2. Term structure models

In chapter 1, we have described a generd equilibrium economy of the CIR (1985a) type and
its probabilistic solution for contingent clams. In this chapter, we first develop a base modd
which “specidises’ the generd  equilibrium  framework introducing some  amplifying
assumptions. We show the redtrictions which must be imposed on the moded coefficients in
order to write the model in terms of stochastic processes for which closed form solutions are
known: trandated square root, square root and eastic random walk. Then, in sections 2.2 and
2.3, we deive from the base modd some wel-known sngleffactor and multifactor
specifications.

2.1. The base model

In this section we outline a model which represents the common basis for dl the single- and
multifactor affine generd equilibrium modes of the term Structure. The modd “ specidises’ the
generd equilibrium setting described in chapter 1 and makes use of the following assumptions.

There are a fixed number of identica individuds with rationd expectations and time-additive
logarithmic utility. The economy is competitive, with continuous trading and no transactions
costs, and is characterised by the existence of markets for contingent clams and for
ingantaneous borrowing and lending a the riskless interest rate. In the economy a single
physcad good is produced, which may be dlocated to consumption or invesment. The
investment opportunities condst of a stochastic production process, a set of contingent claims
and a risk-free asset. In equilibrium, the rate of returns on these securities must be such that
the wedlth of individuadsistotaly invested in the production process.

The equilibrium of the economy is influenced by a vector of N unknown date variables, X,
which is assumed to follow a multivariate stochastic process of the form:

dx = (a + Gx)dt + X(x)dz (2.1.)

where a isa N-vector and G afull NxN matrix. X(X) isa NxN diagond matrix whose

coefficients depend, in an unspecified way, by the State vector x. The N-vector z contans
one-dimensiond correlated Wiener processes:

E(dz,dzg) =W .

The date varigbles and time determine the investment in the physical production process.
Denote by q the amount of the good invested in the production process:
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q=q(xt) .

Asin CIR (1985h), we assume that the mean of the rate of return on the production processis
linear in the state varidbles. Therefore, we may write the stochadtic differentid equation for the
rate of return of the production processin the following form:

99 _ et + dX()dlz | 2.2)
g

Since, in equilibrium, the wedth of the individuas must be completdly invested in the physica
production process (see equation (1.7)), the diffuson process which describes the dynamics
of wedth, W, isgiven by:

aw =W 99 Cat = Wik~ C)dt +WHK(x)dlz
q

where C isthe optima consumption flow.

Given the dynamics of the production process and the logarithmic utility assumption, we know
from CIR (1985a) and Breeden (1986) that the equilibrium expresson of the instantaneous
risklessinterest rate, 1, is

r = Elw_qg_ Vart

E= k- dOX(X)WX(X)d (23)
4dg

5
(%)

2q
q

This expresson says that in equilibrium the ingtantaneous red interest rate must be equd to the
difference between expected rate of growth in output and the variance of the output growth
rate. Such a relaion follows from equation (1.8) of section 1.1 once the logarithmic utility
assumption is enforced.

The equilibrium vaue of any contingent clam will depend on the vector of Sate variables and
time. Denoteby P =P(x,t;T) theequilibrium pricea timet of a unit discount bond maturing

atime T, i.e, a default-free zero coupon bond which promises to pay one unit of the
numeraire (good) at the maturity date T. Using Ito's Lemma, we get:

¢
dP =m,Pat + 2 2 X(x)dz (2.4)
eXg
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Then, applying the no-arbitrage condition, we can obtain the partia differential equation which
the price of the bond must satisfy.

The no-arbitrage condition is given by:

¢
P
(mP - F)P:é[(;,—g F(X) (25))
eX g
with:

F () © Covlix IV 0= x )W (x)d .
e Wg

The no-arbitrage condition (2.5) is derived forming a portfolio which comprises invesments in
the production process, the zero coupon bond and the riskless asset, with proportions equa to
w,, w, and 1- w, - w,, respectively. The rate of return on this portfolio is:

dP d dP
?:W1Fq+wz?+(l- W, - W, )rat
& 1apg’, O
:(r +w, (mi- r) +w, (m, - r))dt+gw1d¢((x)+w Q‘H_EJX(X) dz
e a

The portfolio isriskless if the stochastic component of the rate of return is zero, thet is:

. The symbol * denotes an operation which implies that (i) each element of the first matrix is multiplied by
the corresponding element of the second matrix (Hadamard product) and then (ii) the elements of the new
matrix are summed.
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W)+ w, S8 X( X =0 . (2.6.)

