Singapore Management University

Term 2  2001-2002  Stat 101  Statistics

Test 2 (G1; G3)

Question 1 (20 marks)

a) What is meant by sampling distribution of means?    (4 marks)

Sampling distribution of means provide the probability distribution of means of repeated samples of the same size taken from a population

b) Why is sampling distribution important in statistics?  (4 marks)

In statistics, we take just one sample and from the sample statistic, we try to infer the values of the population parameter. Since different samples taken from the same population can have different sample statistics, generalizing the population parameters depend upon the sampling distribution of means. Unless we know the sampling distribution, no generalization can be made about the population from the sample statistics.

c) Under what conditions can the sampling distribution be approximated by normal distribution?  (4 marks)

1. When the population is distributed as normal distribution

2. When the sample size is sufficiently large (more than 30)

d) What happens to the sampling distribution if the sample size is increased? (4 marks)

When the sample size is increased, the sampling distribution becomes less dispersed, or its variance decreases.

e) The mean price of gasoline sold in the US is $1.20. Assume that the population mean price per gallon of gasoline is  = $1.20 and the population standard deviation is  = 0.10  If a random sample of 100 gasoline stations are selected at random and the sample mean is calculated, 

i) Show the sampling distribution of the sample mean. (2 marks)

Sampling distribution will be normal with a mean of 1.20 and standard deviation of 0.1/(100)1/2 = 0.01. Thus sampling distribution of mean is N(1.20, 0.01)

ii) What is the probability that the sample mean is within $0.02 of the population mean? (2 marks)

Since 0.02 is twice the standard deviation, the probability is 95%

Question 2

a) In statistics, the use of interval estimate is more appropriate than using a point estimate. Explain why. (4 marks)

The problem in estimating the population mean from the sample mean is that we take only one sample and try to generalize for population. Since different samples would provide different sample means, the point estimate will be subject to a lot of error specially when there is a wide variation in the sample means for different samples. That is why a point estimate is not appropriate. In interval estimates, we use the sampling distribution of mean so that we take into account the variations in the sample means. Thus interval estimation is more appropriate.

b) In order to estimate the mean amount spent per customer at Food Haven, data were collected for a sample of 49 customers. Assume a population standard deviation of $1. 

i) At 95% confidence, what is the margin of error? (2 marks)

Margin of error = 1-0.95 = 0.05 or 5%

ii) If the sample mean is $3.40, what is the 95% confidence interval for the population mean? (4 marks)

Sample mean = 3.40. 
Sample standard deviation = 1
n=49

Confidence interval is given by:


[image: image1.wmf]68

.

3

12

.

3

49

1

96

.

1

40

.

3

49

1

96

.

1

40

.

3

n

s

z

x

n

s

z

x

2

2

<

m

<

-

<

m

<

-

+

<

m

<

-

a

a


iii) What is the real interpretation of the confidence interval you calculated in part (ii). (3 marks)

The confidence interval means that the sample mean will, 95% of the times, lie in the interval between 3.12 and 3.68 if the population mean is 3.40 

iv) Given the confidence interval you calculated in part (ii), suppose you get a sample mean of $3.05 for this sample of 49, what will be your interpretation? (3 marks)

Since the lower limit of 95% confidence interval is 3.12 and the sample mean is 3.05, we can conclude that

a) the population mean of 3.40 is possible but it is a very small chance that the sample mean is 3.05

b) the population mean is really not 3.40
v) Suppose the population mean is $3.40 and you would like to have a margin of error of 10 cents, what sample size should you select? (4 marks)
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Question 3

a) A production line operation is designed to fill cartons with laundry detergent to a mean weight of 1 Kg. A sample of cartons is periodically selected and weighed to determine whether underfilling or overfilling is occurring. If the sample data lead to a conclusion of underfilling or overfilling, the production line will be shut down and adjusted to obtain proper filling. 

i) Formulate the null and alternate hypothesis that will help in deciding whether to shut down and adjust the production line. (4 marks)

H0:  = 1 kg

H1:  ≠ 1 kg
ii) What conclusion can you draw if the null hypothesis is not rejected. (2 marks)

If the null hypothesis is not rejected, we conclude that there is no evidence that there is under/overfilling

iii) What conclusion can you draw if the null hypothesis is rejected. (2 marks)

If the null hypothesis is rejected, we conclude that there is evidence of underfilling or overfilling

iv) What is Type I error in this case? (2 marks)

Type I error is to conclude that there is under/overfilling when in reality there is no under/overfilling

v) What is Type II error in this case?

