
MECÀNICA TEÒRICA
d
dt

(

∂L
∂q̇j

)

− ∂L
∂qj

= 0

L = T − U pj =
∂L
∂q̇j

∂L
∂qj

= 0 =⇒ coordenada cíclica

L 6= L(t) conservació de l'energia

h(q, q̇, t) =
∑

j

q̇
∂L
∂q̇j

− L

dh
dt

= −∂L
∂t

Iij =
∑

α

{

δij

∑

k

x2
α,k − xα,ixα,j

}

Iij =
∫

V
ρ(~r)

{

δij

∑

k

x2
k − xixj

}

dV

Li =
∑

j

Iijωj ~L = {I} · ~ω

Trot =
1
2

∑

i

ωiLi =
1
2

∑

i,j

Iijωiωj =
1
2
~ω · ~L

Diagonalització dels eixos

Iij = Iiδij Li = Iiωi Trot =
1
2

∑

i

Iiω2
i

Teorema d'Steiner

Iij = Jij −M
[

a2δij − aiaj
]

I' = λ · I · λ>

~Fef = m~ar = m~af −m~ω × (~ω × ~r)− 2m~ω × ~vr

~ar = ~g − 2~ω × ~vr

(Ii − Ij)ωiωj −
∑

k

Ikω̇kεijk = 0

I1ω̇1 = ω2ω3(I2 − I3)
I2ω̇2 = ω3ω1(I3 − I1)
I3ω̇3 = ω1ω2(I1 − I2)

H(qi, pi, t) =
∑

q̇ipi − L(qi, q̇i, t)

ṗi =
∂L
∂qi

pi =
∂L
∂q̇i

q̇i =
∂H
∂pi

ṗi = −∂H
qi

dH
dt

= −∂L
∂t

en determinades circumstàncies H = T + V

∂Qi(q, p)
∂qj

=
∂pj(Q,P )

∂Pi

∂Qi(q, p)
∂pj

= −∂qj(Q,P )
∂Pi

∂Pi(q, p)
∂qj

= −∂pj(Q, P )
∂Qi

∂Pi(q, p)
∂pj

=
∂qj(Q,P )

∂Qi

[u, v]q,p =
∑

i

(

∂u
∂qi

∂v
∂pi

− ∂u
∂pi

∂v
∂qi

)

[u, u] = 0 [u, v] = − [v, u]
[au + bv, w] = a [u,w] + b [v, w] [uv, w] = [u,w]v + u[v, w]
[u, [v, w]] + [v, [w, u]] + [w, [u, v]] = 0

Si u és constant del moviment [H,u] = ∂u
∂t

piq̇i −H = PiQ̇i −K +
dF
dt

• F = F1(q,Q, t)

pi = ∂F1
∂qi

Pi = − ∂F1
∂Qi

K = H + ∂F1
∂t

• F = F2(q, P, t)−QiPi

pi = ∂F2
∂qi

Qi = −∂F2
∂Pi

K = H + ∂F2
∂t

• F = F3(p,Q, t) + qipi

qi = −∂F3
∂pi

Pi = − ∂F3
∂Qi

K = H + ∂F3
∂t

• F = F4(p, P, t) + qipi −QiPi

qi = −∂F4
∂pi

Qi = ∂F4
∂Pi

K = H + ∂F4
∂t



Teoria de Hamilton-Jacobi

H
(

q1, . . . , qn;
∂F2

∂q1
, . . . ,

∂F2

∂qn
; t

)

+
∂F2

∂t
= 0

F2 ≡ S = S(q1, . . . , qn; α1, . . . , αn+1; t)

Pi = αi pi =
∂S(q, α, t)

∂qi
Qi = βi =

∂S(q, α, t)
∂αi

qj = qj(α, β, t) pi = pi(α, β, t)

δJ =
∫ x2

x1

{

∂f
∂y

− d
dx

∂f
∂ẏ

}

δy dx = 0

(

dJ
dα

)

0
= dα = δJ

(

∂y
∂α

)

0
= δy

f = f(y(α, x), ẏ(α, x), x)

y(x, α) = y(x, 0) + αη(x)

dS = dx
√

1 + ẏ2

Matriu de canvi de coordenades




x′1
x′2
x′3



 =





cos θ sin θ 0
− sin θ cos θ 0

0 0 1









x1

x2

x3





Angles d'Euler

ω1 = ϕ̇1 + θ̇1 + ψ̇1 = ϕ̇ sin θ sin ψ + θ̇ cos ψ
ω2 = ϕ̇2 + θ̇2 + ψ̇2 = ϕ̇ cos θ sin ψ − θ̇ sin ψ
ω3 = ϕ̇3 + θ̇3 + ψ̇3 = ϕ̇ cos θ + ψ̇

Solucions per coordenades esfèriques

ẋ = Rθ̇ cos θ cosφ−Rφ̇ sin θ sin φ
ẏ = Rθ̇ cos θ sin φ + Rφ̇ sin θ cosφ
ż = −Rθ̇ sin θ

T =
1
2
mR2(θ̇2 + φ̇2 sin2 θ)

Solucions per a coordenades cilindriques

T =
1
2
m(ṙ2 + r2θ̇2)

~vα = ~V + ~ω × ~rα

(

d~L
dt

)

fix

=

(

d~L
dt

)

cos

+ ~ω × ~L = ~N

~A× ( ~B × ~A) = A2 · ~B − ~A · ( ~A · ~B)

( ~A× ~B)2 = A2B2 − ( ~A · ~B)2


