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Chapter Seven: Basic Probability

When you completed this chapter, you will be able to:

understand of the basic concepts of probahility;

understand the meanings and definitions of the probability terminology;
identify/prove the relationship between events;

identify the basic approaches of probability;

apply the counting rules into probability concepts;

distinguish combination from permutation;

understand and recognise the inter-relationship between probability rules; and
apply the probability rulesin real case problems.

ASANANENENANENEN

Reference(s): Mason Chapter 5, Berenson Chapter 6, Freund Chapter 4 and 5
Exercise(s): Seminars12, 13, 14 and 15, Mason Chapter 5 Exercises5, 7-11, 19-22, 27, 32-34,
40, 43-45, and 47-52.

Probability is the likelihood or chance that a particular event will occur. 1t could refer to:
the chance of picking ablack card from a deck of cards.
the chance that a house sdlected at random from the real etate survey hasa
modern kitchen.
the chance that a new consumer product on the market will be successful.

Basic Probability Ter minology

Experiment: An experiment isa planned process of measurement or observation of
different outcomes, where the outcomes cannot be predicted with certainly.

eg.l Tossnga6-sded die and observing the number showing face up when the die
comes to rest.

Sample Point: Sample point isasingle outcome of an experiment.

e.g.2 Thenumber facing up may be 3, then 3 is the sample point of the experiment.

Sample Space: Sample Space (S) isthe collection of all possible outcomes of an
experimen.

e.g.3 All possbleoutcomesfor tossnga6-sded dieare{1, 2, 3,4, 5, and 6}, so it isthe
sample space of the experiment.
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Event: Aneventisany subset of a sample space.

eg4 Event X isdefined asdl even number outcomes, and
Event Y isdefined as number 1 and 3.

Venn diagram: Venndiagramisagraphical representation of a sample space and events.

eg>b

Sample Space S

Complement of an Event: If A isan event contained in a sample space S, then the event

not A, denoted by A’ or A , isthe event containing dl the
outcomesin Sthat are not contained in A.

Union of Events: isthe event that A will occur or B will occur or they both occur.
(A E B)
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I nter section of Events: isthe event that both A and B will occur at the same time

(ACB)

Mutually Exclusive Events: If A and B are eventsthat have no outcome in common,

then A and B are called mutually exclusive events, that is
(ACB)=/A

eg.6 Three men, Peter, David and John, are standing for eection as chairman of a

committee. Let P be the event “ Peter isdected” and D be the event “ David is
dected” .

The P and D are mutualy exclusive everts as both cannot be elected as chairman.

Mutudly Exclusve Events P and D
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Collectively Exhaustive Events: If two events A and B are such that (AE B) = S, then the
events A and B are said to be collectively exhaustive.

In the last example, P and D are mutudly exclusive events, but not collectively exhaudtive,
since P and D together do not form the whole sample space, and John may be sdlected.

eg.7 Sample Space S

Event T and U are mutualy exclusive and collectively exhaudtivesince T
and U together form the whole sample space. In other words, either T or
U must occur.

Types of Probability Approach

1. Classical Approach
It is based on an assumption that the outcomes of an experiment are equally likely.

Number of outcomesfavourable to occur ence of the event
Total number of possibleoutcomes

Probability of an event =

e.0.8 Congder the experiment of rolling asix-sded die? What is the probability of the
event “ an even number of spot gppear face up” ?

There are Sx possible outcomes:
{ one-spot, two-spot, three-spot, four-spot, five-spot, and six-spot}

And there are three “ Favourabl€’ outcomes, i.e. two-spot, four-spot, and six-spot.

Therefore, probability of an even number = g :% =05
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2. Relative Frequency Approach (Empirical Concept)

Probability of an evert = the proportion of times an event occursin the long run
under uniform condition

The difficult with the rdatively frequency approach isthat people often useit
without evauating a sufficient number of outcomes.

eg.9 By tossngafar coin 300 times. We can see that although the proportion of head
was far from 0.5 in the first 100 tosses, it seemed to stabilize and approach 0.5 as
the number of tossed increased.

relative frequency

1]

05

| | | | . Number of tosses

3. Subjective Approach

Probability of an event = the degree of belief or degree of confidence placed in the
occurrence of the event by a particular individual based
on the evidence available.

