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Limits and Derivatives and Differentiation

. . aJx-3
Find lim
®9 x-9
. 1 x|
Find lim———
W®@-1 1+ x
Find  lim-—sinx
x® 0| x|
3+2x-3
Find  lim—— ="

¥ 453 - 8x* +6

Find the derivative of y = 2./x from first principles.

+1
Find the derivativeof y = t_l from first principles.

y=2Jx
_t+l
T

Usethe graph in thefigure to find the following limits.

@ limf () (b) lim f(x) ©  lim /()
3,3
Find lim (et & wherek is aconstant k
x® 0 X
;3
Find im sm 23x
x® 0 xsin®5x
Find  limSoSr /)= cosx
h®0 h
3_ 2 _
Find  lim 23 *2x-8
x®¥ (x+1)(5x- 3)
Let y=f(x)=2x?-3x+7 and x,=2
@ Compl ete the table below.
Dx 1 0.1 0.01 0.001 0.000 1
x, +Dx 3 2.1
Q/=f(xl+Dx)— f(xl)
D
Dx
® Find  lim £2X20- /()
D® 0 Dx
Let  y=/f(x)=(x+5)? Dy=f(x+Dx)- f(x)
(@ Find Dy
- Dy
b Find —
(b) Dr
. . - dy
(c) Hence find from first principles o
X

Let  f(x)=2x3+7x
(8  Findfromfirst principles 7€x)
(b)  Evaluate and interpret 7€)

4

4

®

@
G

G

®
G
G
®

G

@

®

@



A15.

A16.
A1l7.

A18.

AlO.

AZ20.

A2l

A22.

A23.

A24.
A25.

A26.

A27.

A28.

A20.

A30.

A3l

A32.

A33.

A34.

34

dt

(b)  Suppose the population of certain bacteria grows in such a way that at time ¢ hours there are 20¢ + ¢ bacteria.
Find the rate of growth at time ¢ = 10 hours.

@ Given y =20t + ¢ find from first principles

t 20t + £ t=10 7 )
4 x+1 . dy
If = find — 4
’ 2x+3 dx ( )
Find the slope of the tangent to the curve x* + xy +° = 3 at the point (1, 1).
xX2+xy+1°=3 1, 1) G )
If  y= Ycosec?2x find % @ )
X
it f(x)=xsn2 find 146) 6 )
X
- _ _ _p ) dy
Itisgiven that x=2secq and y=3tanq at q-z Find ™ G )
X
. dy d 2y . dy d 2)’
=y+cosy find — and —= intermsof — — 6
xX=y y e 7 y y i e 6 )
_ 6x2 .
If f(x) = find
X
@ f¢x) (b) /44) @ )
The gradient of the curve y= % a x=1 is -2 Find
(@)  thevalue of the constant k
(b)  theequation of thetangent to the curveatx =1 x=1
(c)  thepointsonthe curve at which the gradient is - % - % 8 )
Find the derivative of y= @fx- 4)(x%+3x) G )

The equation of acurveisy = x3- Exz + 2x +1. Find the points on the curve at which the tangent line is horizontal.

y= x3-2x2+2x+1 8 )
-2
r°+3 . dy
If = a =2 find — 6
Y 1_1-2 dt ( )
If = A find Ll 6 )
(2x+D)(x- 3) dx
3 d
f y= (x+D)Wx-12 find d—y G )
X
.5
it R = Eft, “713 find F¢/) G )
If ¥-xy+32+3)°=0 find ? G )
X
RRx+30 . dy
If = + f —
T e ™M © )
Let y =X COS 7x
2
@ Find Paa 42
dx dx?
2
Hence in — + 4
(b) find Zf % 6 )
X
1
Let f(x):% where A constant It /e=2 find A G )
x°+
The parametric equations of acurve are
x=2cost+cos2t and y=sin2- 2sint Show that d—yztanL 8 )

dx 2



_ /3+2x2 dy _ @& Ax Br 6 .
A35. If y= W and E—ygs-kzxz +5_ xzb find A B (6 )

A36.

1y ~So
% N
H _—
When a ball is projected at an elevationq with a velocity u, the horizontal range H is given by
u u q
_ u’sin2q
g
P

If u =20, g =10, and theangle q is adjusted to 6 with apossible error of 0.005 radian, find the possible error in H

using differentials.

4=20 g=10 q % 0.005 H @ )
A37. Findthe equation of the tangent with the least gradient to the curvey =x3+x? + x + 1.
y=x*+x>+x+1 7 )
A38. (a) Find the turning point of the graph of y = 24/x - x.
y= 24/x - x
(b)  Sketchthegraphfor O£ x £ 5.
0£x£5 @ )

A39. A ball isthrown vertically upward from a point P so that its height at time ¢ secondsis
h = (30 - 5%) metres. Q is another point on the same level as P and is 30 m from it. At time ¢ = 4, find the rate of
change of the angle of elevationq of the stone from Q.

