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Ch07: Inflation, yield curves, and duration

Fisher effect ( theory of interest rates and inflation that maintains that nominal rates respond one-for-one to (es in expected rate of inflation over the life of a loan.

(1 + nominal rate) = (1 + real rate) * (1 + inflation rate)

nominal rate = real rate + inflation rate + real rate * inflation rate

nominal rate ( real rate + inflation rate, since the interactive term can be ignored without losing much accuracy for the product of two small numbers is smaller than the smaller of the two numbers.

Harrod-Keynes effect ( an interest rate theory that maintains that real rate will be affected by inflation but nominal rate may not be.

Example: Suppose you have $100 today.  You can either deposit the $100 into a savings account that pays 10% interest per yr compounded once a year or spend it to buy 20 pizzas at $5.00 apiece for a pizza party. A year later, the price of pizza is expected to be $5.25 apiece.

The 10% interest rate per yr cpded once a yr is called the nominal interest rate, R.  That is, R=10% = .10.

PV = $100; and FV1 = 100(1+.10)1 = $110.00

The price of pizza now is denoted P0, and the next year price is denoted P1.

The # of pizzas acquirable today is denoted N0, and the # acquirable next year is denoted N1.

Present wealth = P0N0; future wealth = P1N1.

Define:




Using the data given in the above e.g., N0 = 20; N1 = 110/5.25 = 20.9523; P0 = 5.00; P1 = 5.25, we’ve

R = (110-100)/100 = .10 = 10%

r = (20.9523 - 20) / 20 = .047619 = 4.7619%

i = (5.25 - 5) / 5 = .05 = 5%.

From the three definitions above, it can be shown algebraically:




Expand the RHS of the above expression, and bearing in mind that the product of two positive fractional small #s is less than either #, we can jettison the r*i term without losing much accuracy, i.e.,

(1+R) = 1 + r + i + i*r

R ( r + i
Recognize that 10% ( 4.7619% + 5%.  That is, of the 10% nominal return, 5% of the 10% has been wiped out by inflation.  Your real return, or more correctly purchasing power, has increased only by 4.7619%.

The last eqn above is oftentimes erroneously referred to as the Fisher eqn.  Indeed, the actual Fisher eqn is:

Nominal rate = real rate + expected inflation
What will have happened to real rate, r, should the price of pizza increase to $6.00 apiece a yr later?

i = (6-5)/5 = .2 = 20%

N1 = 110/6 = 18.3333 pizzas

r = (18.3333 - 20)/20 = -8.33%.

In this case, the inflation of 20% wipes out the nominal return of 10%.  You should have thrown the pizza party and consume the pizzas at t=0.  You’re losing purchasing power should the price of pizzas increase to $6 apiece.

In the real world, we use the CPI instead of price of pizza to gage inflation.  The pizzas are used here to simplify illustration only.

Wealth Redistribution Effect when expected inflation ( actual inflation
Initially, we have

	PRIVATE 

Bal sheet  of PQR Company as of 12/31/200x

	Current assets
50
	Bonds
 50

	Fixed assets
50
	Equities                                           50

	Total assets
100
	Total                                               100


Initially, it is expected that inflation will be 10% over the next year.  So, total assets will be $110.  Bondholders also expect their bond value to hold the same purchasing power, so the bondholders will be contracted today to receive $55 (=1.1*50) one year later.  However, what if the expected inflation differs from the actual inflation?

When actual inflation turns out to be 20% a year later:

	PRIVATE 

Bal sheet of PQR Company as of 12/31/(200x+1)

	Current assets                                    60
	Bonds
55

	Fixed assets                                       60
	Equities
65

	Total assets
120
	Total
120


Stkholders/borrowers gain at the expense of the bondholders/lenders; stkholders have > 50% claims of the firm's assets while bondholders have < 50%.

