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Chapter Eight: Probability Distributions

When you completed this chapter, you will be able to:

understand the properties of a probability distribution;

identify the difference and similarity of discrete and continuous random variables;
understand the concepts of expected value and variance of a discrete variable;

show how certain types of discrete data may be represented by Binomia Distribution;
show how certain types of discrete data may be represented by Poisson Distribution;
approximate a Binomia Digtribution by a Poisson Distribution;

illustrate the properties of a Normal Distribution;

describe the parameters of a Normal Distribution,;

approximate Binomia and Poisson Didtribution by Normal Distribution.
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Reference(s): Mason Chapters 6 and 7, Berenson Chapter 7, Newbold Chapter 4 and 5
Exercise(s): Seminars 16, 17, 18, 19 and 20, Mason Chapter6 Exercises 3, 7, 9, 15,19, 33, 35,
Mason Chapter7 Exercises 9, 11, 15, 19.

The outcomes of an experiment are said to be taking place randomly, since they cannot, by
definition, occur in any particular order or pattern. Such variables, whose vaues thus
cannot be known in advance by the person conducting the experiment, are called Random
Variables.

Random Varigblesis avariable that takes on numerical value and is dependent on chance.

Random variables are denoted by capitals: X, Y, Z, ... etc. And the valuesit takes are
denoted by small letters: X, y, z, ... or SOMetimes: X, X2, X3,... €tC.

eg.1 A bondisgivenarding.

Outcomes: Discreterating A, B, C, D or E

Sample space : Discrete (finite)

Random variable : Define {Y = 1} if rating A
{Y =2} if rating B
{Y=3}ifraingC
{Y =4} if rating D
{Y =5} if rating E

eg. 2 Invest $10,000 in acommon stock.
Outcomes : vaue of yield
Sample space : Continuous (infinite)
Random varidble : Define X = vaue of yidd
(OEXE¥)

If asample space contains afinite number of posshilities or an unbounded sequence with
as many elements as there are whole numbers, it is caled a Discrete Sample Space.

A random variableis called a Discrete Random Variable if its set of possible outcomesis
countable.
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If asample space contains an infinite number of possibilities equa to the number of
points on aline segment, it is called a Continuous Sample Space.

A random variableis caled a Continuous Random Variable if it takes on vdueson a
continuous scale,

A probability distribution isaspecification (in aform of graph, atable or afunction) of
the probability associated with each vaue of the random variable.

Specify Experiment

Recognise dl possble
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Discrete Random Variable

A probability digtribution involving only discrete vdue of x isusudly cdled aProbability
Mass Function (p.m.f.).

eg.3 Forardatvey low-sdling item, the esimate isthat thereis a 50 -50 chance this
item is sold on any given day.

Sol] Let X bethe day on which theitem is sold
P(X=1) =12
P(X=2) = (U/2)(1/2) = 1/4
P(X=3) = (/2)(/2)(1/2) = 1/8
and soon

Although an infinite number of x valuesis possible, X is discreterandom variable

P(X=X) = { (1/2)¥ forx=1,2,3, 4., ¥
0 otherwise

Probability distribution of the day for which the
item is sold

p(x)
0.6
05 |
0.4 |
03 |
0.2
0.1 f

0

Properties of Discrete Distribution
1 P(X=x) = p(x)
2. p(x)*0 for dl x

3. apx-=1
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Cumulative Mass Function (c.m.f.) isthe sum of vaues of the probakility mass function
for dl vaues of the random varigble x that are less than or equd to X. The vadue of the
cumulative mass function at any given point x is usudly denoted by the symbol F(x).

F(xX)=P(X£ x)= & P(i)
i £X

eg.4 If 50% of the automobiles sold by an agency for a certain foreign car are equipped
with diesd engine, find aformulafor the probability distribution of the number of
diesd models among the next 4 cars sold by this agency.

Sol] By counting rule, the total possible outcomesis2x 2x 2x 2= 2* = 16 ways

In generd, the event of sdlling x diesel models can occur in 4Cx ways.

p(X) = P(X=x) =4Cx / 16

p(0) =4Co/ 16 =1/16

p(l) =,4C1/16=4/16

p(2) =4C, /16 =6/16

p(3) =4C3/16=4/16

p(4) = 4C4/ 16 =1/16

find the cumulative digtribution of the random variable.

