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8.1.1 Concept of Dot Products

(@] @

A force F applies on a car with displacement s and F makes an angle @ with the

displacement g(as shown in the graph above).

By definition, the work done W is:
W =Fscosd.

The work done equals to the component of the force in the direction of s multiplied by the
distance that the car has moved.

The work done depends on the magnitude and the direction of the two vectors: the force and
the displacement.

~Z - Example |

hm

A stick was obliquely inserted on the ground, its length was 4 m and the included angle
between the stick and the ground was 0. The length of the shadow of the stick is 2 cos@ (m).

In this example, we have to find the projection of the stick CD on the ground AB. This kind of
examples has a close relationship to dot product that will be discussed later.
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Given that the angle between the two vectors a and b is0. The dot product of a and

l;,denotedby g-l;,isdeﬁnedas a-b=a|b

—

cosO.

a

Dot product is one of the products of two vectors.
To calculate the dot product, we have to find out the angle between the two vectors.
N 5 Example

Write down the angles between the two vectors.
1.

A
0 "B
2.
A
B
0 .
() Answer
| |
1. ZAOB
2. Put & = A_(j
/BOC (= 180°— /AOB)
A
. “
™ B
R >
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To find the included angle between the two vectors, we can simply translate the two vectors
so that they have a common starting point. The angle 6 (0° <6 <180°) made by the two
vectors is the included angle.

YN 5 Example 3

Given that ‘5‘=5, [B[=4 and the angle 6 between a and b is 60°, find a-b.

b
60°

—
a

.
f-..f Answer

- -

a-b= B‘COSG

=5(4) cos60°
=10

-

a

~Z - Example 4

Given that H =2,

1tﬁ)‘=3,and the angle 0 between a and b is 150°, find a-b (correct

to 3 significant figures).

@ Answer
|
5-6 = 5 B‘ cos0
=2(3) cos150°
=-5.20

- -

Let a and b be non-zero vectors and the angle between them be 6.
a-b

cos=——

a b‘

This is a commonly used formula for finding the angle between vectors.
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YN 5 Example 5

In  ABC, given that ‘E‘zS and ‘B—C‘=5.
If ZACB=30°, find BC-AC.
If BC-AC =20, find ZBCA .

A

300

.
f-..f Answer

1. BC-AC
‘B—é‘ . ‘A—C‘ cos150°

SXSX(_\/EJ
2
—2043

2. B—(f . A—CE = ‘EC”E‘ cos0

BC-AC
cosf=———

‘BCHAC‘

_ 20
8% 5

=05

Z/BCA = 60°
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‘B‘cose is the projection of b on a.

The Geometric M eaning of a-b

The dot product of a-b equals to the product of the magnitude of a (H ) and the projection

of b on a (‘B‘cose).

When 0 is an acute angle, the value of ‘B‘ cosO is positive.
When 6 is an obtuse angle, the value of ‘l;‘ cos0 is negative.

When 0 =90°, the value of ‘B‘ cosO isO0.

A
A
/ ;
5 g
o) : *p O 5 >

B

B

b

Q
=

~ZH 5y Example g

Given that the projection of b on a isdand |a|=5 , find a-b.

.
f-..f Answer

B‘cose =4
5-6 = ag‘cose
=54)
=20
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~Z - Example 7
Given that a-b=13 and the projection of a on b is 4, find
1. the magnitude of vector b.
=8.

2. the angle between the two vectors, if a

(7 Answer
|

1. 5cos9:4
a-l;:;l;‘cosﬁ =13

‘B‘(4)=13

\B‘:E

4

2. 50059:4

8cosO =4

0=060°

J j -J Practice 8.1A
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8.1.2 Operation of Dot Products

Properties of dot products

The operation of a dot product is different from that of real numbers. Below are the laws for
operations of dot products:

If a, b, ¢ arevectorsand A is areal number, then

Proofs of (1) and (2) may left for exercises. Let us prove (3).

Proof
A
B
|
|
! |
I |
- ] >
Al B
Since 5+6‘cose =0B; =0A|+AB; = a cos 0, +‘l§‘cos@2,
S0, a+blc cos@z‘; c|lcos @+ |blic|cos 6.

