

VN = (VA2 + AN2)½
   = (132 - 52)½
   = 12 cm

∴ the height of the pyramid is 12cm.

b) Volume of pyramid = 1/3​ x 8cm x 6cm x 12cm

                   = 192cm3
Example 2

A frustum is formed by cutting a right square pyramid along a plane parallel to the base of the pyramid. The base ABCD and the upper face EFGH of the frustum are squares of sides 10cm and 4cm respectively. If VN = 15cm and MN = 9cm, find

a) the volume of the original pyramid VABCD,

b) the volume of the pyramid VEFGH removed,

c) the volume of the frustum

Solution

a) Volume of the pyramid VABCD

= 1/3 x 10cm x 10cm x 15cm

= 500cm3
b) Volume of the pyramid VEFGH

= 1/3 x 4cm x 4cm x (15 – 9)cm

= 32cm3
c) Volume of the frustum = 500cm3 – 32cm3
                     = 468cm3
Example 3

VABCD is a right pyramid with a rectangular base ABCD. If AB = 8cm, BC = 6cm and VA = 10cm, find 

a) the areas of ΔVAB and ΔVBC,

b) the total surface area of the pyramid.

(Correct the answers to 3 sig. fig.)
Solution

a) Let LH be the height of the isosceles triangles VAB>

VH = (VA2 – AH2)½
   = (102 – 42)½
     = 9.165cm

Therefore, Area of ​ΔVAB = ½ x 8cm x 9.165cm

                      = 36.7cm2 correct to 3 sig. fig.

Similarly, area of ΔVBC = (1/2 x 6 x (102 – 32)1/2) cm2
                     = 28.6cm2 correct to 3 sig. fig.

b) Area of four lateral surfaces

= 2(36.7 + 28.6)

   = 130.6cm2
   Area of base ABCD

   = 8cm x 6cm

   = 48 cm2
Therefore, total surface area

= 130cm2 + 48cm2
= 179cm2 correct to 3 sig. fig.

Exercise

A regular hexagon of side 6cm forms the horizontal base of a pyramid whose highest point is 8cm vertically above the base. Find

a) the length of each sloping edge,

b) the total lateral surface area, correct to 4 significant figures.

Ans.: a) 10cm  b) 171.7cm2
B. The right Circular cone

Consider a right pyramid, if the number of sides of the base (a polygon) increases infinitely, the base will eventually become a circle and the right pyramid will then become a right circular cone.

Thus a right circular cone may be regarded as a special type of right pyramid and its volume is also given by

Volume = 1/3 x base area x height = 1/3Πr2h

The proof of the curved surface area is by means of ratio,

Area of sector/Area of complete circle = arc length of sector / ​​circumference of complete circle
                     = 2πr/2πl

Area of sector = Area of complete circle  x 2πr/2πl
            = πl2 x 2πr/2πl
            = πrl

	Curved surface area of right circular cone =πrl


Example 4 

The slant height of a right circular cone is 13cm and its base radius is 5cm. 

Find

a) the curved surface area of the cone,

b) the volume of the cone.

Take π as 3.14

Solution

a) Curved surface area =πrl

                   = 3.14 x 5 x 13

                   = 204.1 cm2
b) By Pythagoras’ theorem,

 We know that the height is 12cm

 Therefore, volume of cone = 1/3πr2h

                       = 1/3 x 3.14 x 52 x 12

                       = 314cm3
Example 5

The base of the pyramid is a square of each side 10cm and the square is just fitted in the base of a cone. If the height of the cone and the pyramid is 30cm, find

a) the volume of the pyramid,

b) the volume of the cone.

Solution

a) Volume of the pyramid = 1/3 x base area x height

                      = 1/3 x 102 x 30

                      = 1000cm3
b) Let r be the radius of the base of the cone.

Then (2r)2 = 102 + 102
      4r2 = 200

       r = (50)1/2
Volume of cone = 1/3πr2h

          = 500πcm3
Example 6

A frustum of a right circular cone whose bases have radii 2cm and 6cm respectively. The bases are 6cm apart. Find

a) the height of the cone from which the frustum is cut,

b) the volume of the frustum,

Solution

a) Let the height of the cone be h cm. Using similar triangles,

h – 6/2 = h/6
   h = 9

b) Volume of the original cone = 1/3 π(62)(9)

                          = 108πcm3

Volume of the upper cone being cut off = 1/3(22)(3)

                                    = 4πcm3
   Therefore, volume of frustum = 108π - 4π

                           = 104πcm3
Exercise

1. A conical tent has base radius 3m and height 4m, find

a) the capacity of the tent

b) the curve surface area of the tent

(Leave your answers in terms of π)

2. The base radius of the cone is increased by 10% while its height is decreased by 20%. Find the percentage change in its volume.

