Lumped capacitance model for transient heat transfer
Objectives
The purpose of the lumped capacitance model for transient heat transfer experiment is to determine whether or not lumped capacitance is a valid model for the nature of the thermal decay of certain tested objects.  The heat transfer coefficient (
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) will be calculated based on experimental values of the collected data throughout the experiment.  The results of this calculation will be used to determine the validity of the lumped capacitance argument.

Introduction

The lumped capacitance experiment tests the principle of lumped capacitance as a model of transient head conduction.  This model determines whether or not the temperature gradient in a specific material is small enough to be negligible during transient heat conduction, in which case the system can be considered uniform in temperature.  Transient heat conduction occurs when the object experiences a sudden change in its thermal environment.   If a hot object is submersed in a cool liquid, the object will decrease in temperature over a duration of time until it reaches the temperature of the liquid.  This change in temperature occurs due to convection between the object and the cooler water.  The lumped capacitance model assumes that the temperature gradient (which must exist if heat is to be conducted into or out of the material) is negligible.  Generally, the smaller the object, the better model this will be.  We assume that the temperature distribution in the object depends on the thermal conductivity of the object material and the heat transfer conditions from the surface of the object to the cooler liquid.  Uniform temperature distribution will likely occur if the resistance to heat transfer by conduction is small compared to the convection resistance at the surface, so that the temperature gradient is not within the object but rather through the liquid at the object’s surface.  An energy balance shows that the convection heat loss is verification of a decrease in the internal energy of the object
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which is the lumped capacity model in equation form.  The results of the experimental analysis should indicate that the difference between the object and liquid temperature decay exponentially to zero as the time reaches infinity.  The time constant is dependent on the lumped thermal capacitance and resistance of the object to convection heat transfer.  The verification of the Biot number must first be established to determine the validity of using the lumped capacitance model.  This dimensionless number
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must be less than 0.1 for the lumped capacity model to apply.  The thermal conductivity (k) is assumed constant, and all other quantities can be determined either directly from the experiment or through analysis of the experimental results.

Experimental Setup

There were seven objects in the experiment to be tested of various shapes and materials.  There were three rectangular solids of delrin, aluminum, and brass, respectively, two cubes of aluminum and brass, respectively, and two spheres of delrin and brass, respectively.  Each shape had a thermocouple lodged in the center of the object, with a sensor connection attached.  The objects were individually heated to around 100 degrees Celsius and then submerged in a room temperature water bath.  A stopwatch was used to record the approximate time it took each object to cool to room temperature, in 10 degree intervals.  The temperature was measured by the thermocouple sensor signal picked up by the DC amplifier.  An illustration depicting the experimental setup is shown below.

Lumped Capacitance:  Experimental Setup Illustration
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Experimental Results

The data collected throughout the experiment is as follows:

Dimensions of solids

Rectangular solid: A=.00491m2, V=1.58*10-5m3
Cube: A=.00375m2, V=1.56*10-5m3
Sphere:

Ambient temperature
18 degrees Celsius

Table of time recordings at 10 degree intervals (all times in seconds, degrees in Celsius)

	
	
	
	Temperature Degradation

	
	
	Initial temp.
	90˚
	80˚
	70˚
	60˚
	50˚
	40˚
	30˚
	20˚

	Rectangular Solids
	Delrin
	100.5˚
	23
	33
	47
	60
	78
	99
	132
	247

	
	Aluminum
	100˚
	1
	2
	3
	4
	5
	7
	10
	29

	
	Brass
	100.7˚
	1
	2
	3
	4
	6
	10
	16
	35

	Cubes
	Aluminum
	100.1˚
	1
	2
	3
	4
	5
	7
	10
	28

	
	Brass
	101˚
	2
	3
	4
	6
	10
	13
	19
	38

	Spheres
	Delrin
	100.1˚
	47
	73
	97
	120
	148
	185
	245
	440

	
	Brass
	102˚
	3
	4
	5
	7
	11
	16
	22
	60


Constants used
Delrin:  k=1.4 W/mK (given in experiment), ρ=1340 kg/m3, cp=1460 J/kgK (determined through investigation)

Aluminum: k=204 W/mC, ρ=2,707 kg/m3, cp=896 J/kgC (values for pure aluminum at 20 degrees Celsius from table A-2 in text)

Brass: k=111 W/mC, ρ= 8,522 kg/m3, cp=385 J/kgC (experiment indicates yellow naval brass, the closest material in the text to this is Brass 70% Cu, 30% Sn, at 20 degrees Celsius from table A-2) 

Using the above data, the heat transfer coefficient was determined for each material using the following equation:
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where T is temperature of the last reading, 20 degrees Celsius, T0 is the initial temperature of the material, T
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 is the ambient temperature, A,V, ρ,  and c depend on the material, and τ is the time it took the material to cool to T (20 degrees Celsius).  This h value was used to solve for the time constant using the equation
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Then the Biot number was calculated using the dimensionless relation
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to determine the validity of the lumped capacitance model.  As stated before, this number should be less than 0.1, allowing for some leeway of application.  Finally, in order to compare heat transfer for different materials and shapes, Q was calculated using the following equation
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An example calculation is as follows for an aluminum rectangular solid: 

Rearrange the lumped capacitance formula to solve for h
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Then use the h value to compute the time constant
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Using the h value, the Biot number can be calculated
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and using the τ value, the heat transfer Q is calculated
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As stated before, the same process of calculations was completed for each material.  These calculations are summarized in the data table below.

