The 2" Joint International Conference on “Sustainable Energy and Environment (SEE 2006)”
21-23 November 2006, Bangkok, Thailand

Combinatorics of Solar Cell Optoelectronic Device Parameters
Nchimunya Mwiingal’z’*

! The Department of Solar Energy and Environmental Physics, Albert Katz International School for Desert Studies,
Jacob Blaustein Institutes for Desert Research, Ben Gurion University of the Negev, 84990 Israel.

% Natural Sciences Department, Hillcrest National High School, P.O. Box 60453, Mushili Way Livingstone, Zambia.
Abstract:

We apply the recently defined Lambert W function to the standard solar cell equation and obtain new exact explicit analytic solutions
of the output voltage for solar cells under both illumination and dark conditions. A comparative analysis of the solutions obtained
herein and those in standard literature is also presented. Graphs that contain all solutions for any possible combination of solar cell
parameters are plotted, effectively adding an extra dimension to the standard theory of solar cells under both illuminated and dark
conditions.
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1. INTRODUCTION
1.1 Characterization of solar cells

Measuring current — voltage (I-V) characteristics of photovoltaic solar cells, under either illuminated or dark conditions or both, and
extracting a set of solar cell optoelectronic parameters from the data is the conventional method of assessing these optoelectronic
devices. These parameters are the photocurrent, [ reverse saturation current, /,, parasitic series resistance, R, the shunt

ph> 0>
resistance, R, , and the diode quality factor, 4 [1-10]. When using the one-diode real solar cell model with a single shunt and

parasitic series resistance, these parameters are related by the equation

1, -1, exp g + IR,) -1|- VIR, under illuminated conditions 1)
Y AkT R, '
V—IR V —IR
1,| exp| a ) -1+ = under dark conditions
AkT "

where k£ =1.38x107% JK"' is the Boltzmann constant, / is the output current (or current density) while 7 is the voltage at the
terminals of the solar cell. However, application of Eq. (1) on real experimentally determined solar cell current — voltage curves often
leads to physically meaningless values of these parameters such as negative values of series resistance R, [8-10]. Hence, before

embarking on utilizing the standard solar cell equation, it is imperative for us to study the detailed general behavior of this equation
with respect to variations in solar cell parameters and/or combinations of these parameters— a process which we herein refer to as
combinatorics of solar cell optoelectronic device parameters.

Combinatorics refers to the mathematical study of finite collections of objects that satisfy specified criteria, and in particular
concerned with "counting" the objects in those collections as well as with deciding whether certain "optimal" objects exists. In this

paper, our “collection of objects” is the set of (discrete/finite) solar cell parameters {Iph, [0, A, RS, Rsh} and the criterion subject to

satisfaction is the standard solar cell equation under both illuminated and dark conditions with values of solar cell parameters
restricted to physically meaningful ranges.

2. METHODOLOGY
2.1 The non-dimensional characteristic solar cell equations

Since solar cells operate at temperatures absolute zero (i.e. 7 >0) we have the freedom to express Eq. (1) in the form

x = x; and z = z; underilluminated conditions

z= exp[x]+ xy { ?2)

x = x, and z = z,; under dark conditions

where

_Av, (3)
YTIR

0" sh
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V + IR
X; = = under illuminated conditions
AV,
x= “
V — IR ..
Xy = - under dark conditions
AV,
z;=14+m under illuminated conditions s
z =
z;=1+n, under dark conditions ©)
1,-1 . . .
n, = ”17 under illuminated conditions 6)
77 = o
n, = % under dark conditions
and
Vi = k% (i.e. the thermal voltage). )

Since Eq. (2) is dimensionless and valid for the solar cell equation under both illuminated and dark conditions and we herein refer to
it as a characteristic non-dimensional solar cell equation. As shown in Eq. (2), the solar cell equation under illuminated conditions
has the same mathematical structure with that under dark conditions. Under standing the mathematical structure of Eq. (2) is thus
important to us.