P t h=(30- 5% m Q P Q P 30
m t=4 Q 8 )
A40. A right-angled triangle has hypotenuse 10 cm long and one of its acute angleisq
10 cm q
@ Express the lengths of the other two sidesin terms of q. q
(b)  Find the maximum area of the triangle. 8 )

A4l. A particle P movesin astraight line and passes through a fixed point O. The distance s metres of P from O at time¢
seconds, where¢ 3 0, isgivenby s =48 - £2. Calculate the acceleration of the particle when it is instantaneously at

rest.
P (@) ts(t30 P o] sm s s=48 -
© )
A42. Find the equations of the two tangents to the curvey? = x? + 5 at the points where x = 2.
Y =x+5 x=2 8 )
A43. An object moves around the circlex? + y? = 100. Its component of velocity inx-direction is % =2y. Find d_}t} .
dx dy
Z+y*=100 — =2 - 4
x“+y x w2 i @ )

A44. A building is 20 m high. Its shadow on level ground is 25 m long. If the angle of elevation of the sun is decreasing at a
rate of 15° per hour, at what rate is the shadow lengthening?

20m 25 m 15°
@ )
A45. Theequation of acurveis y=x*- 43
@ Find the stationary points of the curve.
(b)  Sketchthecurvefor-1£x £ 4. -l1£x£4 8 )

A46.




A47.
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B2.

B3.

In the figure, AB is a diameter of the circle with centre O and radius 6 cm. C is a point on the circle such that DPBAC =
g

O 6 cm AB C PBAC=q
(@ Expressthe area Sin cn? of the shaded region bounded by AB, AC and arc BC in terms of q.
q AB AC BC S( cny)
(b) Ifq ismeasured as 45° with apossible error of 0.5°, find the possible error in calculating S using differential.
q 45° 0.5° S 8 )

< |
| R |
When a bomber is flying with a horizontal velocity u m/s at an altitude # m above the ground, the bomb that launched

will hit the ground with a horizontal range R m givenby R= u ,ﬁ , Where g isthe acceleration due to gravity.
g

u m/s hm Rm Rzu’z—h w
g

g
@ Express the differential dR in terms of the differentialsdu and dh.
du dh dR
(b)  Ifu and 4 are measured with possible errors of 1% and 2% respectively, what is the possible percentage error in
computing R.
u h 1% 2% R 8 )

(@  Prove by mathematical induction, that 2+ 2+32+ ¥4 + 42 = %n(n + 1)(2n + 1), for all positive integersn.

n 1P2+2+F+.. . +n?= %n(n+1)(2n+1) 7 )
2 2 2 2 A
(b)  Hence or otherwise find Iingl—3+2—3+3_3+ - +n—32 G )
n®¥ap n n n° g
1
In achemical reaction, the mass M, in grams, of areactant at time ¢ secondsisgivenby M =G(¢) = thl .
18
t M M=G() =—
( 9 (="
@ Find the average rate of change of the massfrom ¢ = 3 to¢ = 4 seconds.
=3 (=4 G )
(b)  Findthe averagerate of change of the massfrom ¢ = 3tos = 3.2 seconds.
t=3 t=32 2 )
+ -
© () Find jim SE*09)- CE
D® 0 Dt
(i) Interpret your answer in(i). 0] G )

1 1
Let x:t+;and y:t-?

) d - -
(@ Find d_y at t = 2 by parametric differentiation.
X

ay
dx
(b) 0] Show that x2-y?=4

t=2 G )

(i)  Hence, find ? at t = 2 by implicit differentiation.
X
@

o t=2 7 )
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. . d d
€) If x isafunction of ¢ and d_jl 0, show that d—t

