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Abstract:

This paper generalizes the matched-pairs t-test for
difference in mean to nonidentically distributed
data. A variety of conditions generate a Central
Limit Theorem, which makes this test asymptoti-
cally standard normal, while the finite-sample dis-
tribution is analytically unobtainable. Initially, in-
dependence is assumed to show that this test can
be constructed when the differences are not iden-
tically distributed. Independence also assures the
consistency of the bootstrap and wild bootstrap for
estimating significance levels. Dependence is intro-
duced using the Martingale Central Limit Theorem,
near epoch dependence and mixing conditions. The
test is then applied to biological and population es-
timates data.
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1 Introduction

This article generalizes the matched-pairs {-test to
nonidentically distributed data, using central limit
theory for non-i.i.d. random variables. This is a gen-
eralization of the nonparametric mean bias test of
Coleman (1999) to general error structures. Since no
parametric assumptions are made, the finite-sample
distribution is unobtainable. The test is initially
developed assuming independence. Simple moment
conditions guarantee asymptotic standard normal-
ity. These conditions also enable the wild bootstrap
able to estimate significance levels. A strengthen-
ing of a moment condition does the same for the
bootstrap. These, when used, obviate the need to
specify a test distribution. Dependence can occur
through the satisfaction of the Martingale Central
Limit Theorem, mixing or near epoch dependence.
Mixing conditions and near epoch dependence are
both types of asymptotic independence. Mixing con-
ditions, which operate on singly infinite sequences,
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require asymptotic homoscedasticity to create a test
statistic. Near epoch dependence operates on dou-
bly infinite sequences and leads to an asymptotically
standard normal test statistic, under appropriate as-
sumptions.

1.1 The Model

The data are initially assumed to consist of n in-
dependent nonidentically distributed observations of
two variables x; and y;, where 7 indexes the units of
observation. The differences are d; = x; — y;, with
respective standard deviations o; < co. The null hy-
pothesis is E(z;) = E(y;) for all i. Equivalently, this
is Ho : E(d;) = O for all i. The alternative hypothesis
is Hy : E(z;) # E(y;) or E(d;) # 0 for at least one i.!
This is similar to the Sign Test in that the data need
not be i.i.d. and the alternative consists in the depar-
ture from the null hypothesis for at least one obser-
vation instead of the whole sample. The differences
can have several interpretations: they may simply
be the diflerences between a set of paired measure-
ments, estimation errors, or differences in estimates
of unknown parameters. Section 2 develops the test
statistic when the differences are independent. Sec-
tion 3 shows how to use the bootstrap and wild boot-
strap to estimate significance levels in this scenario.
Section 4 looks at dependent errors and the condi-
tions necessary to satisfy a Central Limit Theorem.
Section 5 does some empirical examples from biology
and cross-sectional population estimates. Section 6
concludes this paper.

2 Independence

This Section constructs the matched-pairs ¢-test for
independent, nonidentically distributed data. The
first assumption is a moment condition to guarantee
the existence of a Central Limit Theorem (White,
1984, p. 112):2

L1The two-sided alternative is used in the empirical exam-
ples in this paper. However, one-sided alternatives can be
used with no change in the arguments, as this paper only
looks at the distribution of the test statistic under Ho.

20ther assumptions can generate other Central Limit The-
orems, such as Lindeberg’s.



Assumption 1: E|d;|**® < A < co for all i and
some 6 and A > 0.

Note that Assumption 1 is satisfied whenever the d;
have finite, bounded supports.®> The next assump-
tion is a technical one, which places a positive lower
bound on the average variances of the d;. It has the
effect of preventing the asymptotic collapse of the
distribution of the mean to a degenerate distribu-
tion.

Assumption 2: 72 > § > 0 for all n sufficiently
large, where E?L is the average variance.

Together, Assumptions 1 and 2 imply the Liapounov
Central Limit Theorem: 2z, = \/ﬁan/ﬁn converges
to a standard normal distribution, where d,, is the
mean difference and 7,, = \/E_% . Whenever plim
52 = 52 * Slutzky’s Theorem (Jureckovd and Sen,
1996, pp. 56-57) shows that ¢ can be constructed
for sample data by substituting s,, for @, in the def-
inition of 2,: t = \/ndy,/sn.>°

One may conjecture that dividing the d; by their
actual or estimated standard deviations accelerates
convergence to normality. This is done in the em-
pirical examples in Subsection 5.2.