In absence of arbitrage opportunities a riskless portfolio must earn the riskless interest rate r.
Therefore, we must have:

Wl(mk' r)+W2(mD' I’)ZO .

Subgtituting from (2.3) and (2.6) above, we obtain the no-arbitrage condition (2.5). Using
equation (2.4), we can observe that thisis equivaent to:

P dW o
- r=Cove—,——=.
m gF’ W g

Subgtituting in the no-arbitrage condition (2.5) the expresson for m,, we get the partia
differentia equation which represents the fundamenta vauation equation for the price of a unit
discount bond:

19°P aéTPo P
X(X)WX(X) )+ Zla- F(X)+&x)+—-rP=0 2.7.
2ﬂxﬂ¢( COWX())+ o= (@~ F (0 +Ge)+ o (27)
with boundary condition:
P(x,T;T)=1. (2.8))

The probabilisic solution of the Cauchy problem (2.7 - 2.8), which is dso cdled the
Feynman-Kac solution, is given by:

P(x,t;T) = iexp
|

¢ Y udud
g ¢ (u)du% (2.9.)

The expectation is taken with respect to the risk-adjusted probability messure. A
sraightforward application of the Girsanov theorem (see section 1.2) shows how to generate
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the risk-adjusted probability measure from the following "correction” to the origind Wiener
processes:

dz =dz +(X(x)) 'F (x)dt (2.10)

where z denotes a Wiener process under the risk-adjusted probability measure.
Subdtituting in (2.1) above, we get the risk-adjusted process for the Sate variables:.

dx =(a - F (X) + Gx)dt + X(x)d2 (2.11)
with:
E(d2,d2¢) = W.

In order to solve the Cauchy problem (2.7 - 2.8) in terms of the state variables and the model
parameters, some redtrictions must be imposed on the form of the matrices in equation (2.11)
and the correlation between the Wiener processes.

There are three stochastic processes, dl frequently used in the literature, for which a closed
form solution exists: square root, trandated square root and dastic random walk.

The square root specifications (trandated and untrandated) imply that the variance of each
date variable isalinear combination of the variable itsdf and require the assumption that dl the
date variables must be mutualy uncorrelated. Instead, the dastic random wak specification
implies congtant volatility but does not require to impose any redtriction on the correlation
between the state variables.

The following table summarises the redtrictions which must be imposed on equation (2.11) in
order to derive these three processes and the related closed form solutions for bond prices ?

G W X(X) Stochastic process
Diagond | dentity (X, +X,D, )1’ 2 Trand ated square root
Diagond | dentity (X,D, )1’ 2 Square root

No redtrictions | No restrictions ()(O )1’ 2 Elastic random wak

® More general specifications, such as, for example, square root processes with full matrices for G and
X(x), are considered by Duffie and Kan (1996) and Dai and Singleton (1998). However, in these cases
relatively strong restrictions must be imposed on the parameter values for a closed form solution to exist.
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where X, and X, are NxN diagona matrices containing the volaility coefficients, while D, is
aNxN diagonad matrix containing the state varigbles.

These redrictionsimply thet the risk premium coefficient F (x) and the redl interest rate r take
the form:

F(X) r Stochastic process
Xod+ DX x% L +L x| LG, + (mL i€ XL 1)x° e, +ek | Trand. square root

DX x° Lx (- i@ XL, )x© et Square root

Xg2Wx2do L, - Lg:(Xé/ZVVXt/z)_lLO +mk© e, + el Elastic random walk

where L, and L, are defined as a N-vector and a NxN diagonad metrix, respectively,
containing the risk premium coefficients, while D, is a NxN diagond matrix containing the
coefficients of vector d. The scalar e, and the N vector e in the table above are used to
amplify the notation in what follows.

The redtrictions imply that the underlying risk-adjusted processes for each state variable are of
the following type:

dx Stochastic process
(@, - 14 +(g-1,)%)dt+4/x, +x, % dZ Trandated square root
(@, +(g - 1 ;)% )at +-/x, % d2 Square root
(gai -1y +éN_ g, X, gdt+ X Z; Elastic random walk
R

To sum up, in this section we have described an equilibrium economy assuming a genera form
for the equations determining the dynamics of the variables. We have shown tha these
dynamics can be “specidised” to three stochastic processes for which a closed form solution
exigs: square root, trandated square root and eastic random walk.

In the following two sections, we exploit the festures of these processes to derive closed form
solutions for bond prices in both single-factor and multifactor models.