d_ .
X g
1
o dio M1 o
dt dx E
d 42 df ()
by If Lo f(1),where f(¢) isafunction of ¢, show that —)2; = ZI”
dx X 7)%
af
dy d?
— =/ f@ L= d @3
X dx di
d2y
(c) Given the parametric equationsx = cos’q - 3cosq and y=3sing - sin®q find d_z .
X
_ — 2 ;3 d’y
x=cos’g- 3cosq y=3sing- sin’g d_z (10
X
@ Show that for any constantsa and b, y = ax? + bx satisfies the equation
a b y=ax*+bx
d’y  dy
2
—5-2x—+2y=0
* dx? * dx Y
. - - d
(b)  Findthevaluesof a and b so that y also satisfies the condition that whenx =1, y = 3 and d_y =8.
X
dy
a b x=1 y=3 ;=8 €) 4
Let y =+a?- x?> wherea isaconstant. a
@ Find % @3
. d2y
(b)  Find 7 3
d? d
(c)  Hence show that x(a? - x?) X 22 -9 (3
dx? dx
The normal to the curve y = (x - 2)? at the point A(3, 1) meets the curve again at B. Find
y=(- 2)7? A3, 1) B
(@)  theequation of the normal to thecurveat A,
A 4
(b)  thecoordinates of B,
B (3
(c)  theangle between the tangent to the curve at B and the chord AB.
B AB 5
Theequation of acurveis 4% =x%
4y2 - X3
(8  Show that the point P(4%, 4¢%) is apoint on the curve.
P(4¢%, 41%) ¥
(b)  Findthe equation of the tangent to the curve at the point P.
P 3
(c) If the tangent in (b) meets the curve again at Q, find the coordinates of Q.
(b) Q Q €
(d) If M isthe midpoint of PQ, find the equation of the locus of Q.
M PQ M (4

)
)
)

The horizontal displacement x and vertical displacement y of a particle from the origin O at time ¢ are given by

x=£- 7 +8&andy=+2r+1.

t o) x y x= £-TP+&  y= J2t+1
@ Find the horizontal and vertical velocities of the particle at timez = 3.
t=3 3
(b)  Hence, find the velocity of the particleats = 3.
t=3 3

(c) Find thetime interval at which the horizontal velocity of the particle is negative.
(3



(d)  Findthevertical acceleration of the particleats = 4.
t=4 3 )
B10.

S

A rod AB 24 cm long is hinged with the end A on a ceiling. It is rotated about the vertical line through A to generate a
cone. Let g be the semi-vertical angle of the cone and V cn® be the volume of the cone.

24 cm AB A A
q V cm?
@ ExpressV intermsof g
q Vv G )
(b) If q increases at the rate of 3—% radians per second, find
P
— Is
4 30
0] the rate of change of V when g = % .
P
== Y%
4 6
(i)  therangeof g such that V isincreasing.
q \Y 7 )
x%+9
B11. Let =
f(x) ™
(@ Find  f¢x)and  f®x) G )
(b)  Findtherange of valuesof x such that f(x) isincreasing.
x f(x) @ )
(c) Find the maximum and minimum values of x.
f(x) 6 )
B12. A functionisgivenby y=4sinx+ kcos2x for O £x £ pand k is apositive constant. It has a stationary point at
x=E
6
y=4sinx +kcos2x (0£x £ P k x=%
@ Find the value of k.
k G )
(b)  Findtheturning points of the function.
G )
X
B13. Let =
f(x) 2+4
(& Is f(x) anodd function or an even function?
J(x) @ )
(b)  Findtheturning points of the function.
© )

(c)  Sketchthegraphofy = f(x).
y= f(x) @ )
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¥

Y

fe— M —
A zoologist is conducting a controlled experiment on breeding sheep. He/She constructs 3 identical rectangular pens
using 1200 m of fencing as shown in the figure.

€Y
(b)
©

1200 m
Expressy interms of x.
x oy @ )
Expressthetotal area A, in n?, in terms of x.
X A ( m?) 2 )

Find the maximum area he/she can enclose.

6 )

A right circular cone is circumscribed to a sphere of radius 3 cm, with the base of the cone touching the sphere. Let g
be the semi-vertical angle of the cone and V cn? beits volume.

@
(b)
(©
@

(b)

(b)

@
(b)

3cm q vV cm?
ExpressV interms of g
q Vv G )
Find the range of valuesof g such that V is decreasing.
q \Y 4 )

Hence, find the minimum volume of the cone.
G )
Show that the volume of a right circular cone of slant height 6 cm and semi-vertical angle  is given by
V = 72psin®qcos q
6 cm q V = 72psingcos g 4 )
Find the value of g for which V is a maximum. Hence, find the largest volume.
q 6 )
Thefunction f(x) =x*+ ax®*+ bx + ¢ hasamaximum at x = - 1 and a minimum value - 6 a x = 3. Find the

values of the constantsa, b and c.

f(x) =x*+ax®+bx+c x=-1 x=3 -6 a b c
© )
Sketchthegraphof y = f(x) for-2£x £ 4.
y= f(x) -2£x£4 4 )
Sketch the curvesy = 6x - x> andy = 2¢*- 6x.
y=6c-x  y=2%- 6¢ @ )

Find the angles at which the curves intersect.

@ )



