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Summary of “The Decompositional Approach to Matrix Computation”





	Since their introduction in 1858, there has been an ongoing search for methods to solve matrices.  One of these methods is decomposition, a factorization of a matrix into simpler factors.  The benefits of using decompositions are many.  One of the most important being the fact that a single decomposition can be used to solve many problems, by reusing the decomposed matrix.  This reuse ability more than makes up for the expense involved in computing it since a single decomposition may be reused to solve new problems involving the same matrix.  There are a great number of matrix decompositions, but there are six that seem to stand above the rest due to stability and satisfactory backward rounding-error analysis.





	The first decomposition is the Cholesky decomposition.  Given a positive definite matrix A, there is a unique upper triangular matrix R with positive diagonal elements such that





	A = R��TR.





This decomposition is commonly written A = LDL�T and is used to solve positive definite linear systems such as





	Rx = y


and


	� EMBED Equation.2  ���





	The Cholesky decomposition is computed using modified versions of Gaussian elimination.  In fact, it is the decomposition of Gauss’s elimination algorithm which Gauss introduced in 1809 and published in full in 1810.  The algorithms are modified to take advantage of symmetry.  All Cholesky decompositions require about n3/6 floating point multiplications and additions.








	Second, we have the pivoted LU decomposition.  Given matrix A of order n, there are permutations P and Q such that


	


	PTAQ = LU





where L is unit triangular and U is upper triangular.  P and Q are not unique and the selection of them is called pivoting.  This decomposition, like Cholesky’s, is primarily used to solve linear systems, but since our matrix A is a general matrix, it’s applications cover a large range.  This decomposition is a generalization of Gaussian elimination to nonsymmetric matrices, and for stability requires pivoting of some form. Since this decomposition is useful for more matrices than the Cholesky, we would assume that it requires more operations to complete.  In fact, it requires n3/3 additions and multiplications.











	Next, let A be an m� EMBED Equation.2  ���n matrix with m > n.  There is an orthogonal matrix Q such that





	QTA =  R


		


where R is upper triangular with nonnegative diagonal elements.  If Q is partitioned into the form





	Q = (QAQ� EMBED Equation.2  ���)





where Q�A has n columns, we can then write





	A = QAR							(1)





which is the QR factorization of A.


	Since QAQAT is an orthogonal projection onto R(A), the QR decomposition is widely used in geometric applications.


	For computing the QR decomposition, there are two different classes of algorithms:  the Gram-Schmidt and the orthogonal triangularization.  The Gram-Schmidt algorithm has two forms both of which compute only the factorization of (1).  The classical form is unstable, and the modified form can produce a matrix QA with columns which deviate from orthogonality.  If this orthogonalization step is repeated at each stage, reorthogonalization, both algorithms produce a fully orthogonal factorization.


	The QR factorization was first introduced in 1907 by Erhard Schmidt in a work on integral equations.  The name QR comes from the QR algorithm named by Francis.





	Fourth is the spectral decomposition.  Given a symmetric matrix A of order n, there is an orthogonal matrix V such that





	A = V� EMBED Equation.2  ���BT,	� EMBED Equation.2  ���= (� EMBED Equation.2  ���1, ...,� EMBED Equation.2  ���n).





This decomposition is used whenever the eigensystem of a symmetric matrix is needed.


	Three class of algorithms will compute this decomposition.  The QR and the divide-and-conquer algorithm require a preliminary reduction to tridiagonal form.  The divide-and-conquer method is relatively new and in most cases is faster, but it is not suitable when the eigenvalues vary greatly.  The Jacobi is slower, but for positive definite matrices is more accurate overall.


	The spectral decomposition is dated to a paper by Cauchy in 1829.  Jacobi gave his algorithm in 1846.  His algorithm iteratively reduces the matrix to diagonal form.  Givens gave us the reduction to tridiagonal form.





	The Schur decomposition is defined as





	A = U T UH





where A is a matrix of order n, T is upper triangular, and UH  is the conjugate transpose of U.  The eigenvalues of A are the diagonal elements of T.  It is used as an intermediate form to compute the eigenvlues and eigenvectors of a matrix.  Another example is the solution of Sylvester’s equation.


	Once reduced to Hessenberg form, you compute the Schur form using the QR algorithm.  The QR algorithm is very flexible having variations for spectral decomposition, the singular values decomposition, and the generalized eigenvalue problem.


	This decomposition is the only of the six that was derived in matrix form.  Introduced in 1909, it was ignored until Francis’s QR algorithm pushed it forward.





	Last is the singular value decomposition.  Let A be an m � EMBED Equation.2  ��� n matrix with  m � EMBED Equation.2  ��� n.  There are orthogonal matrices U and V such that





	UTAV = � EMBED Equation.2  ���


where


	� EMBED Equation.2  ���		� EMBED Equation.2  ���





This can be written as





	A = UA� EMBED Equation.2  ���VT





if UA consists of the first n columns of U.


	This decomposition can be used most places where the QR decomposition can be used.  It can also be used to find a basis for the row space of A, and it is more reliable for determining the rank of A.  It can also compute angles between subspaces.  This algorithm was introduced independently in 1873 by Beltrami and in 1874 by Jordan.





	Though very popular, these six algorithms are not the only ones in existence.  There are several intermediate forms in use.  In fact, they have almost become decompositions in their own right.  Some of these are generalized forms of the Schur and singular value decompositions.  As new matrix problems show themselves, we can be sure that new decomposition algorithms will be introduced to solve them.