When actual inflation turns out to be 5% a year later:

	PRIVATE 

Bal sheet of PQR Company as of 12/31/(200x+1)

	Current assets                                 52.5
	Bonds
55

	Fixed assets
52.5
	Equities
50

	Total assets
105.0
	Total
105.0


Bondholders/lenders gain at the expense of the stockholders/borrowers; bondholders have > 50% claims of the firm's assets while stkholders have < 50%.

From the illustration above, stocks are better hedges against inflation than bonds.

Term structure of interest rate ( the relation between yield or interest rate on loans and term or years until maturity of the loan.

Yield curve ( graphical depiction of term structure of interest rate in which the vertical axis of interest rate or yield is plotted against the horizontal axis of term or years until maturity of loans.

4 common shapes of yield curves:

i. upward-sloping, or positive

ii. downward-sloping, or negative

iii. horizontal, or flat, or neutral

iv. humped or bowl-shaped

Four hypotheses on term structure of interest rate

i. unbiased or pure expectation hypothesis

ii. liquidity premium hypothesis

iii. market segmentation hypothesis, AKA hedging-pressure argument

iv. preferred habitat hypothesis, or composite theory of the yield curve

· Under unbiased expectation hypothesis:

· asset substitution, i.e., indifferent between one 30-year bond and six 5-year bonds with five rollovers

· expected future spot rates are equal to estimated forward rates as dictated in the following equation

· 
[image: image1.wmf]t

T

T

t

t

t

T

T

f

R

R

-

+

+

=

+

)

1

(

*

)

1

(

)

1

(

,

,

0

,

0


Example: Discuss what market data to collect in order to estimate forward rate f25,30.

Answer: 25-year spot rate and 30-year spot rate

Example: Given R0,30 = 8%, R0,25 = 7%, estimate f25,30.

Solutions: (1.08)30 = 1.0725 * (1+f)(30-25)
f = 13.14%

Example: application, “synthetic” forward loan

Given R0,1=5%, and R0,2=6%, find f1,2. Then, synthesize a forward loan that spans t=1 through t=2.

f1,2 = 1.062/1.05 – 1 = .070095238 = 7.0095238%

Since R0,1=5%, price of 1-year bill = 1000/1.05 = $952.38, and since R0,2 = 6%, then price of a 2-year note = 1,000/1.062 = $890.00

At t=0,

Buy one 1-year bill, and incur net cash flow of –952.38.

Sell 1.070095238 2-year notes, and incur cash flow of +952.38

So, net cash flow at t=0 is zero.

At t=1, we receive $1,000 when the 1-year bill matures.

At t=2, we pay $1,070.10 when the 2-year note matures.
In so doing, we had synthesized a 1-year forward loan to “lock” in the desired interest rate of 7.01% which we deemed reasonable for us at t=0.

· Under liquidity premium hypothesis:

· uncertainty increases with time, lenders prefer to lend for short term while borrowers prefer to borrow for long term

· borrowers have to pay an interest-rate premium (or price discount) to induce lenders to lend longer term while lenders have to take an interest-rate discount (or price premium) to lend short term

· implication is that longer-term bonds always, ceteris paribus, command higher yields

· expected future spot rates > estimated forward rates such that: expected future spot rate + liquidity premium = estimated forward rates
E(r1,2) + LP = f1,2
· Under market segmentation hypothesis:

· investors within each segment will not be induced to move out of the segment regardless of the interest rate difference between any two segments

· for example, commercial banks prefer short term maturities while insurance companies prefer long term maturities

· the shape of the yield curve is determined by the demand and supply within each segment

· Under preferred habitat hypothesis:

· borrowers and lenders can be induced to shift maturities if they are adequately compensated by an appropriate risk, vis-à-vis liquidity, premium

· implication is that both expectations concerning future interest rates and risk premia play a role, and the yield curve can take any shape

Duration and Immunization


When the market yields increase beyond the coupon rate, the bond price drops below the par value.  A capital loss is realized.  However, coupons received can now be reinvested to earn a higher rate of returns since the market yields have increased.  Conversely when the market yields decrease below the coupon rate, the bond price increases above the par value.  A capital gain is realized.  However, coupons received can now be reinvested to earn a lower rate of returns since the market yields have decreased.  In each situation, there are a gain and a concomitant loss.  When an investor matches or equates her/his planning horizon to the duration of the bonds s/he buys, her/his gain will exactly offset the loss resulting in a locked-in rate of return.  To the estimation of duration we now turn.