3 The Bootstrap and Wild Bootstrap
under Independence

The bootstrap and wild bootstrap can estimate
significance levels in finite samples. This is es-
pecially useful when t is not close to normal-
ity.  Liu (1988) proves that these procedures
are consistent for independent, nonidentically dis-
tributed data when the variables satisfy the condi-
tion n= 1371 L (g —ﬁ)2 — 0 where p; = Ed; and
T=n"1 >t k. This condition is trivially satisfied
by the null hypothesis. Moreover, if we can assume
the strengthening of Assumption 1 to Assumption 3
and knowing that n=* Y7 | |u; — ﬁ|3 — 0, then the
bootstrap corrects for skewness.

3To see this, we can choose some number N > max; |d;].
Then, |d;|2T® < N21% for all 4 and all § > 0. We can thus
choose A = N2t% in Assumption 1.

4Sufficient conditions include F |d;|*T? < A’ < oo for all
i and the same § in Assumption 1 and some A’ > 0, and
limp, 00 T2 =52 < o0,

5Slutzky’s Theorem enables the substitution of the sam-
ple standard deviation for the population standard deviation
in any univariate CLT so as to preserve asymptotic standard
normality. Thus, it enables parameters to be tested outside
of ii.d. normal settings. Its use will be implied in the con-
struction of f-tests from other CLTs in subsequent Sections.

6Coleman (1999) refers to ¢t as “2,” in an allusion to its
asymptotic normality.

Assumption 3: E|d;|>*® < A < oo for all i and
some § and A > 0.

The procedure for estimating p*, the estimated
bootstrap significance level, is described first.” The
wild bootstrap uses a similar procedure, with a dif-
ferent resampling mechanism. First, ¢ and d are
calculated from the data.® Then, a number of
replications, B, is chosen. This paper uses B =
100,000. For each of these replications, indexed
by b, the components of the original vector of ob-
servations d = (dy,...,d,) are sampled n times
with replacement to create the n-dimensional vector
d; = (djy,...,d;). Then, for each b, ¢} is calculated
as 1 = /n(dy —d) /s;, where d and s} are the
mean and sample standard deviation of dj, respec-
tively.® Then, the two-sided p* equals the proportion
of [¢tx] > [¢].19 (Hall 1988, p. 151) The one-sided p*
likewise equals the proportion of t; >t (t; < t), if
the alternative hypothesis is that at least one of the
K > (<) 0.

The wild bootstrap operates not by resampling all
of the observations, but by resampling each obser-
vation individually in a manner that mimics the un-
derlying heteroscedasticity. For each d; and b, the
wild bootstrap observation d}; is formed by sam-
pling once from the distribution w; = d+ (di — 3) U,
where the u; are i.i.d. random variables, such that
Eu; = 0 and Eu? = Eu? = 1.1 These moment
conditions and Assumption 1 are sufficient for the
wild bootstrap to be consistent and to correct for
skewness. (Liu, 1988) The wild bootstrapped ¢;* is
constructed from d;* and the wild bootstrap signif-
icance level p** is constructed from the ¢}*, in the
same manner as the ordinary bootstrap. In this pa-
per, u; v ((51 + I/il/\/i> ((52 + I/m/\/i) —(51(52, where

viy1 and v, are standard normal random variables,

81 = 1/3/4+/17/2 and 8§, = /3/4—/17/2.1

7This procedure is also known as the “i.i.d. bootstrap.”

8The subscript on d is suppressed in this Section.

o1t s, = 0, then t} is set equal to 999,999 to avoid di-
vision by zero. The exact value does not matter, so long
as its absolute value is greater than |¢|. This frequently oc-
curred in very small samples, which could have been handled
by permutation tests at the risk of complicating this paper’s
exposition.

L0Note that the factor v/ could be omitted and the popu-
lation standard deviation used without altering the results.

UDavidson and Flachaire (2000) argue that the third-
moment condition is unnecessary.

127This is the version of the wild bootstrap used by Mammen
(1992) in his simulations. The most popular choice for u; is

w = — <\/57 1) /2 with probability ¢ — <\/5+ 1) / (2\/5>
and u; = (\/57 1) /2 with probability 1 — ¢g. Davidson and

Flachaire (2000) argue for choosing u; to equal +1, each with
probability 1/2.