Type II error is to conclude that there is no under/overfilling when in reality there is  under/overfilling

vi) Suppose that underfilling is more detrimental for the company than overfilling, are the hypotheses you formed in part (i) appropriate? If not, what are the appropriate hypotheses? (4 marks)

No, the hypothesis in part(i) only tests whether there is any overfilling or underfilling. The results does not tell whether there is overfilling or underfilling.

If underfilling is more detrimental, hypothesis should be:

H0:  = 1 kg

H1:  < 1 kg
vii) Suppose the test results show that the null hypothesis cannot be rejected. The plant manager argues that the results show that his production line is very accurate as the actual content for the detergent carton is exactly 1Kg all the time. Do you agree with him? (4 marks)

The tests only shows that the average weight is 1 kg of all the number of boxes in the sample. It does not say anything about the weight of each box. In order to find the probability of finding that all boxes are exactly of 1 kg, we need to know the probability of filling to exactly 1 kg. If the probability of filling to exactly 1 Kg is 0.95, and if the sample size is 100, then the probability of having all the boxes of 1 kg weight exactly is given by (0.95)100  which is very small. 

Question 4

Individuals filing income tax returns prior to March 31 had an average refund of $1056. Consider the population of “last-minute” filers who mail their returns during the last 5 days of the income tax period (typically April 10 to April 15)

a) A researcher contends that one of the reasons individuals wait until the last 5 days to file their returns is that on average these individuals have a lower refund than early filers. What hypotheses should this researcher form to support his contention? (4 marks)

H0:  = $1056

H1:  < $1056
b) Using =0.05, what is the critical value of the test statistic and what is the rejection rule? (4 marks)

Since it is a one tailed test of less than equal to sign, the test statistic value is –z = - 1.645

The rejection rule is that the null hypothesis will be rejected if the value of the test statistic is less than – 1.645

c) For a sample of 400 individuals who filed their return between April 10 and April 15, the sample mean refund was $910. The population standard deviation is $1,600. Compute the value of the test statistic. (4 marks)

Z = (910 – 1056) / (1600/(400)1/2) = - 1.825

d) What is your conclusion? (2 marks)

Since the value of test statistic is less than – 1.645, the null hypothesis will be rejected and we can say that there is sufficient evidence to conclude that the refund for the late filers is less than the refund for early filers of income tax.

e) What is the p-value for the test? (4 marks)

p-value = probability corresponding to a z value equal to –1.825, which is 0.5 – 0.466 = 0.034

f) What is the meaning of the p-value you calculated? (2 marks)

p- value gives the actual probability of rejecting the null hypothesis when it is true, or it gives the actual margin or error, which in this case is 3.4%

Question 5

a) A professor of statistics asserts that 350 is not statistically different from 375. Explain what he means by this assertion. (5 marks)

In statistics, we make inferences taking into account the sampling distribution. Suppose that the professor is testing that the population mean is equal to 350 as against it is not equal to 350. In order to test this hypothesis, the professor takes a sample of 100 and calculates the sample mean. If the sample mean is 375 and if the test results show that the null hypothesis that the population mean of 350 cannot be rejected, then it is equivalent to saying that 350 is not statistically different from 375.

b) Explain why Type I error occurs. (5 marks)

Type I error occurs because we try to make inferences about the population mean from the sample mean. However, the sample mean has a sampling distribution. If we calculate the confidence interval, what we really are saying is that for a given population mean, the sample mean would lie in that interval for the margin of error we had stated. In case the sample mean falls outside the range, we can conclude that the probability of getting a sample mean outside the range is very small and hence it is unlikely that the population mean is what was hypothesized and hence we reject the null hypothesis. However, it is quite likely, even though with a very small probability, that the sample mean is so low even if the population mean is actually the same as what we hypothesized. Thus we reject the null hypothesis even if it is true. The larger the interval, the smaller is the probability of making Type I error because the probability of getting a value out of the interval becomes very less.

c) Explain why Type II error occurs. (5 marks)

Type II error occurs again because of the sampling distribution of means. When we calculate the confidence interval, we say that the population mean can lie in the interval for the sample mean we have found. This clearly shows that the sample mean can occur for any of the values of the population mean which lie in that interval. Therefore, the null hypothesis will not be rejected if we conduct a series of tests using different values as the hypothesized population mean as long as these hypothesized means are in the confidence interval. Thus, it is likely that the null hypothesis will not be rejected for a hypothesized population mean even if the true population mean is slightly different from the hypothesized mean. This results in a Type II error. The larger the confidence interval, the higher is the probability of making Type II error as the sample mean could be true for a larger interval of values for population mean.

d) Explain how a reduction in Type I error would lead to an increase in Type II error. (5 marks)

As was seen in Part 2 and Part 3, Type I error can be reduced by making the confidence interval larger. However, when the confidence interval becomes larger, the probability of making Type II error increase. Thus the two errors are inversely related. 
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