The Macaulay duration is the average length of time to recoup a stream of cash flows.  Duration is also a measure of the elasticity of the cash flow stream to market interest rate (AKA yield) changes.  Mathematically, duration of an asset or portfolio is defined as:
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where P = price or value of the asset, bond or portfolio

r = ytm of the asset, bond or portfolio

The mkt price of a coupon-paying bond is:
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1
Differentiate P with respect to (1+r), we get:
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Multiply both sides by (1+r)/P, we have:

[image: image9.wmf]ú

û

ù

ê

ë

é

+

+

+

+

+

+

+

+

÷

ø

ö

ç

è

æ

-

=

÷

ø

ö

ç

è

æ

+

+

ú

û

ù

ê

ë

é

+

+

+

+

+

+

+

+

÷

ø

ö

ç

è

æ

+

-

=

÷

ø

ö

ç

è

æ

+

+

+

+

T

T

T

T

T

T

r

TF

r

TC

r

C

r

C

P

P

r

r

d

dP

r

TF

r

TC

r

C

r

C

P

r

P

r

r

d

dP

)

1

(

)

1

(

)

1

(

2

)

1

(

1

1

1

)

1

(

)

1

(

)

1

(

)

1

(

2

)

1

(

1

1

1

)

1

(

2

2

1

1

1

1

3

2

2

1

K

K


Rearranging, and use summation sign, we have:
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The left-hand-side is duration, D, by definition.  So, we have duration as:
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· 2
· For zero-coupon bonds, the ( terms vanish to zero, and hence D = T, the number of years remained until maturity.

· For coupon-paying bonds, D < T.

· Other things constant, the higher the coupon payments and the higher the ytm, the lower/shorter is the duration.

· Modified duration: practitioners use modified duration more than Macaulay duration.  Modified duration is obtained by simply dividing Macaulay duration by one-period interest factor, i.e., Dmodified = D/(1+r).

· Practitioners conveniently multiply Dmodified by change in yield to obtain the percent change in price of the bond, i.e.,

· 
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Example: Find the Macaulay and modified durations of a 3-year 7.5% p.a. coupon bond that pays its interest semiannually, and with a yield of 10% per annum.

	t
	CF_t
	PVIF_5%,t
	CF_t * PVIF_5%,t
	t*CF_t*PVIF

	1
	37.5
	0.952381
	35.71429
	35.71428571

	2
	37.5
	0.907029
	34.01361
	68.02721088

	3
	37.5
	0.863838
	32.39391
	97.18172983

	4
	37.5
	0.822702
	30.85134
	123.4053712

	5
	37.5
	0.783526
	29.38223
	146.9111562

	6
	1037.5
	0.746215
	774.1985
	4645.190844

	
	
	Price=
	936.5538
	5116.430598

	
	
	
	McCaulay dur. in semi-annum=
	5.463039421

	
	
	
	Modified duration in semi-annum=
	5.202894687

	
	
	
	Modified duration in years=
	2.601447343


· Illustrate how to obtain the bond price and modified duration numbers directly from the BAII Plus Professional calculator.
Utilization of the concept of duration
(i)
To immunize a specified target return against mkt interest rate change

Example02:  9% par bond with 7 years until maturity, semiannual coupons.  Using spreadsheet, duration is found to be 5.341426211 ( 5 1/3 years = 5 years 4 mths.  Since the bond is sold at par, its price is $1,000 today.  Today's mkt interest rate is 9% since the bond is sold at par.  However, mkt interest rate fluctuates.  So, it could rise to 10% or drop to 8%.  When r rises to 10%, coupons received can be reinvested at a higher rate, i.e., 10% instead of 9%, but bond price will drop below $1,000.  Conversely, when r drops to 8%, coupons received can only earn 8% reinvestment return instead of 9%, but the bond price will rise to above $1,000.