- —

1.€. (a+b)-c=a-c+b-c
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~E - Example |

Given that ‘5‘:6, b

—

b‘ =4 and the angle between a and bis 60°, find (;{ + 213) (a - 3‘5)

-2

b

-

blcosO—6

_‘a

=6 —6x4c0s60°—6x4’
=72

-

If a, b are non-zero vectors.
1. If alb,then a-b=0.
2. If a-b=0,then alb.

N 5 Example

Giventhat a and ¢ , a+b and c are perpendicular to each other, prove that b and c¢
are perpendicular to each other.

-,
(-.-” Answer

+b and care perpendicular to each other.

[
oo
=]
o
o

o
+
11 Ty

Qé;éﬂ
Il
o O©

(oxy)
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~ZI 5 Example 3

Given that H =3,

B‘ =4,if a+kb and a—kb are perpendicular to each other, find k.

-,
(-.-” Answer

a+kb and a—kb are perpendicular to each other
(a+kb)- (- Kb)=0
62)- k2650

-2 -2
a —k*bl =0
9-16k* =0
PR
4

Answer: When k = i% , a+kb and a—kb are perpendicular to each other.

~ZH - Example 4

e,, e, are unit vectors and the angle between them is 45°. Find (a + 5) (a - 3;).

.
f-..f Answer

o)
= (el).(el)+(el)-(—3ez)+(e2)-(el)+(ez)-(—Sez)

2

2 — —

= U8, ° @y =3

—

€

—_—

,

= 1-2cos45° -3

= —2-2
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i-i=1, j-j=1,i-j=0 and j-i=0.

When ;:x1f+y1], l;:xzf+y2j
a'b:(x1;+y1j)'(x2j+yzj)
= XXyl T AX V0 J X TV ]
= XX+,

ab=xx,+y,.

The dot product of two vectors equals to the sum of the product of their corresponding x and y
components.

~ZH 5y Example 5

Giventhat a=57 +7), b =—6i —4,find a-b.

-,
(-.-” Answer

a-b=5-6)+(7(-4)=-58

YN 5 Example g

Given that ;=2?+3], Z;=—2f+4] and 2=—f—]‘,ﬁndthe following values

W N =
Q|

-,
(-.-” Answer

l.a-b
=i +37)(2i +4j)
=2(-2) +3(4)
=—4+12
=38
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2. (i+5)(-5)
=[Qi+3j)+(2i+47)] [Qi+37)-(2i+4/)]
=(7j)@i-j)
=7(-1)
=7

3. a(oee)
=Qi+3j)y[(2i+4))+(=i—))]
=Qi+37)37 +37)
=2(=3) +3(3)
=—6+9
=3

Given that a = x,i+y,]-

2 2
a-a=x, +vy,

/( 2 2)
=4\X Ty

-

a

~Z - Example 7
Find the magnitude of the following vectors.
1.3i+4;
2.-5i+127
3.2i-27

.
f-..f Answer

1. Bi+4))-(3i +4))=3(3)+4(4)=25
;bi+4ﬂ=5

2. (=50 +12))(=51 +127) = (=5)(-5) +12(12) = 169
o |-si 412 =13

3. (<20 =2])-(<27 =2]) = (-2)(-2) + (-2)(-2) =8
w2 -2j]=242
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- -

a-b XXy + V1),

cos@ =

—

a

-

b i \/x12 +y12\/x22 +y22

N 5 Example g

Given that a =37 + 47, b =37+ 4 j , find the angle between a and b (correct to 1
decimal place).

(7 Answer
| |
a| = /32 + 4
=5
| =(=3)" +4°
=5

a-b =37 +47) (37 +47)
=3(-3) +44)
=-9+16
=7
cosezg
a b‘
7
5%5
=0.28
0 ="173.7°
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~ZI - Example

—

Giventhat a =27/, b =37 +6, find the angle between a and b.

-,
(-.-” Answer

— PP ER
=5

‘Q=J3P+&
3
=Qi - J)@i +6j)
2(3) - 1(6)

0

cosO = g

a b‘

a

pry

Q|
o

0

J3345)

6 =90°

—

Given that a = Xi+y,j, b=x,i +y,]
1. If ;J_l;,then X%, +y,y, =0.
2. If xx,+y,y, =0, then alb.

~EN 5 Example 10
Giventhat a = 7i—3; and b =67 +2,provethat a Lb.

-
I:-.-’ Answer

a-b =(-37)(6i+27)
=1(6)-3(2)
=6-6
=0

~.alb
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~EH - Example 11
Given that A=(1, 2), B=(2, 3) and C =(-2, 5), prove that A ABC is a right-angled triangle.