€.0.10 A judgeis deciding whether to dlow the construction of a nuclear power plant on a
Ste where there is some evidence of ageologicd fault. The fact that thereisno
relative frequency of occurrence evidence of pervious accidents at this location
does not excuse him from making a decison.

He must ask himsdlf the question, “ What is the probability of a mgor nuclear
accident a thislocation?” He must use his best judgment in trying to determine the
subjective probabilities of anuclear accident.
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Principles of Counting

If an experiment contains alarge number of outcomes, it may be difficult to count the
number of outcomesin an event.

Counting Rule 1: If any one of k mutudly exclusve and collectively exhaugtive events
can occur on each of n trids, the number of possible outcomesis.

kn

e.g.11l If adie(having Sx sdes) isrolled twice, the number of different outcomesis:
{1112 13 .coes e 2122 ... 263132..... 6,3 6,4 6,5 6,6}

o] n=2k=6
the number of possible outcome = k" = 62 = 36

e.g.12 If there are ten multiple choice questions on aexam, each having three possible
answers, how many different possibilities are there in terms of the sequence of
correct answvers?

S n= k=
the number of possible outcome = k" =

Counting Rule 2:1f there are ky mutualy exclusve and collectively exhaustive events on
thefirgt trid, k, events on the second trid, ..., and ak, eventson the ri"
tria, then the number of possible outcomesis.

(k1) (k2) ... (kn)

e.g.13 A particular brand of women' s jean can be ordered in seven different Szes, three
different colors, and three different styles. How many different jeans would have to
be ordered if a store wanted to have one pair of each type?

&'] k1:7,k2:3,k3:3

the number of possible outcome = ki X ka X k3
= 7x3x3=63

e.g.14 A car license plate conssted of two letters followed by four digits, what isthe
number of al possible outcomes?

S)I] k]_: ,k2: ,k3: y ) )

the number of possible outcome = kj x kz x k3 X
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Counting Rule 3: The number of waysthat al n objects can be arranged in ordered
be:

n! =n(n-1)(n-2)...(2)(1) (remark : 0! isdefined as 1)

e.0.15 If each letter is used once, how many different four-letter “ words’ can be made
fromthelettersE, L, O, and V.

Sl n=4,
the number of possible outcome=n! = 4!
=4x3x2x1=24

e0.16 If asetof sx textbooksisto be placed on ashdf, how can we determine the
number of ways in which the six books may be arranged?

Sl n=,
the number of possble outcome=n! = !

Counting Rule 4. Permutations

The number of ways of arranging r objects selected from n objectsin
order is

n!
(n-r)!

Note : Order will make a difference.

nPr =

e.g.17 TheBig Triple at the loca racetrack consists of picking the correct order of finish
of the firgt three horses on the ninth race. If there are 12 horses entered in today’ s
ninth race, how many Big Triple outcomes are there?

Sl n=12,r=3
the number of possble outcome= P, =n!/ (n-r)!
= 12P3 =12 /(12-3)!
=121/ 9
= 1320

e.0.18 A basketbal team must schedule a game with each of three different teams (Team
A, B and C). There are five different dates available for games. How many ways
different schedules can be made?

S n= ,r=
the number of possible outcome = P,
=P

n / (nr)!
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Counting Rule5: Combinations

The number of ways of selecting r objects out of n objects, irrespective
of order is

n!
r‘(n-r)!

I"ICI’ -

e.0.19 A student has seven books that he would like to place on a shelf. However, only
four books can fit into the shelf, how many ways are there of placing four books on
the Shef?

Sl n=7,r=4
the number of possble outcome= ,C; =n!/ri(nr)!
= 7C, =714 (7 - 4)!
=714 3
=35

e.0.20 A reading lig of articles for a course contains 20 articles. How many ways are
there to choose three articles from the list?