F0) = p(0) =1/16
F(1) = p(0) + p(1) =5/16
F(2) =p(0) + p(1) + p(2) =11/16
F(3) =p(0) + p(1) +p(2) + p(3) = 15/16
F(4) = p(0) + p(1) + p(2) + p(3) + p(4) =1
Hence,
i 0 forx<0
I 1/16 forOEx<1
F(x) = b 5/16 forlEx<2
U 11/16 for2€£ x <3
I 15/16 for3E x <4
T 1 forx 3 4
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eg.5 A fardiceistossad twice, find the probability distribution of sum of the outcomes
of the experiment, and find the cumulative probability digtribution of the sum of
outcomes.

Sol]  Lig dl possible sum of outcomes:

1 2 3 4 5 6 7
8 9 10 11 12 13 14

determine the probabilities of each possible sum of outcomes:

X

p(x)

X

p(x)

cumulative probabilities distribution :

X
FHX)
X
FX)

Expected Value of Discrete Random Variable:
The expected value of arandom variable isthe center of gravity or the baancing point of
the value x “weighted” by ther probakility.

The expected vaue of adiscrete random variable, X, isfound by multiplying each x-vaue
by its probability and then summing over dl vaues of the random variable.

Expected value of X:

=E[X]= & xp(x)
all x
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e.0.6 Inland Container company sells custom made boxes. suppose these boxes must be
ordered in units of 1000, 2000, 4000, 6000, or 12000. Based on past records, the
p.m.f. are described as follows:

x(n‘'ooo) | 1 | 2 | 4 | 6 | 12
PX=x) | 008 | 027 | 010 | 033 | 022

What is the expected value of X? What is the total number of boxes, in 500 orders,
expected to be sold?

Sol]  E[X] = & xpx)
=1x008+2x027+4x010+6x0.33+12x0.22
=5.64 (in‘ 000 boxes)
= 5640 (boxes)

Thetota number of boxes sold :
= 500 x 5640
= 2820000 (boxes)
Variance of Discrete Random Variable:

The variance of arandom varigble X is defined as the expected squared deviation of the
values of the random variable about the mean { E[X] = n}.

The variable of arandom variable is often denoted by the symbol V[X].

VIX] =s% = E[(xm7]

The variance of adiscrete random variable

V[X] = s? =a“5 (x-m? p(x)

the sandard deviation is

s = OVI[X]
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e.g.7 Find the variance and the standard deviation of the box order example.

]

]

the varianceis.
V[X] = s? = & (x 5.64)* p(X)

(1-5.64)>x 0.08 + (2 - 5.64)*> x 0.27 + (4 - 5.64)*> x 0.10 +
(6- 5.64)> x 0.33 + (12 - 5.64)* x 0.22

= 14.51 (boxes squared)

the standard deviation is.
s =OVI[X]
=(Q14.51
=3.81 (in* 000 boxes)

The director of apublication company istrying to decide how many copiesto print
everyday. Each copy costs $2.0 to print and sdll for $5.0. Any copies unsold at the
end of each day must be discarded. The director has estimated the following
probability distribution for the copy sales, using datafrom past program sales:

copiessold 25,000 40,000 70,000
probability 0.10 0.60 0.3

The director has decided to print either 25-, 40-, or 70-thousands copies. Which
number of copies will maximize the company’ s expected profit?

copies copies profit/loss expected
printed demanded profit/loss
25,000 25,000 25,000 x (5 - 2) = 75,000
40,000 25,000 x (5- 2) = 75,000 75,000
70,000 25,000 x (5 - 2) = 75,000
40,000 25,000 25,000x(5-2) +15,000(-2) =45,000
40,000 40,000 x (5 - 2) = 120,000 112,500
70,000 40,000 x (5 - 2) = 120,000
70,000 25,000 25,000x(5-2) + 45,000x(-2) = -15,000
40,000 40,000x(5-2) + 30,000x(-2) = 60,000 97,500
70,000 70,000 x (5-2) = 210,000

to maximize the company’ s expected profit, 40,000 copies should be printed, and
the expected profit is 112,500.
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Continuous Random Variable

Probaility function defined in terms of a continuous random variable are usudly referred
to as Probability Density Function (p.d.f.).

The symbal f(x) will be used to denote a probability dengty function.

For a continuous function, the vaue of f(x) must dways be given by aformula.

The vaues of f(x) representsthe height of the density function at the point x.

f(x)

height of density
function=f(x)

N

Students are only required to understand the
concepts for continuous digtribution, like
area enclosed = probability. Absolutely
no INTEGRATION isrequired.

Pages 8 to 11 are for reference only
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The probability P@£ X £ b) isaways given by the total area under the dengity function
f(x) fromatob.