Again, 100,000 draws are made.

Some general results are apparent from Section
5 when the bootstrap and wild bootstrap are used.
When t is significant or nearly significant at conven-
tional levels, it is usually true that p* > p; > p**,
where p; is the p-value from the appropriate t distri-
bution. Otherwise, usually, p** > p* > p;. A possi-
ble interpretation is that the wild bootstrap accounts
best for the heterogeneity of the underlying distri-
butions. Thus, it tends to produce the strongest ev-
idence for (against) Ho, when Hy (Hy) is true. An-
other conclusion is that, for large enough samples,
the normal distribution is a suitable test distribu-
tion, since p,, the normal p-value, usually exceeds
p**. That is, using the normal distribution is more
likely to accept Hp than the wild bootstrap.

4 Dependent Errors

The data need not be independent for the test
to work. Central Limit Theorems still exist
The simplest one is the Mar-
tingale CLT, which requires in addition to As-
sumption 1: (i) E(d;) = 0 for all ¢ and (ii)
plimn~ 30 (0? — d?) = 0. Then,
V1 dy, /T, again converges to a standard normal dis-
tribution.'® Condition (i) is automatically satisfied
by Hg. Sequential estimation of time series gener-
ally satisfies the Martingale CLT. (Davidson, 1982,
pp. 256-257) One may conjecture that it is also sat-
isfied by cross-sectional estimates.

for these cases.

Zn -

Other forms of dependence with their own CLTs
exist. The include mixing conditions and near epoch
dependence (NED). The former operates on singly
infinite sequences and the latter on doubly infinite
sequences. They are both forms of asymptotic in-
dependence. Suppose that the errors obey a mixing
condition.'* Then, the Central Limit Theory for
these processes requires asymptotic homoscedastic-
ity of the differences or transformed differences.'®
That is, nl;r{)lo 0, = 0, where T is a positive con-
stant. ¢ can be constructed per Section 2. CLTs
exist for NED variables (e.g., McLeish, 1974) and
for the means of NED functions of mixing processes.
(Gongalves and White, 2001) These forms of depen-
dence are generally assumed of time series. A variety
of methods exist for testing for dependence in time
series. These include runs tests and serial correlation
measures.

B3Davidson (1982, pp. 256-257). The crux of this CLT is
that the d; form a martingale difference sequence.

14See White (1984, pp. 44-46) for definitions of mixing.

15 White (1984, p. 124).

It is not clear how to use the bootstrap in de-
pendent contexts. Singh (1981, p. 1192) proved the
inconsistency of the i.i.d. bootstrap estimator of the
variance of an m-dependent sequence. Goncalves
and White (2001) proved a Central Limit Theorem
for bootstrapping the means of NED functions of
mixing sequences, using versions of the block boot-
strap.

5 Empirical Examples

These examples are of two sorts. Subsection 5.1
computes ¢ for an example of paired biological mea-
surements. Subsection 5.2 computes ¢ for population
estimates and their decennial census values, with the
latter assumed true.'® The bootstrap and wild boot-
strap are applied to the biological data of Subsection
5.1 and to the population estimates of Subsubsection
5.2.2 for the U.S. and the States. In these cases, the
normal, ¢ with n — 1 degrees of freedom, bootstrap
and wild bootstrap p-values will be denoted as p,,, py,
p* and p**, respectively. All other tests use only the
normal p-value. All tests are two-tailed. All compu-
tations were done in SAS, with the bootstraps done

in SAS/IML.

5.1 Paired Measurements

Dixon and Mood (1946, p. 559) published a Table
“Yields of Two Hybrid Lines of Corn.” They re-
ported significance of the Sign Test at 5%. Set-
ting the d; equal to the values of Column A less
Column B produces t = —2.72 with p, = .006,
p: = .011, p* = 063 and p** = .003. Except for
p*, which is generally higher than the other p-values,
the matched-pairs t-test indicates lower significance
levels than the Sign Test in this instance.