2.2 Solvability of the characteristic non-dimensional solar cell equation

If y #0, we can express Eq. (2) as

(©)

z exp[x] x = x; and z = z; under illuminated conditions
—=———+x, y#0 ! !

y v x = x, and z = z; under dark conditions

which upon exponentiation and dividing both sides of by y results in
x = x; and z = z; under illuminated conditions

o %) exp[x]exp[exp[x]} ©)

y y y

x = x4 and z = z,; under dark conditions
Now Eq. (9) can be solved using the Lambert W function [11-13], denoted as W, [x] , and verifies the equation
x=W, [x]exp[Wm [x]] (10)

with m=0,+1,+2,..... referring to the branches of W[x] . The physical branch, is called the principal branch, is
denoted as W, [x] [11]. Application of the Lambert W function to Eq. (9) — restricted to the principal branch — gives

exp[ 7 } x = x,; and z = z, under illuminated conditions
exp[x] —w (11)
7 x =x, and z = z, under dark conditions
or
exp[x exp[ 7 x =x,; and z = z, under illuminated conditions
- Y (12)
=)W,
Z—Xy 7 x =x, and z = z, under dark conditions
so that
exp[ Z :|
lo W —L 2 . . .
e| Y7o v x = x; and z = z; under illuminated conditions
e (13)
o] ..
z Wy Y x =x, and z = z; under dark conditions
y
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Physically, we must have x > 0. This condition is valid only when y >0 and z >1. Clearly, the condition y =0 leads to a division

by zero in Eq. (13), and thus analytically not acceptable for the closed form solutions of x .

3 RESULTS AND DISCUSION

3.1 Closed form solution for output voltage for a solar cell under illumination

Replacing the corresponding expressions for x, y and z for the solar cell equation under illumination into Eq. (13) leads to

R.s/x([ph +1, _[)
A7, T
log, - Wy 1,Ry, -
LR, A4v, (14)
V+IR,
AV, R, (Iph +1, _[)
exp| —-F—=
R, ([,m +1, _I) AV,
- WO IUR.)'/I
AV, AV,
which upon solving for V' gives
Rsh(lph +1, 71)
expl——————
log,| Ay 1 R AV —IR (15)
g. IR of Lol AV s

0" sh

R, (1

ph

+1,)-1(R, +R,)- 4

th

exp|
R

ot sh

[RS,, (,+1,- 1)}

AV,
AV,

th

v,

th

w,| 1

which is a closed form solution for V' in the case of an illuminated solar cell. The lower expression of Eq. (15) has been reported in
[14]. However the upper expression, which tells us that V' is strictly logarithmic, is at least to the author’s knowledge unreported.

3.2 Closed form solution for output voltage for a solar cell under dark conditions

Similarly, replacing the corresponding expressions for x, » and z for the solar cell equation under dark conditions into Eq. (13),

then solving for V' results in

AV, exp[ RXh,(éIIV+ . )}
log,|— W, IR, - —IR,
1,R,, AV, (16)
exp{Rﬂ, (r+1, q
AV,
Rslx ([/)/z + [o )_ I(Rs + Rslx )_ A Vm Wu InR.vh

The lower expression of Eq. (16) has been reported in [15] in the analysis of non-ideal diodes while the upper equivalence is, to the

author’s knowledge, undocumented. Again, we see that V' is strictly logarithmic.
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3.3 Comparative analysis of closed form and approximated solar cell equations

The contemporary view on the extraction of solar cell solar cell optoelectronic device parameters highly accepts the approximation

R, =~ oo This approximation translates Eq. (1) into

V +1IR
1, -1, [exp[w} - 1) under illuminated conditions

AKT 17
) VIR .
1,| exp M -1 under dark conditions
AkT
and can be expressed in dimensionless form as
x,, =X; and z,, = z; under illuminated conditions
z =exp[xa ] .. (18)
@ v x,, = x4 and z,, = z, under dark conditions
whose solution for x,, is
. —log) Xgp = X; and z,, = z; under illuminated conditions (19)
@ ermap Xgp = Xq and z,, = z,; under dark conditions

AkT

ql,xo©

Notice that the condition R, = results in y = =0 =constant . Hence conventional literature takes y to be constant,

namely zero. However, as seen earlier, the condition y =0 results in a singularity in Eq. (13) and analytically unacceptable for a
closed form solution of x . Our argument in this paper is that, while R, can take very large values, these values should be such that

0 << Ry, <o (which is a physical requirement) 0 < y << oo (which is a mathematical requirement).

