Ch18-21 Indefinite Integral

Al Find the indefinite integral j(x—2)(x5+1)dx
. . L 3A+1
A2 Find the indefiniteintegral | —=—dt
el [
2
A3, Find the indefinite integral jﬂde
1-siné
A4, Find the indefinite integral j(secx—tanx)zdx
AB. ﬂ=4x3-32 x=1 y=5 x=2 y
dx X

Given that % = 4x3 - % , and that y = 5when x = 1, find the value of y when x = 2.
X X

AG6. t V cm? Z—\:=%t+3ﬁ t=4 V=23 t Vv
Thevolume, V cm?, of abubble at timet seconds, satisfies ?j_\t/ = %t+3\/f .Giventhat V =23whent =4, findV in
terms of t.

. d( 1
A7. (a Find —| —
@ 4
_3
(b) Hence find .[x 2dx
. d .
A8. (a Find — (sin*30
@) . 9( )
(b) Hence  find j sn60do
AO. Find [ 4/x dx
A10.  Find j_;dx
sinxtan x
3
2
All. (a) Expand (X——j
Jx
2 3
(b) Hence find [x——] dx
%
Al12. (a) Find i(xsinx)
dx
(b) Hence find _[xcosxdx

Al13. (a) Giventhat y=(x-9)vx-3 find %

(b) Hence or otherwise find ILde
JIXx-3
Bl (2,0) xy) Bx-1(x+2)
A curve passes through (2, 0). Its gradient is (3x — 1)(x + 2) at any point (X, y) on the curve.
@)
Find the equation of the curve.
(b)
Find the turning points of the curve.
(©
Sketch the curve.
B2. (a) Given that y:gn9—2§n29+s!n30 prove that y=—tan2g
sinf+2sin26+sn30 2
(b) Hence evaluate Is!n€—23!n29+s!n39d9
sin@+2sin260+sin30



For any point (X, y) on acurve, Pl kx? , where k is aconstant. It isknown that 'y =
X

dy 2
X, — =kx k X=2 - = e A
*.y) dx y 2 dx

dy and ﬂzGWhenx:Z.
dx

N |-

k
Find the value of k.

Find the equation of the curve.
Techniques of Integration
X

Find the indefinite integral j dx
X+1
dy 2 3 é
xy) & = (3 +4)(X° + 4x+1) 0,2

X+4ax+1=u ]

1

The slope at any point (X, y) of a curve is given by % = (B3 +4)(x°+ 4x+1)g . If the curve passes
X

through (0, 2), find the equation of the curve. [Hint:  Put x® + 4x + 1 =u.]

By using the substitution u=sinx+ cosx or otherwise find the indefinite
COSX —SinX

integral | ——0dx
o J.~°</sinx+cosx

Find the indefinite integral j sec® x tan® x dx

Usethe substitution x=5tan find the indefiniteintegral | ——==0dx
‘[XZ\/Z5+ x2
Find the indefinite integral jsi n?7xcos*7xdx
. X
Find Imdx

(X, Y) % =(x+6)¥Yx? +12x-5 (1,9) The Slope at any
X

point (x, y) of acurveisgiven by % =(Xx+6) Ux? +12x 5. If the curve passes through the point (1, 9), find the

X

equation of the curve.

B3.

@)

(b)
Al
A2.

[
A3.
A4
Ab5.
AB.
AT.
A8.
A9.
A10.
All
Al2.
Al13. (a)

(b)
BL (8

(b)

(©
B2. (@

(b)

(©

Find f cot® 3xcsc? 3x dx

Find Isin3xsec4xde

1 XS
Evauate | ————=0dx
Lﬁﬂ—%ﬁ
Using the substitution  u = sin® find I SN XCOSX dx
V255in% x + 9cos?x
By considering %(x f(x)) show that jxf'(x)dx = x f(X)- j f(x)dx
Hence or otherwise find the indefinite integral jxsinxdx
using the substitution x=6sn@  Find j 36— x% dx
Find di(xx/36—x2)
X
s
Hence or otherwise find | ————dx
36-x°
Show that di(sec”’2 xtanx) = (n—1) sec" x— (n—2) sec" 2 x
X
n 1 n-2 n-2
Let In:J'sec xdx Show that |, =——tanxsec™ “ x+——1,, forn>2
n-1 n-1

Hence evauate I sec® xdx



B3.

B4.

Al

A2.

A3.

A4.

AS.

3

(@) Show that %{x“(Zax— x2)2:l =[(2n+Dax"* — (n+2)x"](2ax — x?)