5.2 Population Estimates

In the case of population estimates (or any other
estimates or forecasts), one sets either the z; or y;
equal to the true values. Using y; is more intuitive,
as the sign of ¢ is the same as the direction of the
estimates’ bias. One can also estimate ¢;, normally
as a function of the y;. In the cases below, o; is es-

=a—+0 |y1| If
this equation is well-specified and b is significant,

as is true in both cases below, then one can use
d; = d;/y,, the algebraic percentage error, ignoring a

timated by the regression &; = ‘CZ

16 This is an assumption because the census contains mea-
surement errors, as it misses some individuals and counts oth-
ers twice or more. Furthermore, these error rates can vary
from census to census.



from the regression, to construct ¢t. Following demo-
graphic convention, the mean algebraic percentage
error (MALPE) and the sample standard deviation
of algebraic percentage errors (SDALPE) are shown
below. Thus, t = /n MALPE/SDALPE. Signifi-
cance levels are computed using the normal distri-
bution when the bootstrap is not used. These data
come with an important caveat: the errors may not
necessarily be independent in all cases.

5.2.1 1970 Washington State County Estimates

These data come from Swanson, Tayman and Barr
(2000). c@‘ -
949.09 (2.84) + 0.019 (10.84) |yi|, where the t-
ratios are in parentheses. The relevant statistics are

MALPE = 2.64588, SDALPE = 5.80553, { = 17.77
and p < .001.

In this case, n = 39 and 7; =

5.2.2 1990 Census Bureau County Estimates

These estimates are described in Davis (1994).
The “true” values are assumed to be the unad-
justed 1990 census populations.

ture was estimated as 0; = ‘(Z‘ = 475.95 (7.74) +

0.016 (74.01) |y;| using 3,141 observations. For
the U.S. as a whole, this produced the statistics
MALPE = 1.77, SDALPE = 4.62, t = 21.49 and
p < .00001 according to all tests. Tables 1-4 sum-
marize these statistics by State, Region, 1990 Size
Class and 1980-90 growth rates, respectively. Table
1 contains data for states and reports all p-values
when at least one is at least .00001, while a single
asterisk next to ¢ in Tables 2—4 denotes significance
at 1% using the normal distribution.

The error struc-

Some interpretations of Tables 1-4 are possible.
Table 4 shows that, in general, the slower a county’s
growth, the more likely it was to be overestimated,
so that only fast-growing counties were estimated
without bias. The significant finding of negative bias
in Connecticut in Table 1 may be due to small sam-
ple effects and should be disregarded. Interpreta-
tions of these results require taking into account the
fact the Census Bureau estimates are constrained to
an exogenously supplied national control total. The
overall bias is due to a high national control, as-
suming no substantive relative differences between
miscounts in the 1980 and 1990 censuses.

Tables 1-4 contain another important lesson for
evaluators and users of estimates and forecasts:
MALPE, which is commonly reported as a measure
of bias, does not contain by itself enough information
to determine whether significant bias exists. High

(low) values of [MALPE] thus do not necessarily in-
dicate the presence (absence) of bias. For example,
Hawaii has a large |[MALPE| (5.55), but its larger
SDALPE (8.29) and small sample size (5) make its
t insignificant. On the other hand, both New York
and the Northeast Region have small [MALPE] (0.46
and 0.57, respectively), but are significant at the
10% and 1% levels, respectively.

6 Conclusions and Extensions

This paper has generalized the matched-pairs ¢-test
to non-i.i.d. data with general error structures, effec-
tively expanding upon Coleman’s (1999) nonpara-
metric test for mean bias in estimates and forecasts.
This test has been applied to examples from biol-
ogy and population estimates. The population esti-
mates examples were developed under the assump-
tion of independent errors, which may be violated in
these cases. These estimates showed clear, consis-
tent trends.

Due to finite sample effects, the true significance
values may differ from the nominal ones, contingent
on the test distribution. The bootstrap and wild
bootstrap can be used to estimate significance levels
for independent data. These also avoid the prob-
lem of deciding on a null test distribution. The case
of dependent, nonidentically distributed data is un-
clear. The applicability of the bootstrap and wild
bootstrap to this kind of data is a subject for future
research.

Several Central Limit Theorems for dependent
data have also been used to construct the test and
show its asymptotic standard normality. The least
stringent of them is the Martingale CLT. Current
CLTs for mixing processes require asymptotic ho-
moscedasticity. Near epoch dependent processes
also possess CLTs. All of these CLTs have been ap-
plied to time series, but may be applicable to cross-
sectional data as well.
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