It is important for us to understand the basic difference between the solution of equation x and x,, with respect to z and/or 7.

Defining ‘P(y,n) as the difference between Eqs. (13) and (19) (i.e. ‘P(y,f]) = X,, =X ), results in

x = x, and 77 = 77, under illuminated conditions (20)

1+n

1
exp[—+ 77}
YW, 7 y x,, =x, and 7 =17, under dark conditions

P(y.n7)=log,

The graphs of ‘P(y,f]) for y=1,5,10, 50, 100 and 500 with 0 <7 <700 are presented in fig 1.

6
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Figure 1 Graphs of W(y,n) for y =1, 5, 10, 50, 100 and 500 with 0 < 17 <700.
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As can be seen in fig 1, for a given value of y, ‘I’(y,f]) increases rapidly to some maximum value as 7] increases then decreases
and asymptotically approaching zero for much higher values of the current ration 7. The graphs of x fory=1, 5, 10, 50, 100,

1000, 5000 and x,, against 7 are also plotted in fig 2. Here we see that differences in x and x,, , for given value of y,

ap >
are significant only when values of 7 are small and become negligible as 7 becomes large. Additionally, the graph of x against 7
for y=1 is much closer to that of x,, against 77. Clearly, the condition y =1=constant not only result in closed form analytic
solutions for x and V', but also to solutions whose graph is closer to the conventionally highly acceptable values of x,, . Most

importantly, whenever we take y =constant , R, has completely no effect on either / or V', as can be seen in Eqs. (13) and (18).

18
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Figure 2: The graphs of x and x,, against 7 for y=1,5, 10, 50, 100, 1000 and 5000 .

34 Implications of Wein’s displacement Law to the standard solar cell equation

Wein’s displacement law, as discussed in [16], is given by
nA, T =2898x107° mK @1

where 4, is the wavelength of maximum radiance and » is the average refractive index of the medium in which radiation is

propagating. For the case where the medium is air, » is close to unity [17-18]. Solving for 7 in Eq. (3) gives

9l Ry,
T =20 sh 22
TR 22)
which upon substituting into Eq. (21) results in
IR y=p E, (23)
A n

where
_ 2898x10 0 xk

p =1256 674208144796 380.09 V.J! (24)
qX C

with /= 6.63x10>* Is being the Plank’s constant, ¢ = 3x 108 m.s! is the speed of light in a vacuum and E,, is the maximum

radiance of the solar cell at average operating temperature 7 . In the special case for which y =1, Eq. (23) simplifies to

Lok _ B o5
A n
where we observe that
IRy xcpE, (26)
and
Aoxn. 27

The proportionality constants in Egs. (26) and (27) must be equal for Eq. (25) to be maintained as well as positive for the equations to
be physically meaningful. Now taking unity as the proportionality constant transforms Egs. (26) and (27) into
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IoRsh = KOEm (28)
and

A=n. 29)
In other words for the one-diode real solar cell equation with a single parasitic series and shunt resistance, the diode quality factor,
A, of a solar cell working at an average operational temperature, 7 , is a measure of the average refractive index, n, of the solar
cell. Since the refractive index of a solar cell may vary within the material, so too does the diode quality factor.

4. CONCLUSION

We have discussed two related standard problems of photovoltaic physics, in which the Lambert W function can be used. New closed
form expressions of the output voltage under both dark and illuminated conditions have been presented. Analytic and graphical
illustrations of the differences between our solutions and those in standard scientific literature have also been extensively presented.
An important part of this paper is that, based on the one-diode model of a solar cell with a single shunt and parasitic series resistance,
a solar cell operating at the same temperature has a mean diode quality factor directly proportional to its mean refractive index.
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