P(a£ X £ b) = Areaunder f(x) fromatob

b
= Oa f(x) dx
(%)
\ X
a b

Properties of Continuous Distribution:
1 fx)2 0 fordl x

2. Areaunder f(x) equalsto 1

¥
C_)¥ f(x)dx =1

A Cumulative Density Function (c.d.f.) represents the probability that the random variable
assumes avalue less than or equal to some specified value. The symbol F(x) denotesa
cumulative function, and is defined as

F(x) =P(X £ x) =areaupto (X =X)

X
= O¥ f(x) dx

P(a£ X £ b) = F(b) - F(a)
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e.0.9 A continuous random varigble X having the probability dengty function
X*/3 -1<x<2
f(x) =
0 esawhere

a) FindP(O< X £1).
b) Find F(x), henceuseitto evaluate PO< X £ 1).

Sl &  PO<XE£1)

1
O0 x?/3 dx

Al
/90
0

/9

X

N

b)  F= 0, f@d

X
=0 t3dt
X

:t3/90_1

=19 (¢ + 1)
0 XE-1

F(x) = /9 (¢ + 1) -1EXE2

1 X3 2

P(O<X £ 1) = F(1) - F(0)
=2/9- 1/9 = 1/9
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Expected Value of Continuous Random Variable

E[X] =m=

O xf(x) dx
all x

Variance of Continuous Random Variable

VIX]=s2= O (x- m?f(x) dx

all x

The sandard deviation isdenoted as s

s = OV[X]

€.0.10 Fnd the gandard

f(x) = 0.08x

deviation of the following function.

forOEX£5

¥

Sd]  E[X]=m-= C)_¥

5

=Q

x f(x) dx

5
x (0.08x) dx =0.08x*/30 ,=3.33

V[X]=s?= q‘? (x- 3.33)% (0.08x) dx = 1.41

s =OV[X] =01.41 =1.19
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Continuous Random Variables are especialy convenient to work with, so even when the
st of outcomesis discrete it is often advantageous to use continuous appr oximation to
these values.

Class Interval of 1000
p(x)

0.6
05
04
03
02

01
0
1000 2000 300 4000 5000 6000 X

Suppose we decrease the width of the classes, from aclassinterva of 1000 to aclass
interval of say 500, or 250, or even to 1. The polygon beginsto look more and more like a
smooth continuous function.

Class Interval of 500
p(x)
03 |
02
01
O _|_I_|
1000 2000 3000 4000 5000 6000 X
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Class Interval of 250
p(x)
0.2

0.15

01

0.05

1000 2000 3000 4000 5000 6000

Class interval of 125

p(x)

0.08 M

0.06

0.04

0.02

MM T

1000 2000 3000 4000 5000 6000

Asthe width of the class interval goes to zero, the number of class under consderation
must increase until, a the limit ( number of dass=¥ ), there is an infinite number of such
events between any two values of x.

P@EX £b)=Pla<X £ b)

=P@f X<b)

=P(a<X <b)
P(X=a)=0 for any value a
P(X=b)=0 for any valueb
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Discrete Probability Distribution: Binomial Distribution

Many experiment share the common element that their outcomes can be classified into one
of two events. Each repetition of an experiment involving only two outcomes (for
example, each toss of acoin) iscaled aBernoulli Trial.

For the purpose of probability theory, interest centers not on asingle Bernoulli trid but
rather on a series of independent, repeated Bernoulli trid.

Independent : meansthat the result of any onetria cannot influence the results of any
other trial.

Repeated : means that the condition under which each trid is held must be an exact
replication of the conditions underlying dl other trids. It implies thet the
probability of the two possible outcomes cannot change fromftrial to
trial.

In aBinomid Didtribution, the probabilities of interest are those of receiving a certain
number of success, X, in n independent Bernoulli trials, eech trail having only two possible
outcomes and the same probability, p, of success.