2.2. Single-factor models

In the context of the single-factor term structure theory, we examine three well-known models
which differ for the type of stochadtic differentia equation governing the dynamics of the Sate
variable: Vasicek (1977), CIR (1985b) and Pearson and Sun (1994).
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2.2.a Gaussian process. Vasicek model

The Vadcek modd assumes that the dynamics of the state variable x under the risk-adjusted
probability measure is described by a gaussan stochastic process (dastic random walk) of the
form:

dx=(a- I, +oK)dt ++/X,02 . (2.12)
In this case, the ingtantaneous interest rate r isafinein x:

r =e, +€Xx (2.13)
so that we can write the risk-adjusted process of r as:

dr =k(g- r)dt +sdz (214)

wherewedefine k © - g, qOM- e, S°eqX, .
g

This sochadtic differentid equation dlows for negative vaues of the interest rate and has
condant variance. The digtribution function is Normd:

Elr,Ir)=q+(r - qe ™", u>t (2.15.)
ul't t
SZ

Var(ru rt) :E(l_ g 2kuny | u>t . (2.16.)

To sum up, the dynamics of r is characterised by the following properties:

Mean reversion: the interest rate tends to revert towards its long-term mean . The speed
of adjustment depends on the mean reversion coefficient k.

Congtant variance (homoskedasticity), which implies constant risk premia
Didribution function of r is Normal and admits both positive and negative val ues.

As the ingantaneous interest rate r is affine in the unknown dtete varigble X, it can be used in
place of it as the only factor summarising the uncertainty in the economy. Therefore, we can
write the price & time t of a unit discount bond maturing & time T as a function of r and
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time, P =P(r,t;T). Applying Ito's Lemma and the no-arbitrage condition as in equations
(2.4) and (2.5) above, we get the partid differentid equation which must be solved in order to
determine the equilibrium price of the zero coupon bond:

%P”32+Rk(q- r)+P-rP=0. (2.17.)

s p o ﬂZ_P po i .
ﬂr 1 rr ﬂrz 1 t ﬂt
The boundary condition is.

where P, ©°

P(r,T;T)=1. (2.18)

The modd has dlosed form solution:

P(r,t;T) = A(t) exp[- B(t)r] (2.19.)

whae t°T-t and

&1 e s’k 0o
A(t) ° exp d2k*q- s?)(B(t)- t)- B2(t) T
§2k2é i
1-e™
B(t)° .
(t) K

From (2.19) we obtain an expression for the term structure:

v(rgmy=- AR o AOL BO) (220)

The yield-to-maturity of the zero coupon bond is affine in the instantaneous interest rate r and
tends to it as the timeto-maturity approaches zero. Instead, as the time-to-maturity
gpproaches infinity, the yied-to-maturity tends to a constant vaue, independent of r:
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[i&Y(r,t)OY(¥)=q- 7

(2.21)

The term Structure can assume three shapes:
Monotone increasing, when r <q- (3s?/4k?) =Y(¥)- (s?/4k?)
Monotone decreasing, when r >q =Y (¥) + (s */2k?)
Humped, when - (3s?/4k*) <r <q .

Figure 1 contains some term sructures smulated for different values of r, given the mode
parameters. Figure 2 shows that the corresponding term structure volatility is constant over
time, given the homoskedadticity assumption. In fact, the volaility of the yidds does not
dependonr:

Var{dY} = 3939_?) 2

I-O

52, (2.22)

0]
Q

2.2.b Square-root process. Cox-Inger soll-Ross model

In the CIR (1985b) modd it is assumed that the unknown sate variable x follows a square
root mean reverting process.

dx=(a+(g- | ;)X)dt +/x,xc2 . (2.23)

As seen above, this specification implies that the ingtantaneous interest rate is proportiond to
X. Then, the risk-adjusted process for r isgiven by:

dr =k(q- r)dt +s/rdz (2.24.)

wherewe define: k° -(g-1,), qoi S °.ex .

’
_|l

This process dlows only for non-negeative vaues of the interest rate and is such that, when the
interest rate reaches zero, it subsequently becomes postive. The variance of the interest rate is
proportiond to itsleve.

The digtribution function is the non-centra chi-sgquare with:
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k(u-t)

E(rulr) q+(r, - q) u>t (2.25)

var(r |r € (ekwn _ 2k(u-t))+%(1_ ekwny2d st (2.26.)

_s’
K 3 H

From (2.25) it follows that, as the mean reverson coefficient k increases, the conditiona mean
of r tends to the long-term mean g and the variance decreases. Instead, when mean reversion
is very low, the conditional mean of r tends to coincide with the current value r, and the

conditiond variance tends to a vaue which is proportiond to the time interval: s r, (u- t).
The seady date dengty function is a gamma digtribution, with mean vdue q and variance
gs?/2k.