Sl n= r=
the number of possble outcome= ,C; =n!/rl(nr)!
= C =

Class Exercise 1:

A teacher hasfour projects- A, B, C, D - to assign to hisfind year sudents. Each project
will be assgned to one student.

If the teacher hasfour fina year sudents : Annie, Betty, Cathy and David,
a  how many different arrangements are possble?
b.  what isthe probability that project D is assgned to Betty?
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Probability Rules

1

2.

3.

eg.2l

]

O£ PAE1L for any event A

P(S) =1 Sisthe sample space
P(A)+PA’)=1

o, PA’)=1-PA) for any event A

The probability that Bob will finish his paper is 3/7. Find the probability that he
will not finish his paper?

Let A represents that Bob will finish his paper
then A represents that Bob will not finish his paper.

P(A) = 3/7, P(A) =1-P(A)
=1-3/7=4/7

Addition Rule:

P(A or B)

= P(AEB) = P(A) + P(B) - P(ACB) for A & B are not mutually exclusive

A and B are not mutudly exclusve, IACB) 1 0
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e.g.22 If asnglecardisdrawn from an ordinary deck of playing cards, find the
probability that it will be red or aface card (jack, queen, or king).

Sol]  Let A represents drawing ared card,
Let B represents drawing aface card.

P(A) = 26/52; P(B) = 12/52; P(ACB) = 6/52;
Using the addition rule,

Prob.(red or face card) =

P(A or B) = P(AEB) = P(A) + P(B) - P(ACB)
= 26/52 + 12/52 - 6/52
= 32/52
=8/13

Notethat: if A & B are mutually exclusive, then P(ACB) =0

P(A or B)
= P(AEB) = P(A) + P(B) for A & B are mutually exclusive

S

A and B are mutudly exclusve, PIACB) =0
Ingenerd, if A1, A, As,..., Ay are mutudly exclusive events, then

P(AL1E A2E AzE ...EA,) = P(A1) +P(A2) +P(A3)+...+P(A,)
[proof] : ?7?
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e.g.23 If the probabilities are respectively, 0.09, 0.15, 0.21, and 0.23 that a person
purchasing a new automohbile will choose the color green, white, red, or blue. what
isthe probability that agiven buyer will purchase a new automobile that comesin
one of those colors?

Sl Le G, W, R, and B be the events that a buyer selects a green, white, red, or blue
automobile respectively.

P(G)=0.09; PW)=0.15 PR)=0.21; PB)=0.23;
gnce the four events are mutudly exclusive, the probability is

P(GEWEREB) = P(G) + P(W) + P(R) + P(B)

=0.09+0.15+0.21 +0.23
=0.68
5. Conditional Probabilities:

The probability of event A occurring when we know that event B has already
occurred is caled Conditiona Probability, and iswritten asP(A|B).

P(A|B) meansthe probability that event A will occur , given the condition that the
event B has occurred, or smply the probability of A given B.

e.g.24 Two balsare drawn without replacement from a bag containing 3 white and 2
black balls. Find the probability that
a the second bal is white given that the firgt bal is black?
b. the second bdl iswhite given that the firgt ball is white?

Sol] Let W represents white ball is drawn,
Let B represents black bdl is drawn.

a P("isW 1% is B) = P(W|B) = 3/4

b. P"isW | 1% is W) = P(W|W) = 2/4
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e.0.25 A sudy was undertaken at a certain college to determine what relaionship, if any,
exigs between Maths. ability and interest in Maths. The ability and interest for 150
students were determined, with the results in the following table:

I nterest
Ability Low (LI) Average High (HI) Totd
(Al)
Low (LA) 40 8 12 60
Average(AA) 15 17 18 50
High (HA) 5 10 25 40
Totd 60 35 55 150

If one of the particulars in the study is chosen at random, what is the probability

a of sdecting aperson who haslow interest in Maths.?

b. of sdecting a person with average ability?

C. that the person has high ability in Maths. given that the person selected has
high interest in Maths.?

d. that the person has high interest in Maths. given that the person sdlected has
average ability in Maths.?