(?Ansvmr
|

AB=0B-0A

=2/+3/—(i+27)
=2i+3j-i-27j
=i+j

AC=0C-0A

=2i+57—-(i+2))
=2i+5/-i-2j
=-3i+3;

AB-AC =(i+7) (3i+37)
=1(=3)+1(3)
=0

. ABLAC

.. AABC is a right-angled triangle.

J j -J Practice 8.1B

Now, let us summarize the properties of the dot products in a 2-dimentional coordinate
system.

—

a-b= ;B‘cose
0039=Q
ab‘

— -

‘l;‘ cos0 is the projection of vector b on a.

Properties
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- >

4. a-a=|a

5. If ELB,then a-b=0.

6. Given that ;=x1;+y1j, I;=x27+y2]'.
'b:X1X2+Y1YZ

2 2
a=Xx, +Yy, and

-

l( 2 2)
a =4/\X; Y,

a-b _ XX, +Y,Y,
T \/ 2 2\/ 2 2
X Ty AX, tY,

ol o

cos0 =

-

a

7. If alb, then xX,x,+y,y,=0
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8.1.3 Applications of Dot Products

N 5 Example 1
Giventhat AB=47+2j, AC=37+47,
1. prove that AABC be a right-angled triangle.
2. find the area of AABC.

-,
(-.-” Answer

1. BC=AC-AB
=(Bi+47)-(4i+27)

=—i+2j
AB-BC =(4i+27)(=i+27)
—4(-1)+2(2)
44
=0

..AABC is a right-angled triangle.

2. Area
= l\ﬁa’ul?c\
2

= %\/42 +22 xyJ(=1) +(2)

- 2045

=5
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8.1.4 Dot Productsin 3-D Space

[ is a unit vector along the x-axis, ; is a unit vector along the y-axis and k isaunit
vector along the z-axis (as shown in the graph below).

Hence, a 3 dimensional vector can be rewritten in terms of i, j and k.

YN 5 Example 1
Express the vector in black in terms of i, ; and k.
1. 2.

f-..f' Answer

.47 +27+3k
2.5i—4]+3k
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@

o)

J
—/
W 5 Example
Evaluate

1.(4i+3j-k)-j
2.(i+3j+2k)-k
3.7 (i+2j-k)
4. j-Qi-j+4k)

(} Answer
| |

1. @i+3j-k)-j
=47 -j+3-j-k-j
=4(0)+3-0
=3

2. (i+3j+2k)-k
=7-k+3j -k+2k-k
=0+3(0)+2
=2

3 P-(i+27-k)
= 7-i+27-j-7-k
=1+20)-0

4 J-Qi—j+4k)

=2(0) — 1 + 4(0)
=1

If ;:xll?-%ylj—kzlic' and Z’:le?+yzj+22]€’

then a-b=x,x, +y,y, +2,2,.
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~ZI 5 Example 3

Given that 52?—2]‘+4l€, B=4f+5]—21€,ﬁnd a-b.

-,
(-.-” Answer

a-b=(i—-2j+4k) -4i+5]-2k)
=1(4) + (-2)(5) + 4(-2)
=4-10-8
=14

~ZH - Example 4

Giventhat a=37—j -2k, b =4i+6/+(m+2)k and a-b=S8, find the value of m.

.
f-..f Answer

Bi—j—2k)[4i+6]+m+2)k]=8
3(4)— 1(6) — 2(m +2) =8
12-6-2m—-4=38

2-2m=28§
2m=-6
m=-3

a=va-a

YN 5 Example 5
Using the above result, find:
1.$2+2J+E
2. ‘— i+ +2k ‘
3. }Z—3j+4ﬂ

-,
(-.-” Answer

1. @i+2j+k)GBi+27+k)
=3(3) +2(2) + 1(1)
=9+4+1
=14

.'.‘3?+2]‘+I€‘=\/ﬁ
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2. (iHjE2k)(-i+j+2k)
=(DED + 1) +2(2)

—1+1+4
=6
.'.‘—f+]‘+2]€‘=\/g

3. (-1 —3] +4k)(-i -3] +4k)
=(DED +(E3)(E3) +4(4)
=1+9+16
=26
.-.‘—f—3j+4l€‘=\/%

J fﬂ‘ Pl“ﬂﬂf.fﬂﬂ&lc

Given a= X0+ ]+ zllg and b= X,0 +y,] + zzlg . If @1is the included angle between the

two vectors @ and b , then

a-b XX, + +2zz
cosf = — 1% TV, T 2,2, .
2 2 2 2 2 2
‘a-b \/x1 +y, +z \/)c2 +y, +z,
~Z 5 Example g

Giventhat a =27 +3 j +k, b= i+3 j-2 k , find the angle between a and b (correct
to 3 significant figures).