	Shape
	Material
	Time Constant τ (s)
	h (W/m2C)
	Biot
	t (s)
	Q (J)

	Rectangular Solid
	Delrin
	63.0
	94.8
	.218
	247
	2500

	
	Aluminum
	7.80
	1001
	.0158
	29
	3080

	
	Brass
	9.43
	1120
	.0325
	35
	4180

	Cubes
	Aluminum
	7.54
	575
	.0117
	28
	1300

	
	Brass
	10.2
	1340
	.0502
	38
	4150

	Spheres
	Delrin
	118
	69.8
	.211
	440
	1378

	
	Brass
	16.1
	864
	.0329
	60
	2310


Discussion
Experimental results and calculations were relatively accurate to theoretical values.  From the data collected in the time trials and the given thermophysical properties, we were able to compute a heat transfer coefficient (h) for each material and shape tested.  Typical values of the convection heat transfer coefficient (h) for free convection of a liquid range from 50 to 1000 W/m2˚C.  All of our experimental results are in or near this range of values.  There are a few reasons why discrepancies could have occurred.  It was very difficult to actually record the exact time the object cooled to different temperature increments.  One partner in the lab would look at the temperature, call out when it reached ten-degree increments, and the other partner would record the time from the stopwatch at this moment.  It was virtually impossible to read the fraction of a second at the time of the call, and human reaction time has to be considered.  We also noticed that the object cooled off slightly faster if it was moved around in the room temperature water bath as compared to when it was held completely still.  For this reason, the experimental times would have been slightly off, giving one reason for the heat transfer coefficient discrepancies.  Also, we could not be completely sure what alloy of aluminum and brass were used, so the thermophysical properties used might be slightly off.  

The Delrin samples took much longer to cool to 20 degrees Celsius than did the aluminum and brass samples.  The heat transfer rate is related to the overall temperature difference between the object and the liquid and the surface area.  The heat transfer coefficient (h) was much lower for the Delrin samples because of length of time the objects took to cool.  The h values for the aluminum and brass samples are higher than the Delrin objects, which follows from the previous discussion because the lower time constants would correspond with higher h values.

The transient thermal decay is exponential in nature.  The function of the time constant is to show how quickly each material cools down.  Since Delrin has the lowest thermal conductivity (k) value, which is indicative of how fast heat will flow in a given material, we would expect it to have the highest time constant.  This assumption is accurately shown in the experimental data, as Delrin by far has the highest time constant.  Aluminum had the highest thermal conductivity value (k), which also corresponds as expected with the lowest thermal time constant.  The experimental values for brass fall between these values, as expected.

All of the above information supports why Delrin has the lowest heat transfer, while the brass samples continually have the highest heat transfer.  Aluminum values, again, fall in between the two.

As stated before, the validity of the lumped capacitance model can be determined by the Biot number.  If the Biot number is less than 0.1, we assume the temperature gradient is negligible and the lumped capacity model is valid for that object.  The data for the aluminum and brass samples produced Biot numbers far less than 0.1, so we can assume that lumped capacitance is a valid model for these samples.  However, the Delrin samples produced Biot numbers up around 0.2, which is not within the acceptable range for lumped capacity models.  It appears the in the Delrin samples the temperature gradient is too large to be considered negligible, and the lumped capacity model would not apply.

Conclusions

The importance of the lumped capacity experiment is to show that simplicity is preferred when modeling transient heat flow problems.  It is necessary to calculate the Biot number (and make sure it is less than 0.1) before applying the lumped capacitance model equations.  For this experiment, two out of three of our sample materials were valid applications of the lumped capacitance model.  For complex systems, it may be necessary to determine the heat transfer coefficient experimentally in order to calculate the Biot number.  This was the purpose of our specific lab experiment.  The conclusion that can be drawn from this experiment is that lumped capacity is a good model of transient heat flow when the heat convection coefficient (h) is carefully calculated to determine a Biot number less than 0.1.

Comments

The only negative comment I have for this experiment is on the somewhat primitive nature of the experimental setup.  As stated before, it was very difficult to get accurate time measurements at the different temperature increments.  If some automatic ticker/recorder could be setup, it would greatly decrease the error in the experiment.  The open lab setting allows for a lot of hands-on problem solving and exploration, but at the same time it was unclear exactly what we needed to do in terms of a write up.  Other than that, the experiment was extremely beneficial in understanding the principles behind the lumped capacity model that are just not as easily absorbed through reading the text.
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