To sum up, the stochastic process describing the dynamics of r is characterised by the
following properties.

Mean reverson: the interest rate tends to revert towards its long-term mean . The speed
of adjustment depends on the mean reversion coefficient k.

Variance and risk premia proportiond to the level of r: paticuar form of
heteroskedadticity.

Non-central chi-sguare distribution function which admits only non-negative vaues.

Asr isproportiona to x, then r itsdf can be used as the Sate variable governing the dynamics
of the economy. Following the same steps as in equations (2.4) and (2.5) above, we can
derive the partia differentid equation for the equilibrium price of a unit discount bond,
P=P(r,t;T):

%F’,rszr+Rk(q- ry+P -rP=0. (2.27)

s p o ﬂZ_P po i .
ﬂr 1 rr ﬂrz 1 t ﬂt
This equation is solved subject to the following boundary condition:

where P, ©°

P(r,T;T)=1. (2.28)

The problem has a closed form solution, which dlows us to write the equilibrium price of the
Zero coupon bond in terms of the modd parameters:

P(r,t;T) = A(t) exp[- B(t)r] (2.29.)
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whae t°T-t and

2%q
g 2zeltz s

MO e D2z

2(e* - 1)
(k+z)(e" - D) +2z

z° Jk?+2s? .

B(t) °

From the closed form solution (2.29) we derive an expression for the yidd-to-maturity on the
zero coupon bond and, therefore, for the term Structure:

Y(rtT)=- logl Pt(f,t)] __ log f\(t)] + Bit)r _ (2.30.)

The yidd-to-maturity is affine in the ingantaneous interest rate r and converges to it as the
time-to-maturity of the zero coupon bond approaches zero. As the time-to-maturity tends to
infinity, the yield-to-maturity approaches a congtant vaue:

imY(r,t)o Y(¥)=-2K9

. (2.31)
t®¥ k+z

The term Structure can assume three shapes:
Monotone increasing, when r <Y (¥)
Monotone decreasing, when r >q
Humped, when Y(¥) <r <q.

Figure 3 shows some term dructures generated by the modd for different vadues of the
ingtantaneous interest rete r, given the mode parameters. Figure 4 shows the corresponding
term structure volatility. Thisis obtained from (2.30) and is proportiona to the leve of r:

.2
Var{dY} = @9 s . (2.32)
e (%]
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2.2.c Translated square-root processes. Pear son-Sun model

Pearson and Sun (1994) model assumes that the risk-adjusted stochastic process describing
the dynamics of the unknown state variable x follows a trandated square root mean reverting
process.

dx=(a-1,+(g- | ,)x)dt +4/x, +x,x0Z . (2.33)
Aswith this specification the indantaneous interest rate is afinein X, we have:

dr =Kk(q- r)dt++/s: +sirdz (2.34)

wherer k© - (g- | 1), qo%_ o> SOOVe1(e1X0+eoxl)’ 510Ve1X1-

-1,
This process has the following properties:

Mean reversion: the interest rate tends to revert towards its long-term mean q. The speed
of adjustment depends on the mean reversion coefficient k.

Vaiance afine function of thelevd of r: heteroskedadticity.
Trandaed non-centra chi-square didtribution function, which admits aso negative vaues.

The trandated square root process seems to combine the features of the processes used by
CIR and Vascek. The Pearson-Sun process (2.34) can dso be derived in the following way,
which alows us to better understand how the “trandation” works.

Let the ingtantaneous interest rate r be given by the sum of two components, a negative
constant and a stochastic process of the square root type:

r=r+r (2.35.)
where:
dr, = k(q, - r,)dt +s,/r,d2 (2.36.)
2
F=-So (2.37)
S 1

34



and dl the parameters are pogitive. The dynamics of r isgiven by:

dr =dr, =k(q, - (r- F))dt+s,+/r- Fdz=
2.38.
:kgql-—— rudt+ /s & +3 0—dz (2:38)
G 1ﬂ

Smplifyingand placing q° q, - (s2/s?), we obtain (2.34).

The congtant " corresponds to a trandation to the right of the vertical axis in the non-central
chi-square digtribution function of r.