Ans.: 1.a) 12πm3  b) 15πm3  2. Decrease% = 3.2%
C. The sphere

The formulae of the sphere are as follows:

	Surface area of sphere = 4πr2
Volume of the sphere = 4/3πr3


Example 7

The figure shows a solid consisting of a right circular cone with height 4, base radius r and a hemisphere, radius r. If the ratio of the volume of the cone to the volume of the sphere of the hemisphere is 2:3, find

a) the value of r,

b) the slant height of the cone,

c) the total surface area of the solid in terms of π.

Solution

a) Volume of cone/volume of hemisphere = 2/3
1/3πr2 x 4 / 2/​3 πr3  = 2/3
               2 /r  = 2/3

( r = 3

b) Let the slant height be l.

Then l2 = 42 + 32 = 25

( l = 5

c) Total surface area = πrl + 2πr2
                 = π x 3 x 5 + 2 x π x 32
                 = 33πsq. Units

Example 8

A sphere is fit exactly inside a cylinder, find

a) the ratio of the volume of the empty space to that of the cylinder,

b) the ratio of the curved surface area of the sphere to that of the cylinder.

Solution

a) Let the radius of the sphere be r.

Then the height of the cylinder is 2r.

Volume of sphere = 4/3​πr3
Volume of cylinder = πr2 x 2r = 2πr3
∴ The required ratio = volume of empty space/volume of cylinder
                  = 2/3πr3 / 2 πr3
                  = 1/3
b) Curved surface area of sphere= 4πr2
Curved surface of cylinder = (2πr)(2r)

                      = 4πr2
∴The required ratio = 1: 1

Exercise

A solid silver sphere has a radius of 2cm. If 30 of these spheres are melted down and recast into a square-based right pyramid of height 15cm, find the length of a side of its square base. (Give the answer correct to 3 decimal places)

Ans.: 18.306cm

D. Similar figures and Solids

For two similar figures, the ratio of the areas is equal to the square of the ratio of any two corresponding lengths.

For any two similar solids:

a) the ratio of the areas is equal to the square of the ratio of any two corresponding lengths.

b) The ratio of the volumes is equal to the cube of the ratio of any two corespnding lengths.

	A1​/A2 = (l1/l2)2
V1/V2 = (l1​/l2)3


Example 9

If the surface area of a spherical soap bubble increases 21%, find the percentage increase in

a) its diameter

b) its volume

Solution

Let the original volume, area and diameter of the bubble be V​1, A1 and d1 respectively and the new volume, area and diameter of the bubble be V2, A2 and d2 respectively.

a)    A1​/A2 = (d1/d2)2
1.21A1​/A1 = (d2/d1)2
1.1 = d2/d1

∴ d2 = 1.1d1
∴ Increase % = d2 – d1 / d1 x 100% = 1.1d1 – d1 / d1 x 100%

            = 105

Hence, the percentage increase in diameter is 10%

c) V1/V2 = (d1​/d2)3
V2/V1 = (11​/10)3
     = 1.331

∴V2 = 1.331V1
Increase % = V2 – V1 / V1 x 100% = 1.331V1 – V1 / V1 x 100% 

         = 33.1%

Hence, the percentage increase in volume is 33.1%

Example 10

If 10cm3 of water is poured into a conical vessel, the area of the wet surface is 8cm3. what is the increase in the area of wet surface if 70cm3 more water is added?

Solution

Let h1 cm and h2 be the original depth and new depth of water in the vessel.

new volume / original ​volume = (h2/h1)3
           80 / 10 = (h2/h1)3
∴h2 / h1 = 2 / 1

new wet surface area / original wet surface area = (h2 / h1)2 = (2 / 1)2 = 4 /1 

∴ Net wet surface area = 8 x 4 = 32cm3
∴ The increase in wet surface area = (32- 8) cm​2
                            = 24cm2
Exercise

1. The curved surface area of a cylinder is decreased 19%. If the height of the cylinder remains unchanged, what is the percentage decrease in 

a) its base radius?

b) Its volume?

2. If 3cm3 of oil is poured into an inverted paper cone, the wet surface area is 2cm2. If the wet surface area is increased by 6cm2, by how much is the volume of oil added?

Ans.: 1. a)10%  b) 27.1%  2. 21cm3
Recommended Exercise:

Ex. 7A: 4,5,11,12,16,18,19,24,26,30

Ex. 7B: 6,9,10,28,30

Ex.7C: 6,12,13,16,19,20,29,30

Ex.7D: 1,4,7

Ex.7E: 1,5,7,10,12,13,14,16,17,18,19
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