Suppose we want X success out of n trias, thus, there will be (n-x) falures. To cdculate
such probahilities, it is necessary to find the probability of one occurrence of thistype, and
then multiply this probability by the number of such occurrence,

p(event) = (Number of relevant occurrence) x p(one occurrence)
Sinceit doesn’ t make any difference which occurrence we investigate fire, let’ stake the
onein which the x successes occur firt, and followed by the (n-x) fallures.
If welet S=success, and F = fallure, then this particular order can be represented as :

SSSSSS...SSSS FFFFFF...FFFF
X successes (n-x) failures ntrials
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To determine the joint probability of this particular sequence of success and failures, recal
that dl trids are independent. Since the probability of asuccessisp(S) = p, and the
probability of afalureisp(F) = (1 - p) = q, thefallowing holds:

P(SS...SFF...F) = p(S) x p(S) X ... X p(S) X p(F) X p(F) X ... x p(F)
ZPXPX..XPXOX(QX..X(
- pX qI’]-X
Combinations of n objectstaken x a atime =, Cx

Therefore, the formulafor the Binomid Didribution :

P(x successesin n trials) = P(X =x | n, p)
= nCxp g™ for { n=1,23, ..
X =

X~B(n,p) or b(x: n, p)

e.g.11 The probability that acertain kind of component will survive a given shock test is
3/4. Find the probability that only 2 of the next 4 components tested survive?

Sol]  Let X bethe no. of component survive after the shock test.
n=4,x=2,p=34,q=1-p=14

X ~B(4, 3/4)
P(X=x) = p(x) = nCx p* g™

P(X=2) =p(2) =4C> (3/4)* (U4)*?
=6 (9/16) (1/16)
= 54/256
e.g.12 Find the probability that lessthan 2 of the next 4 components tested survive ?

So]  P(X <2)=P(X=)+P(X= )
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Necessary Conditionsfor Binomial Distribution

1 each observation can be classified as one of two mutually exclusive events.
(i.e. success or failure)

2. the probability for the two possible outcomes must be constant from observation to
observation.

3. the result of any observation isindependent to the result of any other observations.

€.0.13 A box contains 4 red bals and 6 black bals. Two bdls are drawn from the box
without replacement. Find the probability that 2 red balls are sdlected?

Sol]  P(1% bal isred) = 4/10, P(2" ball isred) = 3/9

p is not constant from observation to observation, so the probability does not
follow Binomid Digtribution.

s0, P(2 red balls drawn) = P(1% ball isred) x P(2" ball is red)
=4/10x 3/9
=2/15

€.0.14 Find the probability that 2 red bals are selected from abox containing 4 red bals
and 6 black bdls, if the 2 balls are drawn with replacement ?

Sol]  check conditions:
)] two mutudly exdusive outcomes only [ red or not red |
i) constant probability of success[ p(red ball) = 4/10]
i) independent observations [ the selection of first ball would not affect the
selection of second ball]
o, binomid digtribution is followed.

Let X be the number of red ball sdlected.
n=2 p(redbal) =p=4/10,x =2

X~B(n,p) b X ~B(2,04)
P(2 red bd'S) = P(XZZ) =,C, (4/10)2 (6/10)2-2

=1x4/25x1
=4/25=0.160
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e.0.15 The probability that a saesperson will sell a magazine subscription to someone
who has been randomly selected from the telephone directory is 0.2. If the
sdesperson cdls 12 individuds this evening, whét is the probability that:

a) there are no subscriptions sold?
b) exactly two subscriptions will be sold?
c) a least two subscriptions sold?

Sol]  check conditions:
)] two mutudly exclusve outcomes only [ ]
ii) constant probability of success| ]
i) independent observations |

So, isfollowed.
Let X be

n=12,p=0.2

X~Bn,p b X~B( )

a) P(no subscription) = P(X=0) = C (0.2) (0.8)

b) P(two subscriptions) = P(X=2) = C (0.2) (0.8)

C) P(at least two subscriptions) = P(X=2) + P(X=3) + ... + P(X=12)
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Expected Value and Variance of the Binomial Distribution

The expected value of aBinomial Distribution b(x: n, p) is

E[X] =m=np

Proof: Let the outcome on the k™ trial be represented by a Bernoulli random variable Iy,
which assumes the values 0 and 1 with the probabilities g and p respectively.

Therefore, in abinomia experiment the number of success can be written as the
sum of the n independent indicator variables. Hence,

X=li+lo+Iz+..+1,

The expected vaue of any I isE[ly],
El]l=0)aq+@)p
=p
Therefore, the expected vaue of the Binomid Didribution is :

E[X] = E[l1] + E[l5] + E[ls] + ... + E[I,]
=p+p+p+..+p

=np
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The variance of aBinomial Distribution b(x: n, p) is:

V[X] =s?=npq

proof]

O g+ (1)°p
p

Ell? =
The variance of any K" trid isgiven by :
2 2
Vid =s,  =E(k-pr]
= E['kzl - E[p’]

=p-p

=p(1-p)
=pq

therefore, the variance of the Binomid digtribution is:

V[X] = 52 = 52 +8° 4+ +s
X |1 |2 In
=pg+pq+t..+pq

=npq
and the sandard deviation of the Binomid Didribution is

sx=OVI[X]

sx=0Onpg
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eg.16

]

eg.1l7

al]

Refer to example 11, the probability that a certain kind of component will survive a
given shock test is 3/4. Find the mean, variance and standard deviation of the
digribution?

n=4,p=3/4

m=E[X] =np
= 4(3/4)
=3

s?=V[X] = npq
= A(3/4)(1-3/4)
=3/4

s = OV[X]
= (/4
=0.8660

Refer to example 15, find the mean, variance and standard deviation of the
digribution?

n= ’p: ,
m=E[X] =np
s?=V[X] = npq
s = OV[X]

Class Exercise 1

For an audio retall shop, there is a 10% chance that an incoming customer would make a
purchase before he/she leaves the shop. In a given day, 40 customers visted the shop.
What isthe probability that not less than 3 customers made purchases?
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Discrete Probability Distribution : Poisson Distribution

Another important Discrete Digtribution, the Poisson Distribution, has Recently found
fairly wide gpplication, especidly in the area of operations research.

The Poisson Distribution can be used to determine the probability of x occurrence per
unit time, if four basic assumption are met :

1 Possbleto divide timeinterva of interest into many sub-intervals.

2. Probability of an occurrence remains congtant through the time interval.

3 Probability of two or more occurrencesin asub-interva is smdl enough to be
ignored.

4, Independent of occurrences.

Area of application :

the number of telephone calls per hour recelved by an office.
the number of customers per hour arrived.

The only parameter necessary to characterize a population described by the Poisson
Didribution isthe Mean Rate a which events take place in each unit of time. And it is
represented by a Greek letter lambda (1 ).

Probability Distribution of Poisson Distribution :

P X occurrencein a
( given unit time )

el 1 X/ x forl >0
P(X=x) = x=012,..
0 dsawhere
X~P(l) or p(x: | )
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e.0.18 Theaverage of traffic accidents on a certain section of highway istwo per week.
Assume that the number of accidents follow a Poisson Didtribution.

a) Find the probability of no accident on this section of highway during a one-
week period.

b) Find the probability of a most three accidents on this section of highway
during aone-week period.

50 | II-) Let X be the no. of accidents per week.

The probability of having x accidents:
P(X=x) =p(x) =€' | */x! andwith| =2
b P(X=x) = €2 2* /!

Probability of no accident = P(X=0) = p(0)
=¢e2 2%0!
= e'2
=0.1353

b) P(X £ 3) = P(X=0) + P(X=1) + P(X=2) + P(X=3)
=e2 20! + €2 2411 + €2 2%/21 + €2 2%/3
= 0.1353 + 0.2707 + 0.2707 + 0.1804
=0.8571

In generd, the formulafor Poisson Didtribution is

PX=x|l ,t) = e’ (l t)*/x!

where: X - no. of occurrence
| - average no. of occurrence per unit time
t - no. of unit time measured
e - the base of natural logarithms (e = 2.71828)
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€.0.19 Suppose that the number of customer order for a particular computer keyboard is
disgtributed with a Poisson Digtribution and the average number of order per hour is
2. What is the probability of getting 20 orders by the end of an eight hours working

day?

Sol] | =averageno. of order per hour = 2,
t = no. of working hour inaday = 8,

let X bethe no. of order in an eight hours working day
PX=x|1,t) =€e't (1 t)*/x

P(X=x | 2, 8) = €®® (2x8)* / x!
= el 16*/x

P(getting 20 ordersin aday) = P(X=20 |2, 8)

=g 16%°/ 201
=0.0559

€.0.20 A naturd gas exploration company average 4 strikes (thet is, natura gasis found)
per 100 holes drilled. If 25 holes are to be drilled, Assuming that the number of
srike found follows Poisson digtribution, whet is the probability thet :

a) exactly 1 strikes will be found?
b) at least 2 dtrikeswill be found ?

Sl | =averageno. of strikes found per interval (100 holes) =
t=interval measured =

let X be

PX=x [l ,t) =€t (I t)*/x!

PX=x| , )=el ¢ Y/
=e */x
a P(exactly 1 strikes) = P(X= | , )

b)  Platleast 2 strikes) = P(X=2) + P(X=3) + ...
=1-
=1-
=1-
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M ean and Variance of Poisson Distribution

For a Poisson Digtribution, p(x || ), Mean = m= |
Variance=s?=1

For aPoisson Distribution, p(x | 1 , t), Mean =m=1t
Variance=s?=1t

e.g.21 Refer to example 19, , find the mean, variance and standard deviation of number of
order in an eight hours working day?