S a snce there are 60 participants with low interest out of atota of 150, the
probability is 60/150 = 2/5.

b. since there are 50 participants with average ability out of atotal of 150, the
probability is 50/150 = 1/3.

C. of the 55 participants with high interest, 25 have high ability. Therefore, the
probability is 25/55 = 5/11.

d. since 50 participants have average ability and of these, 18 have high
Interest, the probability is 18/50 = 9/25.

or use Conditional Probability Formula:
P(A|B) = P(ACB)/P(B)

asin part (c),

p(high ability | high interest)

= p(high ability C high interest) / P(high interest)
= (25/150) / (55/150) = 5/11

asin part (d),

p(high interest | average ability)

= p(high interest C average ability) / p(average ability)
= (18/150) / (50/150) = 9/25
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6.

eg.26

Independent Events:

If E and F are events such that the occurrence of F in no way influences the
occurrence of E, then E and F are called Independent Events.

E and F are independent eventsiif the probability of E occurring given that event F
has occurred is identicaly equd to the probakility of event E occurring.

E and F areindependent events if
P(E|F) = P(E) , or
P(F|E) = P(F)
Based on the information provided in example 25, determine whether ability in
Maths. is statigticaly independent of interest in Maths.
P(HI) = 55/150; P(HIHA) = P(HICHA)/P(HA)
= (25/150) / (40/150)
= 25/40 = 5/8
If ability and interest are independent, then P(HI|HA) = P(HI), but

P(HI|HA) =5/8
1 55/150 = P(HI)

Therefore, ability in Maths. and interest in Maths. should not be statisticaly
independent.
Multiplication Rule:

by the conditiona probability formula, (Joint Probability)

P (A and B)
= P(ACB) = P(A|B) P(B) = P(B) P(A|B) if A and B are not independent
=P(BCA) =P(B|A) P(A) = P(A) P(BJA) if A and B are not independent

Page 13 of 20



o =il
L ' VE Business Information Analysis
Business Administration Discipline Chapter 7

e.g.27 If two balsare drawn without replacement from a bag containing 3 red, 2 black,
and 1 white bdl, what is the probability of getting 2 red balls?

Sol] Let Rrepresents drawing red ball

P(getting 2 red bdlls)

=P(RCR) = P(R) PRIR)
=3/6x 2/5=1/5

However, if A and B areindependent, P(A|B) = P(A), and P(BJA) = P(B), then

P( A and B)
=P(AGB) = P(A|B) P(B) = P(A) P(B)
=P(BCA) =P(BJA) P(A) = P(B) P(A) = P(A) P(B)

€.0.28 The probability that Tom will passin Statigticsis 0.5, and Mary will passin
Satigticsis 0.8. What is the probability that both Tom and Mary will passin
Satigics?

Sol] Let T represents Tom pass in satistics,
Let M represents Mary passin statistics

P(M)=05; PM)=08

P(Tom and Mary pass)

=P(TCM)

=P(T) x (M) assume events T and M are independent
=05x0.8=04

Ingenerd, if A1, A, As,..., A, are datisticaly independent, then
P(A1CA2CAsC..CA,) = P(A1) X P(A2) X P(A3) X ... X P(An)

[proof] : 777

Note: asagenerd rule, sampling with replacement assures that two events will be
independent, whereas sampling without replacement produces two events that will
be dependent events.
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8. Law of Total Probabilities:

Suppose that the sample space S consists n mutually exclusive and collectively
exhaustive events, By, By, ..., Bn, then the probability of any event A, consists of
the joint probability of event A occurring with event By, and the joint probability of
event A occurring with event B, and up to the joint probability of event A
occurring with event Bi.