PRIVATE 
When an investor chooses a bond whose duration is equal to her/his planning horizon, the gain (loss) in the reinvestment return will offset the loss (gain) in the bond's price.

1
Let's continue with the above example, and assume that r rises to 10%.

FV at the end of 5.34 years at 10% = 45 * {1.0510.68 - 1} /.05 = $615.46

FV at the end of 5.34 years at 9% = 45 * {1.04510.68 - 1} /.045 = $600.15

Gain in reinvestments = $15.31

Bond's price at the end of the 5.34 years at 10% = 45 * {1/0.05 - 1/[.05*1.053.32]} + 1,000/1.053.32 = $985.04. [Why3.32?  3.32 = 14 – 10.68]

Bond's price at the end of the 5.34 years at 9% = $1,000, i.e., selling at par.

Loss in bond's price = $14.96 (= 985.04 – 1000).

Hence, the $15.31 gain almost entirely offsets the $14.96 capital loss.  The little difference is due to the rounding-off error of duration from 5.341426 years to 5.34 years, and also due to convexity effect that we’ll discuss later on.

Show that we've "locked-in" at 9% return target.  Use 9% discount rate to discount $615.46 and $985.04, we get:
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3
So, our wealth level has been immunized against market interest rate fluctuations.

Now, let’s try the other possibility of interest rates decline from 9% to 8%.

FV at the end of 5.34 years at 8% = 45 * {1.0410.68 - 1} /.04 = $585.29

FV at the end of 5.34 years at 9% = 45 * {1.04510.68 - 1} /.045 = $600.15

Loss in reinvestments = $14.87

Bond's price at the end of the 5.34 years at 8% = 45 * {1/0.04 - 1/[.04*1.043.32]} + 1,000/1.043.32 = $1,015.26.

Bond's price at the end of the 5.34 years at 9% = $1,000, i.e., selling at par.

Gain in bond's price = $15.26.
Again, the loss is offset by the gain almost.  Let’s show we have “locked-in” at 9% again.

Price = (585.29 + 1,015.26) / (1.04510.68) = $1000.25 ( $1,000.

(ii)
Immunization for a bank's portfolio manager
	PRIVATE 

	
Initial positions

	
	
Assets
	
Liabilities

	Portfolio's value
	
$800,000
	
$800,000

	Portfolio's yield
	
12%
	
8%

	Portfolio's duration
	
8 years
	
3 years


Now, suppose mkt interest rate rises by 1% on both sides of the balance sheet.
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Hence,

(Passet = -8 [.01/1.12] $800,000 = -57,142.86

(Pliabilities = -3 [.01/1.08] $800,000 = -22,222.22

Since the decrease in asset value exceeds the decrease in liability value, the portfolio's balance sheet is no longer balanced.

Remedy:  The manager should reduce the assets' duration to:

-Da [.01/1.12] $800,000 = -22,222.22

Da = 3.11 years

Modified duration
Practitioners use modified duration more than Macaulay duration.  Modified duration is obtained by simply dividing Macaulay duration by one-period interest factor, i.e.,

Dmodified = D/(1+r)

Practitioners conveniently multiply Dmodified by change in yield to obtain the percent change in price of the bond, i.e.,
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Duration of a portfolio

Duration of a portfolio is simply the market-value weighted average of the individual bonds, provided all bonds have the same yields, i.e., it’s a flat yield curve.  This course defers the discussions of portfolio’s duration of unequal-yield bonds to the Investment course.
� EMBED Equation.3  ���
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