Sl meen=m=1t=2x8=16
vaiance=s?=1t=2x8=16

gandard deviation=s = A t=016 =4

e.g.22 GivenaBinomia Digribution b(x [1000, 0.004), find the probability thet the
random variable will assume avaue 10.

Sol]  P(X=10) = 1000C10 (0.004)'° (0.996)°%°

:----

Approximation to Binomid Distribution

We can use the Poisson Probabiility distribution to gpproximate the Binomia Probability
Didtribution when:

1 nislarge, normally greater than 100, and

2. p issmall, preferably closeto zero.
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€.0.23 Given aBinomid Didribution b(x [1000, 0.004), find the approxi mate probability
that the random variable will assume avaue 10.

Sol]  nislarge (n=1000 > 100), and pissmal (p=0.004, it isclose to zero). We can
gpproximeate by Poisson Didribution usng,

| =m=np=1000x 0.004 =4

P(X=10) = 1000C1o (0.004)*° (0.996)°%°
@e? 4 /x

e* 419/ 10!

0.0053

e.0.24 Inamanufacturing process, it is known that on the average 1 in every 1000 of the
items produced has one or more defects. What is the probability that a random
sample of 3000 will yield fewer than 3 items with defects?

o] ItisaBinomid experiment withn = andp= . Snceit Aidfiesthe
conditions of Binomid ditribution.
however, nislarge (n = >100), and pissmdl (p= , itiscloseto zero).
We can gpproximate by Didribution usng,
| =m= np = =

Hence, if X representing
X=2
P(X<3)= a bx| , )

x=0
x:°2
» a piX|)
x=0

=33/ 1+e33/ 1+e%3 /!

= + +

Class Exercise 2:

Suppose that the average number of goas per game scored by the BA soccer team in last
season is 25. What is the probability that in any one game, three or four gods will be
scored?

Page 25 of 40




= il
LA ' VE Business I nfor mation Analysis
BusinessAdministration Discipline Chapter 8

Continuous Probability Distribution : Normal Distribution

In some cases, measurements can be of infinitely many vaues corresponding to points on
alineintervd, eg heghts and weights. These are known as continuous random variable.
The most important continuous probakility distribution in the fidd of datisticsisthe

Normal Distribution.

A continuous random variable X having the bell-shaped distribution iscaled aNormd
random varigble,

The Normd Digribution is a continuous distribution in which X can assume any value

between minus infinity and plusinfinity (-¥ < x < ¥). The curve is completely
symmetrical about the mean.

Two parameters describe the Normal Didtribution, nrepresenting the mean, and s
representing the standard deviation.

The formulaof Normd Didribution is given as

2
g W2 [(xnys]

() :ﬁ

where: p =3.14159.....
e =2.71828.....

In labeling the formula, we use the symboal :

X ~ N(m, s ?) or n(x: m, s ?)

E[X] =mean=m V[X] = variance=s2
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m nm

Normal Curveswithm <m,ands;=s;

m-m
Normal Curveswithm =m,ands1<s,

m m

Normal Curveswithm <m,ands<s:

It isimportant to remember that all Normal Distributions have the bell-shaped curve
regardless of the values of mand s.
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Areaunder the Normal Curve

The area under the curve bounded by the two ordinates X=x; and X=x, equasthe
probability that the random variable X assumes a va ue between X=x; and X=x,
(i.e. Pxi<X<x2) )

X
Pxi<X<x)= O f(x) dx
X1

X2
_ c‘) 1 e W2) [-mis 1 4y
X s 4/2p

P(x1 < X <x) = area of the shaded region.

However, the probability P(x; < X < Xo) ,(i.e. area of the shaded region) would be different
for different curves, ather differentin mor s or both.
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The probability can be determined in two ways !!!

1 use cdculus to integrate the Norma function with the specified mand s from x; to
X2.

2. use atable of probability aready calculated for the precise parametersmand s .
But both of these methods are unsatifactory, Snceit is too tedious to evauate the integrd,

and theseis no such table exist.

However, thereis atable cdculated for Norma functionwith m=0ands = 1.

N(O, 1?)

The digribution of a Normal random variable with mean 0 and variance 1 iscdled a
Standard Normal Distribution.