1
2

1
(b) Let In:jx”(Zax—xz)zdx where n isa positive integer Show that
3
| =2 i ax-x?)?

n+2 " n+2

2
(© Itisgiven that I«/bz—xzdx=%x\/b2—x2 +b?sin’1(§)+c find I\/le—xzdx

1
) Hence  find j X2(10x — x2)2dx
o o 2
@) Prove theidentity ~—31X _ (1=SNX)
1+sinx cos’x
(b) By using the substitution x = sin t or otherwise find the indefinite
. 1-x
integral ,/—dx
= I 1+X
© Find the indefinite integral | /r—xdx
- X
Definite Integral
he sub 8+ d jz X4
Using the substitution u=8+ evaluate X
1J8+x3
Evaluate the integral _[i(xz—2|x—1|+1)dx
f(x):x3+ax2+bx—% x=-1 Ilf(x)dx:o a b
0

Thefunction f(x) = x3+ax*+ bx—% has turning point at x =-1 and I: f(x)dx = 0, find the values of the constants
aandb.

Y =3-X X+y—-1=0
Find the area bounded by the parabolay®* = 3 — x and thelinex +y -1 =0.

XX+ 4P -4=0 42 - 3x=0
X
In the figure, the shaded area is bounded by the ellipse x* + 4y* - 4=0
and the parabola 4y* — 3x = 0. Find the volume of the solid of
revolution of the shaded area about the x-axis.

X+ 4P -4=0




A6. (a) 04 4 z j‘; (9— 2x)dx
Find an approximate value of I:(Q— 2x)dx by dividing [0, 4] into 4 equal subintervals and taking z to be
(i)
(i)

(iii)
the right end-point of each subinterval.

(b) (@)

Comment on the results obtained in (a).

the left end-point of each subinterval,

the midpoint of each subinterval,

41

AT. [1, 4] z jl ~
Find an approximate value of LAE dx by dividing [1, 4] into
X
@
3 equal subintervals,
(b)
6 equal subintervals,
and taking z to be the midpoint of each subinterval.
2 2 2
A8. Given j f(x)dx =9 j f (x)dx = 1500 j g(¥)dx=11  find
-3 -3 -3
.
@) j f (x)x
2
7
() [ [3100-4g0ldx
AQ. Given that J‘fsinzxdxm Fsinxdx =1 find
0 0
(@) J-Eﬂ in” xdx
2
(b) j 2 sinxdx
T2
©) ji (sinx+3)2dx
2
a
A10. Lom = jo x"(a— x)™dx a m n
Let I, = j:x”(a— X)™dx , where a is a constant, mand n are positive integers.
m
a n+1 a— m | — _I
( ) X ( X) n,m n+l n+1, m-1
Show that I, , = %Inﬂ,m_l by considering the derivative of x™*(a—x)™.
+
.
(b) Hence or otherwise evauate the integral Iaxz(a—x)3dx
0
All (a) Prove the identity —~— = 1=3N¢
1+sin@ cos’ O
(b) Hence or otherwise  find j 1
1+sing
s Z X
C O==-x 2~ dx
© 2 -[0 1+sin2x
Z X . _ 7
Evaluate j2+dx by using the substitution 8=—-x.
0 1+sin2x 2
Al12. (a) y=|x|(x-3) —-2<x<4

Sketch the graph of y = |x| (x — 3) for -2 <x < 4.



4
(b) Evaluate J' x| (x—3)dx
-2
X2 yz Y
Als. Thefigure showstheellipse —+2-=1 F,
25 9 X b .
isone of itsfoci N7 259
@ F, AN F .
Find the coordinates of F,. oA
(b) X 360° NS
If the shaded region is rotated through 360° about the x-axis, find the
volume of the solid of revolution.
Al4. (a) C:y=x2 Cyy= +J-X
Sketch the curves C;: y=xand C,: y = +/—x inthe same diagram.
(b) G G
Find the area bounded by the curves C; and C,.
Al15. (a) m>0 y=x> y=mx 45
Find the constant m> 0 such that the region bounded by the curvesy = x*> and y = mx has area 4.5.
(b) @) y
If theregion in (a) isrevolved about the y-axis, find the volume of the solid of revolution.
B1 AB 2 oC 3 y
" ACB alc
The figure shows an arch design with base AB 2 units and altitude OC 3
units. The arch ACB is apart of aparabola.
(C)
Find the equation of the parabola.
(b)
Find the area of the arch design.
(©) y=m m
If aliney = m divides the arch design into two parts of equal area, find the
valueof m.
A B
-1 (e} 1
dy .
B2. y=1f(x)  (xVY) o - Snx+cosx 0,-1)
X
Thegradient at (x, y) of acurve y= f(x) is % =din x + cos X. The curve passes through the point (0, —1).
X
@)
Find the equation of the curve.
(b) f(x)=0
Find the general solutionof f(x)=0.
(©) X x=0 X=7
Find the area bounded by the curve and the x-axisfromx=0tox = 7.
B3. X +yY =169 X r X y
A solid sphere is formed by rotating the circle x2 + y? = 169 about the x-axis.
Then a hole of circular section, radius r, is drilled through it aong the x-
axis.
C)
Find the volume of the sphere by integration.
(b) Show that the remaining volume is
4 3
— (169 -r?%)2
3 7( )
(©) 0.2 0.5
If the radius of the hole is increasing at 0.2 unit per second, find the rate of
change of the remaining volume when the radius of the hole is 5 units.
B4. (a) tan x =+/2 cos x
Find the general solution of the equation tan x =+/2 cos x.
(b) y=tanXx y= /2 cosx



Find the acute angle of intersection of the graphs of y = tan x andy = /2 cos x in the first quadrant.
(©) y=tanx y= +/2cosx x=0 X

Find the volume of the solid of revolution of the area bounded by the curvesy =tanx, y= +/2 cosxand x = 0
about the x-axis.