() Answer
| |
a| =27 +32+1> =414
B‘ =P +32+(2)? =14

|

ab =Qf +37 + k) i +37-2k)
=2(1)+33) + 1(= 2)
=2+9_2
=9
a-b

‘

)

cos0 =

-

a
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9

Jiaia

9

14
0 =50.0°

Let 5 and B be non-zero vectors.
1. If alb,then a-b=0.
2. If a-b=0,then alb.

~EH - Example 7

Giventhat a=47+3j+5k, b=i+2/ -2k ,provethat a Lb.

.
f-..f Answer

a-b=(47 +37 +5k)i+2] —-2k)
— 4(1) + 3(2) + 5(=2)

=4+6-10
=0
~alb
YN 5 Example g
Given that £=4f+3]'+m/€, B=2f—4]‘+2l€ and aj_l;,ﬁndthevalueofm.
( Answer
.
Since a Lb

(47 +37 +mk)-Qi -4 +2k)=0
4(2) +3(-4) +m(2) =0

8—12+2m=0

m=2

. f,.‘ Practice 8.1D
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i ,,‘ Practice 8.1A
1. Giventhat H =6, ‘B‘ = 7 and the included angle of the vectors = 45°. Find a-b.
2. Given that ‘B‘ =5, the projection of a on b is35. Find a-b.
3. Giventhat a-b =-15, H =10, ‘B‘ = 6. Find the included angle of the vectors.
4. Giventhat |[a =12, ‘B‘ =9.1f a-b=>54. Find theincluded angle of a and b.
5. Giventhat |b =3, the projection of a on b is 0.5{6‘. Find a-b.
6. Giventhat |d=6 and e isaunit vector. Theincluded angle between them is45°. Find
the projection of a on e
() Answer
.
1 a-b= %Bcose = 6(7)c0s45° = 2142 or 29.70
2. a-b= ;‘Bcose = |b (The projection of a on B) =5(35)=175
3.
a-b= 5‘ blcoso
—15 = 10(6)cosH
cos0 =-0.25
6 =104.5°
4.
a-b= 5‘ blcoso
54 = 12(9)cosd
cos0=0.5
0 = 60°
5.

The projection of aonb = 0.5{5‘ =0.5(3) =15

a-b = B(Theprojection of a on 5)23(1.5):4.5
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a-e =

q

(6)(1)cos 45° = (1) (The projection of a on 5)

é(cose =

é((Theprojectionof a on 5)

The projection of aone=3J/2 424

i ,.‘ Practice 8.1B

1 eﬁl,eﬁ2 are unit vectors and the included angleis 60°. Find (Zeﬁ1 - ej) (— 3eﬁl + 2ej).

2. [d=4, [t|=3 and (2a-3b) 2a+b)=61. Findtheincluded angle of a and b.

3. Given a =27 -3] b =4i

W i

) ‘B‘ .

+5] . Find

(3) theincluded angleof a and b.

4, a =37 +4], b =(x=-17 +(3x-2)] and bLla.Findx.

5.  Givenaright-angled triangleABC, AB =27 +3j, AC =i+mj and A =90°.

Find the value of m.

) Answer
1) - e, e,areunit vectors,
B = [l =
(2e,- €,)- (-3¢ +2e,)
= (oe) (-3e)+ (e, ) (-30)+ (21 ) oy )+ (- &) e

2

“4 3‘5‘ ‘e:‘ C0os60° + 4‘51" H cos60°— 2|e,

= _GE
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= -6+ 7c0s60° — 2

2) Let the angle between a and bbe @

(2a-3b)-(2a+b) =61
(2d) - (28)—(3b) - (2a) + (2&) - (b)—(3b) - (b) =61
5‘0056’ + 2‘5”5‘ cosf — 3|b|2: 61