We are able to transform dl the observations of any normal random variable X to anew
st of observation of anormal random variable Z with mean 0 and variance 1. By the
transformation :
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Use of the Standard Normal Table

Table 3 gives area under the standard norma curve corresponding to P(O < Z < z) for the
values of z ranging from —3.09 to +3.09

P0<Z<2

e.g.25 Given aStandard Normd Didtribution, find,
a) P(Z>184),
b) P(Z>-184),
C) P(-1.97<Z<0.86)

Sl 3 P(Z2>1.84)=0.5-0.4671=0.0329 (from Mason appendix D)
b) P(Z>-1.84)=0.5+0.4671= 0.9671 (from Mason appendix D)
C) P(-1.97 <Z <0.86) = 0.3051 + 0.4756 (from Mason appendix D)
=0.7807

e.0.26 Given a Standard Normal Distribution, find,
F2) P(Z > 2.05),
b) P(Z>-15),
C) P(11<Z2<22),

d) P(Z>-5)
Sl a) P(Z>205)= = (from Mason appendix D)
b) P(Z>-15)= = (from Mason gppendix D)

C) P(11<Z<22) (from Mason appendix D)

9 P(z>-5)=
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e.g.27 GivenaNormd Didribution with m= 50 and s = 10, find the probability that X
assumes a value between 45 to 62.

Sol]  Transform the digtribution to Standard Normal Digtribution by Z = (X-n)y/'s.
The Z-vaues corresponding to x; = 45 and x, = 62 are :

2= (45 - 50)/10 = -0.5
2,=(62-50)/10 = 1.2

|
Therefore, P(45 < X <62)

=P(-0.5<Z <1.2)

=0.1915 + 0.3849 (from Mason gppendix D)
=0.5764

e.g.28 GivenaNormd Didribution with m= 28 and s = 3.4, find the probability that X
assumes a vaue between 30 to 36.5.

Sol]  Transform the distribution to Standard Normal Didtribution by Z = (X-n)y/s.
The Z-values corresponding to x; = 30 and x, = 36.5 are :

7= = Q@
22 = =
P(30 < X < 36.5)
=P <Z< )
= (from Mason appendix D)
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e.0.29 Given aNorma Digtribution with mean 40 and variance 36. Find the value of x
that hes:
a) 45% of the areato thel€ft,
b) 14% of the areato theright.

Sl  a) X ~ N(40, 62

P(X <x) =0.45
b P((X-mis < (x-40)/6) = 0.45

P P(Z<(x-40)/6)=0.45

Fromtable 3, z=-0.13 (from Mason appendix D)

P (x-40)/6=-0.13
P x=39.22 (correctto 2 decimal places)

b) P(X >x) = 0.14

|
b P(Z>(x40)/6)=014

Fromtable 3, z=1.08 (from Mason appendix D)

P (x-40)/6=1.08
P x=46.48 (correct to 2 decima places)
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€.9.30 Given aNorma Didtribution with mean 20 and variance 10. Find the vaue of x
that has 33% of the areato the l€ft,

Sol] X ~N( 2)
P(X <x)=0.33

b P((X-m/s<( ) )=033
b P(z<( ) )=033

Sketch a normal curve, and identify therequired area
Fromtable 3,z = (from Mason appendix D)

P ( ) =
P x= (correct to 2 decimd places)

e.g.31 GivenaBinomid Digtribution b(x |100, 0.5), find the probakility that the random
varigble will assume avaue morethan 40 ?

So] n=100,p=05g=1-05=05

P(X>40) = P(X=41) + ... + P(X=100)
or =1-[ P(X=0) + P(X=1) + ... + P(X=39) + P(X=40)]

:----
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Normal Approximation to the Binomial Distribution

Normd Didribution provides a very close gpproximation to the Binomid Didribution
when :

1) n, the number of trids, isvery large , and
2) p, the probability of a success on an individud trid, isclose to 0.5.

The Normal curve will have:

themean = m=np

the standard deviation =s = Onpq

Note: agood rule of thumb isto use this gpproximation only when np and n(1-p) are
both greater than or equal to 5.

The following figures show that, for aBinomid Didribution with p = 0.5, larger the value
of n, the distribution will be smoother and be bell-shaped.

n=8 n=10
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And even when the probability of success of the Binomid Didribution is not close to 0.5,
but with large n, the distribution will aso looks like bell-shape.

p=02,n=6

—

m

p=02,n=15

Therefore, before doing Norma approximation to Binomia digtribution, the conditions

must be checked.

nps 5

and

ngs 5

Another important point to be noted for Norma Approximation is the transformation of
the digribution from discreteto continuous. Let’ slook at the example below:
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e.g.32 Given arandom variable X follows Binomia Digtribution with n=10, and p=0.5.
Using Normd Approximation to find the probability P(4£ X £ 7).
Sol]  check conditions:

Sincepiscloseto 0.5, and both np and ng equa to 5, so Normal approximation
can be used.