( )
. 3z
@ Sketchthecurve y=1+snx 0< xs;
o 3 . 1

(b) Provethat (1+sinx) =E+23mx—50052x
(© X y

Find the area of the region bounded by the curve, the x-axis and the y-axis.
(d) (© X

If the region in (c) is rotated through one revolution about the x-axis, find the volume of the solid of revolution.

y=4x-x X y = 2X P y

Q y=2x

In the figure, the region bounded by the curve y = 4x — x* and the x-axis is
divided by the liney = 2x into regions P and Q.

C) P
Find the area of region P.
(b) P Q Q y=4x-x
Find the ratio of areas of regions P and Q.
(© Py
Find the volume of the solid of revolution of region P about the y-axis.
(d) Q X (7 X
Find the volume of the solid of revolution of region Q about the x-axis.
y=x2-4 y=x*+1 y=0 vy=k y y
360° 8 3
A clay pot isformed by rotating the region bounded by the curvesy = x2 — 4, y=x'+1
y=x*+ 1 and the linesy = 0, y = k through four right angles about the y-
axis. The capacity of the pot is 87 units®. y=x'-4
C) k
Find the value of k. X
(b) ©
Find the volume of material required in making the pot.
(©) 2 3/

Water is poured into the pot at a constant rate of 2 unit¥minute.
0) h

Find the volume of water in the pot when the depth of water is

h units.
(i) 3
What is the rate of increase in water level when the depth is 3 units?
@ Using the substitution u = +/3tant evaluate Il 1 5
-134+u
(b) f(x)  [04]
Provethat if f (x) isintegrableon [0, a], then
a a 1ra
j f(x)dx = j f(a—x)dx = —j [f(x)+ f(a—x)]dx
0 0 270
(c) Supposeg(x), h(x) and g(x)h(x) are integrable on [0, a]. If g(x)=g(a-x) and
h(x) + h(a—x) = k, provethat [ g(x)h(x)clx = %kjag(x)dx
0 0
(d) Hence or otherwise evauate I”ﬂ dx
0 3+ cos’x
4 t 32 m/s? —gt

m/s*
An object starts from rest and moves along a straight line. Its acceleration at time t seconds is 3t* m/s® for the first 4

seconds and then —%t m/s* before it comesto rest again.

@ t



Find the velocity of the object at timet.

(b)

When will the particle cometo rest again?
(©

Draw the acceleration-time graph and vel ocity-time graph of the motion.
(d)

Find the total distance travelled by the object.

2
d—¥=px+q P q (1,2 3x+y-5=0 (2,0
X
. d?y . .
At any point on acurve, o = pX+ (, where p and q are constants. At the point (1, 2), the equation of the tangent to
X

the curveis3x + y—5=0. The point (2, 0) is one of the turning points of the curve.
@) P q

Find the values of p and g.
(b)

Find the equation of the curve.
(©

Find the turning points of the curve.
(d) -1<x<3

Sketch the curvefor -1 <x < 3.

P A 9 B A

t am/s’ a=18t- 3t

A car P starts from rest at atraffic light post A, goes straightway for 9 seconds and stops at another traffic light post B.
At timet seconds after leaving A, the acceleration, a n/s?, of the car isgivenby a= 18t — 3t
@ P t

Calculate the greatest acceleration of P and the value of t when this occurs.

(b) t vm/s
Express the velocity, v m/s, of the car in terms of t.
(c) 0<t<9
Sketch the vel ocity-time graph of the car for 0<t< 9.
(d) A B
Find the distance between A and B.
@ Leta be a constant using the substitution x=atan @ Find j 2dX >
X°+a
. - 0 , 1
(b) using the substitution t=tan— Find J ——dé#
2 13+12cosé
; 22
(c) Show that i( qsiné ): Pp____ P-4 where p and q are
doé\ p+qcosé p+qgcosd (p+qcosh)?
constants
. . do
(d) Hence or otherwise find f ———
(13+12cosb)
2 2 y
KL E: XY g 0 P
25 16 E
K L
XZ y2
In the figure, KL is a latus rectum of the ellipse E: 2_5+E:1' The
parabola P with its vertex at the origin O intersectsthe ellipse at K and L. 7 X
(a) K L /
Find the coordinates of K and L. ’ /
(b) P L
Find the equation of the parabola P.

(©)

Find the volume of the solid of revolution when the area enclosed
by the ellipse and the parabolais rotated about

0) X  axis

(i) y axis