-

4/al*~6|b

4(4)? - 4‘3”6‘ cosd —3(3)%=61
64 —4(3)(4)cosd — 27 =61
cosf = —l

2

0 =120°

3 (U [a° = |27 -3]] =22+ (-3?=13

&l = 13
(@ o = |4 +5]] =4+57=41
b = Va1

(3) Let theincluded angleof a and bbed

cosé

_ 2@ +(=30)
V13441

=-0.303
-.0=107.7°

s}
(o]

o

—

SinceBLé, a - b=0
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Bi +4]) - [(x=1Di +(@3x=2)j]=0

3(x—1)+4(3x-2)=0
3xX-3+12x-8=0
11
X=—
15

5)
ZA =90°, ABLAC.

(i +3])-(i +mj)=0

2+3m=0
2
m=-=
3
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i J Practice 8.1C

1. Find the dot product of the following vectors.

(1) @ =27 +]+4K and b = T -3]+2K

(2 a=7+2]+K and b =67 +2j-2K

(3 a =37—j+2k and b = T +5] +3K

4 a=7+4]+4k and b =77 +] -4k

O

(5) a =97 +5] +k and b =37 +2]+7kK

2. Find the magnitude of the following vectors.
()27 +27 -k

(2 T+5] -2k

(3)2i +3] -2k

(4) 47 +3] -k

(5) 47 + 7] -4k

'f...f' Answer

1)
(1) a-b

=2 +j +4k) - (i-3j +2k)
=2(1) +1(-3) +4(2)
=7
2 a-b
=(i+2]+k)- (67 +2]-2k)
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2)

=1(6) + 2(2) + 1(-2)

=8

(3 a-b

=B =] +2k)-(i+5] +3k)
=31+ (1) +2(3)

=4

4 ab
=(I+4]+4K)- (77 +] -4k)
=1(7) + 4(1) +4(-4)

=-5

(5 a-b

=9 +5] +k) - (-3 +2] +7k)

=9(-3) +5(2) + 1(7)
=-10

1) 27 +2] - k|= {22+22+(-1)2 =3
@ I +5] —2k|= {12 +52+(-2)2 =+/30
3 27 +3] —2K|= 22+3°+(-2)? = 17
4) W7 +3] — k|= J42+32+(-1)2 =426
(5) |47 +7] —4K|= 4 +72+(-4)7 =9
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8.

More about Vectors

¥
8.1 Dot Products of Vectors (Beyond Key Stage 4) = Page 7 of 8

i ,,‘ Practice 8.1D

1

Giventhat a= i +7]+3Kk and b= i +]—6K.Findtheincluded angleof a and b
(correct to 3 significant figures).
Giventhat a=37 -] +4K and b=-2 +] + 3Kk . Find theincluded angleof aand b
(correct to 3 significant figures).

Giventhat a=57 +2]+3k and b=2i+] —4K.Prove alb.
Giventhat a= i —3]+2K and b=-2{ +mj +7K and a_Lb.Findthevalue of m.

Giventhat a=3i+]j—4K and b=77 +(m-2)] +6k and a.lb.Find the value of

m.

'f...f' Answer

1

%=\/12+72+32 _ /59

= \/12 +12 4 (-6)% = /38

b

ab=( +7] +3K)-(i + ] —6K)=1(1) + (7)(1) + 3(-6) =10

~10= (+/59)(+/38)cos0

—

-B: bl cosO

Q|

6 =102°

%=J32+(—1)2+42 _ /26

‘B‘ =\/(—2)2+12+32 =14

ab =B —j+4K) - (27 +]+3K)=3(-2) + (1)) + 43) =5

Bducation B B B B

and Manpower Bureal .
©2003 All Rights Reserved.



More about Vectors

8.1 Dot Products of Vectors (Beyond Key Stage 4)

—-{J Page 8 of 8

—

5-5: bl cosO

q

5= (/26)(+14)cosb

6 =74.8°

a-b =(57+2]+3K)- (27 +] —4Kk)=5(2) + 2(1) + 3(-4) = 0

o
I
o

a.
(i-3]+2K)- (2 +mj+7k)=0

1(=2) + (-3)m+2(7) = 0

12-3m=0

m=4
alb
a-b =0

(3 +]—4K)-[77+(Mm=2)]+6K]=0

3(7) + 1(m—2) +(-4)(6) =0
21+m-2-24=0
m=5
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