From thefirg figure, we find that the probability P(4£ X £ 7) should equalsto the
total area of the 4 bars (i.e. the shaded region 1).

However, if wejust find the probability P(4£ X £ 7) for the Normal Distribution,
the probability found would be equa to the area of shaded region 2.

And this approximated probability (shaded region 2) is different from the actua
probability (shaded region 1) sgnificantly.

So we have to modify the gpproximation by adding a correctional factor, which
move the lower and upper boundaries for the Norma gpproximation,

m=np=10x05=5, s =(Onpg=010x0.5x0.5= 1.581

P(AEXET | X~b(np)) (X follows Binomid Digtribution)

P(4-05<X<7+05|X~N({ms?) (add continuity adjustment)

P(35< X <75|X ~Nms?)) (X follows Norma Distribution)

P(-0.9487 <Z < 1.5811)

P(-0.95< Z < 1.58)

0.3289 + 0.4429 (from Mason appendix D)
0.7718
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Normal Approximation of b(x\

10, 0.5)

\R 9 10
7.5

8 9 10

eg.33

]

Given aBinomid Digtribution b(x |100, 0.5), find the probakility thet the random

variable will assume avaue more than 407

n= ,p: ’q:

check conditions;
m=np=
P(X >40 | X~Db(n,p))

= P(X > |X ~N(ms?))

|X ~N(m s?))

)
)
(from Mason appendix D)

P(X >

P(Z>
P(Z>

approximation can be used.

(X follows Binomid Digtribution)
(add continuity adjustment)

(X follows Norma Didtribution)
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Normal Approximation to the Poisson Distribution

The Norma Digtribution may aso be used to gpproximate the Poisson Didtribution
whenever the parameter | , the expected number of successesin a given unit time,
greater than or equal to 5.

The Normal curvewill have:

themean = m=1
the standard deviation =s = Ol

before doing Normal gpproximation to Poisson distribution, the condition must be
checked.

| 35

€.0.34 Supposethat at an automobile plant, the average number of work stoppages per
day due to equipment problems during the production processis 12.0. What then is
the approximate probability of having 15 or fewer work stoppages due to

equipment problems on any given day?

Sol]  Let X bethe number of Soppagesin agiven day,
and X follows Poisson Didtribution with meanratel = 12.

check conditions Sincel =12 >5, Norma approximation can be used,

mean=m=1| =12
gandard devigtion=s = d =012

PXE15|X~p(l)) (X follows Poisson Digtribution)

=P(X <15+ 0.5 | X ~N(ms?)) (add continuity adjustment)

=P(X <155|X ~N(ms?)) (X follows Norma Digtribution)
o 1515.5 X

=P(Z<(155- 12)/C12)

=P(Z<101)

= 0.5+ 0.3438 (from Mason appendix D)

=0.8438
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e.g.35 Givenarandom varigble X follows Poisson Digtribution with mean rate 10. Find
the gpproximate probability P( 7 £ X < 13).

Sol]  check conditions: Sincel = > approximation can be used.
men=m=1| = ; gandard deviation=s =Q =
P(TEX<13|X~p(l)) (X follows Poisson Distribution)
= <X< |X ~N(ms?)) (add continuity adjustment)
=P( <X< | X ~N(ms?)) (X follows Norma Didtribution)

Sketch a normal curve, and identify therequired area

= P <Z< )
=P <z< )
= + (from Mason appendix D)

Class Exercise 3:

The monthly entertainment expenditure of Hong Kong secondary school students follows
anormal digtribution with mean $500 and standard deviation $100.

What is the probability that a randomly selected student will spend more than $450 and
less than $600 in a month?
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Class: Name:

Class Exercise 1 (Solution)

Let X be

X~B( , )

X3 )
=1-[PX= ) +P(X= )+ P(X= )]
=1-( + + )
=1-

No.:

Class Exercise 2 (Solution)
Let X be
| = X~P( )

PX= o X=)
= +

Class Exer cise 3 (Solution)

Let X be

X~N( , ?

P( EXE )

=P( - )Y £ZE( - )
=P <Z<)

= + (from mason appendix D)
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