Asin the case of the Vasicek and CIR moddls, the instantaneous interest rate r can be used as
the sngle factor which summarises the uncertainty in the economy. In fact, r isafinein x and
S0 can subgtitute it as date variable underlying the dynamics of the economy. Therefore, we
can write the price a time t of a unit discount bond maturing at time T as afunction of r and
time, P =P(r,t;T), and apply 1to's Lemma and the no-arbitrage condition as in equations
(2.4) and (2.5) above. We get the partid differentia equation which must be solved in order to
determine the equilibrium price of the zero coupon bond:

P, (s2+s?r)+Pk(@- r)+R- rP=0 (2.39)
with boundary condition:
P(r,T;T)=1. (2.40.)
2
where: PF°E, P”°g, tOE.
fir fir fit

The problem has closed form solution:

P(r,t;T) = A(t) exp[- B(t)r] (2.41.)

whae t°T-t and
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k(q+(50/51)) s2
, & 2zelI? g s -23(B(0)- 1)

U ko - Drzg o

2(e™ - 1)
(k+z)(e" -1 +2z

o Jk?+2s?

B(t) ©

By ingpection, we can easily verify that:
a)if s, =0, then the coefficients of (2.41) are the same asin the CIR mode!;
b)if s, =0, then the coefficients of (2.41) are the same asin the Vasicek mode!.

From the closed form solution we derive an expression for the term structure, where the yields
aedfineinr:

Y(rtT)=- logl Pt(r,t)] . |09[?(t)] + Bit)r _ (2.42)

Astime-to-maturity gpproaches infinity, yield-to-maturity tends to a constant value:

2s2kq+s?(k- z) |

s’ (k+z) (243)

limY(r,t)° Y(¥)=

Asinthe Vascek and CIR case, the term structure can assume only three different shapes.
Monotoneincreasing, when r <Y (¥)
Monotone decreasing, when r >(q
Humped, when Y(¥)<r <q.

Figure 5 shows some term structures obtained for different values of r, given the mode
parameters, wheress figure 6 contains the corresponding term structure volatility. In this case,
the variance of theyiddsis afineinr:

Var{dY} = aEB(t) 0 (o2 452r) (2.44)
ﬂ
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Comparing figure 5 with figures 1 and 3, we can observe that the term structures generated by
the Pearson-Sun, Vascek and CIR modes look quite smilar. This is due to the fact that
sngle-factor models admit only three different shapes for the term structure. The modes can
ingtead produce substantidly different term structure voldilities.

A digression about the specification of the stochastic process of r

The redtrictions @) and b) above could be tested by estimating the Pearson-Sun specification,
as it encompasses both the CIR and the Vasicek modd. A more genera specification (which,
however, does not have closed form solution for the price of a unit discount bond) has been
tested by Chan-Karolyi-Longstaff-Sanders (CKLS, 1992):

dr =(a, +alr)dt+(s§ +sfr)dd2 .

Edtimating this model, CKLS can test some of the specifications which have been proposed in
the literature to describe the dynamics of the instantaneous interest rate:

a, a, S, S, d closed _form
olution
CIR * * * 0.5 *
Vascd( * * * 1 *
Pearson-Sun * * * * 0.5 *
Merton * * 1 *
Brennan-Schwartz * * * 1
CKLS * * * * free

2.3. Multifactor models

Single-factor term Structure models undergo two main limitations:

1) They account only for alimited number of shapes of the term dructure. In fact, as we have
seen in the previous section, the CIR, Vasicek and Pearson and Sun models admit only
three different shgpes. monotone increasing, monotone decreasing and humped. Instead,
the observed term sructure can assume a variety of shapes, including a trough, a shape
which occurs when short-term and long-term yields are higher than intermediate maturity
yields.

2) They imply that yields of any maturity are perfectly corrdated. To see this, consder the
CIR modd and take two zero coupon bond with maturities t, and t ,, respectively. We

obtan:

dv(t,) = Bftl)dr - Bt(tl)[k(q- )t +s/rdz] (2.45)

1 1
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wug:d“%nfTﬁkmwmus%hﬂ (2.46.)

t2 2
(B(t,)/t,)B(t,)/t,)s?r

dy(t,),dY(t,)s =
Corr{dY(t,),dY(t)} JBt)sr It Bt ,)sr i)

=1,"t,t,. (247)

The following table shows that this assumption istoo restrictive, as actua correlations between
yields generdly are sgnificantly lower than one. The table contains the correation between
daly changes in Itdian lira swap rates of different maturities for the period January 1994 -
September 1995.

Correlation between lira denominated swap rates

2 years 3years 5years
3years 0.97
5years 0.90 0.95
10 years 0.85 0.92 0.97

These two limitations can be overcome by a multifactor modd.

The literature on the term structure of interest rates comprises a variety of multifactor models,
where different variables are used as dtate variables. short rate, long rate, spread between
short and long rate, expected inflation rate, forward rates, short rate volatility, and so on.
Moreover, dl these modds differ for the type of stochastic processes used in modelling the
dynamics of the date variables.

In this section, we derive some of these models. the Longstaff and Schwartz (1992) mode,
which uses as date variaoles the indantaneous interest rate and its voldility following square
root processes, the Langetieg (1980) model, based on N unknown factors whose dynamics is
governed by an éadtic random wak process; the Duffie and Kan (1996) modd, where the
date variables are a set of observed yields which can follow ether gausian or square root type
processes, the Baduzzi, Das, Fores and Sundaram (BDFS, 1998) modd, which extends the
Vadcek mode dlowing for a stochastic long-term mean.

In the multifactor framework, the choice of the stochastic process has relevant implications for
the existence of a closed form solution, as the state variables can be correated. The gaussan-
type specification admits a closed form solution both in the case of correlated and uncorrelated
date variables. A closed form solution for the square root and trandated square root
specification can always be obtained when the State variables are uncorrdated. When they are
correlated, instead, some (relaively strong) restrictions must be imposed on model coefficients

in order to get a closed form solution 2

*! See Duffie and Kan (1996) and Dai and Singleton (1998).
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2.3.a Interest rate volatility: L ongstaff-Schwartz model

Assume that the dynamics of the economy is affected by two unknown state varigbles, x, and
X, , which follow risk-adjusted uncorrelated square root mean reverting processes of the type:

dx; = (ai +(9 - 14)% )dt TAXX dii | =12 (248

From the generd equilibrium framework, it follows that the ingtantaneous interest rate r is a
linear combination of the two unknown State variables:

r=ex+ex . (2.49.)
Now, define:

Yi°ex =12
S0 that we have;

r=y,+y,. (2.50.)

For this new set of date variables, we get:
dy, =k (g - y)dt+sJydz, =12 (251)

wherewedefine k; °-(g-1,), q° geii s°.ex, , i=12.

)
i-lli

From equation (2.50) we can calculate the volatility of the ingtantaneous interest rate:
V ° Var(dr) =Var(dy,) +Var(dy,) =s?y, +s3V, (2.52)

Putting together equation (2.50) and (2.52), we obtain a two-equation system:
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&0 &l 16 a6 ¢s;~Si+

T= z g,z N (253)
gyzﬂ gsf S; g\/y) gv-sfri
&s;-51 5

This expression implies that: y,3 0 if s23s? and sir3V; y,30 if s23s? ad
V3 s?r. Theefore, in order to have both y, and y, non-negdive (implication of the
square-root specification), the following relation must hold:

s23 %3 s? (2.54)
Using (2.53), we can derive the stochastic processes of r and V:
2 -
dr—ak1q1+k2q2)+ e R S S
S3- S - S a
(2.55))
s.(er)d 2(V sr)d
\/ s>-s? \/
av = é(qus +k,q,52)+s?’s? kzz klr kiSy kzszvudt+
S2-s?
(2.56.)

2(er)d 2(\/ sr)CI
s2-s? 2-s?

Note that the stochastic processes for r and V are corrdated. Hence, dthough the modd has
been originaly specified in terms of two uncorrdated unknown sate variables, it could be
transformed into amode with corrdated sate variables through a change of variables.

In the following, we determine the equilibrium price of a unit discount bond. Wefirst derive the
closed form solution asafunction of 'y, and y, and then use (2.53) to express it in terms of

the “new” sate variablesr and V.

Let P=P(y,,Y,,t;T) denote the price a time t of a unit discount bond maturing & time T.

Applying 1to’s Lemma and the no-arbitrage condition as in equations (2.4) and (2.5) above,
we obtain the following partid differentid equation:
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%é PYiyiSizyi + é. Pyi ki (ql - yl)+Pt -rP=0 (257)

i=1,2 i=1,2
with boundary condition:

P(Y,,Y,, T:T)=1. (2.58)

P g oIP polP

ﬂyl ! YiYi ﬂin ! t ﬂt

As y, and y, are uncorrelated, the solution for the price of the zero coupon bond is given by
the product of two separate components.

where R, °

P(Y,, Y2, 6:T) = P(y, . t;T) P (y,,t;T) (2.59.)

which is equivdent to the following Feynman-Kac solution:

¢ Wel, &7 vy
exp ~ u)du exp A uYdu .
pg oy (u) %>Et,:\ pg o, (U) H%

T e
|
|
| t t

P(Y1, Y2 6 T) = E%le(pg- ér(U)duaiz E,

t

(2.60.)

The problem has a closed form solution, which adlows us to write the equilibrium price of the
zero coupon bond in terms of the modd parameters.

Py, Yo, t.T) = A(t) XA, (t) >exp[- B,(t) ¥, - B,()y,] (261)

whae t°T-t and

o 2z € 92:_2(1
A g(ki +2,)(e" - 1) +2z,

ki+zj)t/2

2(e - 1)
(k, +z,)(€" - D+2z,

B(t)°
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0 /ki2+25i2 , 1=12.

Now, using relation (2.53), we can rewrite the equilibrium solution for the price of the zero
coupon bond in terms of the “observables’ r and V. We have:

P(r,V,t;T) = Alt)exp[- B, (t)r - B, (t)V] (2.62.)
where:

At)° A L) xA (1)
siB,(t)- s3By(t)
s2-s?

B (1)o B0 B0

2 1

B, (t)°

The term Sructure is given by:

Vv =- POV I DL BO L B0,y 262)

The yidds are affine in the instantaneous interest rate and its volatility. The form of the term
structure depends on these two variables and can teke a variety of shapes, including some
which are precluded to single-factor models: monotone increasing, monotone decreasing, with
ahump, atrough or both of them.

Figure 7 shows term gructures obtained for different vdues of r and V, given the mode
parameters, wheress figure 8 contains the corresponding term structure volatility. Figure 7
illustrates the fact that, differently from the single-factor models, a multifactor mode alows for
atrough in the term Structure.

The volatility of the yiedsis proportiond to the state variablesr and V:

Var{dY} = i [Bz(t)+Bv(t)[(s +s2)7- s252]+2B, (1)B, (t)(s’ +52)}\,+U
2 [(S +53) B (t) +2B, (t)B\,(t)]r

(2.64.)
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As timeto-maturity approaches infinity, yidds tend to a congant vaue, which does not
dependonr and V:

imY(r,V,t)° Y(¥) = aka(z-k). (2.65.)

i=1,2

2.3.b Unknown factors: L angetieg model

The Langetieg (1980) modd assumes that the dynamics of the economy is governed by N
unknown State variables following an eastic random walk process:

2 Y 0
o] - ~ .
dx, :éai -l ta gyx mt+40x, dzZ i=12...,N. (2.66.)
2

=1

In this case, the generd equilibrium framework implies that the instantaneous interest rate r is
an afine function of the factors. Then, we can define anew et of Sate variables:

Y %e, tex , i=12,...,N, (2.67)

&
with: a e; =€, , such that:

i=1
J
r=ay - (2.68.)
The stochastic process for this new set of state variablesis:

& o] . _
dngi-ékuy,:stidzi, i=12...,N, (2.69)
i=1 (%]

.. € Nee, 0.
L! f'oe'(ai'lm)' a I O]g”

j R

wherewe definer k;; © - , S %eqX,, i=1..,N.

In matrix form:;



dy =K(Q- y)dt +Sd2 (2.70.)

where Q ° K™*F , F being the vector containing the f , coefficients.

We dlow for correlation among the Sate variables, so that:

E(d2,d2g =Wt | . (2.71)

Given this framework, we can determine the equilibrium price a timet of a unit discount bond
mauringatimeT, P=P(y,t;T). We aply 1to's Lemma and the no-arbitrage condition as

in (2.4) and (2.5) above and obtain the partid differentia equation:

1
>R, *(sws)+ P%(Q- y)+P- rP=0 2.72)
with boundary condition:
P(y,T.T)=1 (2.73)
2
where:POE, P,° ﬂp, F{OE.
oy Y Tyye i

Thisisa Cauchy problem, which has a closed form solution of the type:

P(y,t;T) = A(t) exp[ - B(t)t] (274)

wheet=T-t and22:

22

Matrix Y isatransformation of the correlation matrix W. To obtain it, first define with Z a matrix formed
using as columns the eigenvectors of K and with U the diagonal matrix containing the eigenvalues of K
and consider the following transformation:

W =Z'swgz h)e.



-0

G‘ 1€D(t)- |t)Q+ B(t)WB(t)+
At)° e><p9 N
n(K ID)Y +Y D{t)EK )i+ I SWEK et

B(t)° D(t)¢
D(t) ° K *(exp[Kt]- 1)

i isaN vector of ones.

The term Sructure is given by:

logl P(y.t)] _

OO g A+ B0y (275)

Y(y.t;T) =-
Astime-to-maturity approachesinfinity, yields tend to a congtant vaue:
M Y(y,1)° Y(¥) =iQ- %i«-lsv\/S(K-l)ct | (2.76)

In the case of uncorrelated univariate processes, i.e, K diagond and W=1, the term
sructure would be given by the super-position of N independent term structures:

Y(y,t) = aY(y.,t)—— 2 (- logf A ()] + B, 1)y, (2.77.)
t

i=1

where the coefficients have the same form asin Vasicek’s modd (2.19):

A(t)° exp é(2k g - ST )(B(t)- t)- al Bz(t)u_
g;

Then divide each element of this matrix, wi*j, by the sum of the corresponding eigenvalues of K, i.e,
u +u;, i,j=1,...,N. These elements form anew transformed matrix W~ which can be used to obtain:

Y =ZW’'Z¢.
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k. ’

B (t)° i=12...,N.

2.3.c Set of yields: Duffie-Kan model

Usng an inverson methodology, from Langetieg mode we can derive the Duffie and Kan
(1996) specification, which uses as dtate variables a set of N yidds. The inverson
methodology conssts of expressing the date variables as linear functions of (a subsat of)
yidds.

The inverson follows from the affine properties of Langetieg mode and may be gpplied dong
the lines suggested by Duffie and Kan (1996). Since yidds are affine in the origind unknown
date variables, then, provided that we have more yidds than state variables, we can express
each date variable as a linear combination of a subset of yieds. Hence, bond prices and the
term structure may be rewritten in terms of this subset of yields which can be observed from
the current term structure.

As an example, consider the closed form solution (2.75) with N =2 and denote with Y, and
Y, theyiddsincduded inthebasis st and t, and t, their maturities. In this case, we have:

ac 1)1"“*1B3.h(t31>§é_1 IogA(t;)HEﬁ
T B,(te)Byy(t,)- By(t,)By,(ts)

Y . h=12. (2.78)

Any yidd can then be expressed as an affine function of the yields contained in the basis <. In
generd, for any N, we get the following expresson for the term structure;

Y(Y,....Y, .t:T) :éNl g log(A (1)) | 3(t)§i(tl,...,tN)+éN_ (b, (tl,...,tN)\?j)'%uL;J
i=1 8 t t o A
(2.79)

where the coeffidents a, (t,,...,ty) and b, (t,,..,t) ae functions of the parameters
A(t;)and B(t;),i,j=12,...,N, of equation (2.74) and the t ; are the maturities of the
bonds whose yidlds are included in the basis st.
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The same inverson methodology might be gpplied to multifactor models specified in terms of
N unknown state variables following square root or trandated square root processes 2

In addition, the methodology works aso in deriving two-factor term structure models using as
date variables along-term yield and the spread between the short rate and the long-term yield,
such as Nelson and Schaefer (1983), Schaefer and Schwartz (1984) and Brown and Schaefer
(1994b). In fact, the spread between two yiddsis ill alinear function of the state variables.

2.3.d Stochastic long-term mean: BDFS model

Take the sngle-factor Vascek model and assume that the long-term mean of the ingtantaneous
interest rate in equation (2.14) is stochastic and follows a gaussian process as well. Thus, we
have:

dr =k, (g- r)dt+s,dz, (2.80.)
dg =k, (f - q)dt +s,dz, . (2.81)

According to Baduzzi, Das, Fores and Sundaram (BDFS, 1998), the time-varying long-term
mean can be interpreted as the target leve of the short interest rate governed by the monetary
authority. For example, the Federa funds rate in the U.S. case. Short-term interest rates tend
to converge towards this monetary policy rate, with speed of adjustment which depends on
the mean reverson coefficient Kk, .

Allowing for a stochadtic long-term mean in the Vasicek specification, we get a two-factor
mode in which the state variables are the ingantaneous interest rate r and its time-varying
central tendency q.

In matrix form:
dy =K(Q- y)dt +Sdz (2.82))
where:
K& 0 4 06
Ko @ KO o K'lée 2 5o U2 E@zdag=wr .
0 Kk, g K.f 5 0 s,p

= Some restrictions must be imposed in the case of correlated processes. On this point, see Duffie and Kan
(1996) and Dai and Singleton (1998).
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This specification corresponds to Langetieg modd (2.70 - 2.71) inthecase N = 2.

Given this framework, we can follow the same steps as in equations (2.72 — 2.75) and
determine the equilibrium term structure. We get:

Y(r.atT) = (- logl AV +B, (Or +B,(1)a) 283)

The yidds are afine in the two factors. The term structure can assume different shapes, such
as monotone increasing, monotone decreasing, with a hump, atrough or both of them.
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