P(A) = P(ACB1) + P(ACB)) + ... + P(ACB))

= P(A|B1)P(B1) + P(A|B2)P(B2) +...+ P(A|Bn)P(Bn)

Sample Space S
B: B2 Bs B+ | ...... Bn
/ | _\\
< A
\\\_/ /

e.0.29 A manufacturing plant is operated in 3 shifts, morning shift, day shift and night
shift. If 30% of the total production is produced during morning shift, 50% is
produced during day shift, and 20% is produced during night shift. The defective
percentage during the 3 shift are 5%, 2% and 8% respectively. What is the total
percentage of defective over the whole production?

Sol]  Let A represents the defective product;
B, represents the morning shift production;
B> represents the day shift production; and
B3 represents the night shift production.

P(A[B1) = 5%; P(A[B2) = 2%; P(A|Bs) = 8%;
P(B,) = 30%: P(B,) = 50%: P(Bs) = 20%.

P(A) = P(A|B1) P(B1) + P(A|B2) P(B2) + P(A[B3) P(B3)
=0.05x03+002x05+0.08x0.2
=0.0410=4.10%
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9. Bayes' Theorem:

Bayes Theorem offers a powerful satistica method of evauating new
information and revising our prior estimates of the probability thet thingsarein
one state or another.

The basic formulafor conditiona probability under dependenceis called Bayes
Theorem.

P(AC B) _ P(BJA)P(A)
P(B) P(B)

P(A[B) =

€.0.30 Assume that we have equa numbers of two types of deformed dice in a bowl. For
Type 1 deformed dice, even number comes up 40% of the time, and for Type 2
deformed dice, even number comes up 70% of the time.

If adieisrandomly sdlected from the bowl, whet isthe probability thet it isaType
1die?
Prob(Type 1) =0.5

Now, addition information is available. One dieis drawn, rolled once, and comes
up even numbers. What is the probability that itisa Type 1 die?

Sal]

Elementary P(Elementary P(Even|Elementary P(Even C Elementary

Event Event) Event) Event)

Type 1 P(Type 1) P(Even[Type 1) P(Even C Type 1)
=05 =0.4 =0.4x0.5=0.20

Type2 P(Type 2) P(Even[Type 2) P(Even C Type 2)
=05 =0.7 =0.7x05=0.35

1.0 P(Even)= 0.55

P(Type 1| Even) = P(Type 1 C Even) / P(Even)
=0.2/0.55
= 0.3636
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We may fed that oneroll of the dieis not sufficient to indicate its characterigtics.
In this case, we can obtain additiond information by rolling the die again.

Assume that the same dieisrolled a second time and again comes up even. What is
the further revised probability that the dieis Type 1?

Sal]
Elementary || P(Elementary | P(Even | P(2 even | P(2 Even C Elementary
Event Event) Elementary | Elementary Event)
Event) Event)

Typel 0.5 04 04x04 0.16 x 0.5
=0.16 =0.080

Type?2 0.5 0.7 0.7x0.7 0.49x 0.5
=0.49 =0.245

1.0 P(2 Even)= 0.3250

P(Type 1|2 even) = P(Type 1 C 2 even) / P(2 even)
/

e.0.31 Assumethat the same dieisrolled three times, and the first two rolls come up even
and the third roll comes up odd. What is the further revised probability that the die

iIsType1?
Sal]
Elementary || P(Event) | P(Even | | P(Odd | P(E,E,O | Event) | P(E,E,O C Event)
Event Event) | Event)
Typel
Type 2

P(Typel]| ) =_P(Type 1€ ) )
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e.0.32 For example 29, the quality controller found a defective product during the quaity
control process, find the probability that this defective product was produced

during morning shift.
Sol]  The probability for a given defective product which is produced during morning
shiftisP(B1|A),
P(A[B1) = 5%; P(A[B2) = 2%; P(A[Bs) = 8%;
P(B1) = 30%; P(B2) = 50%; P(Bs) = 20%;
P(A) = 4.1%
P(B1lA) = P(B.CA)/P(A)
= P(A|B1)P(B1)/P(A)
=0.05x0.3/0.041
= 0.3659

€.0.33 What are P(B2|A) and P(B3|A) ?

o] P(B2lA)

P(BslA)

Class Exercise 2:

A manager has three clerks working for him - Lucy, May and Nancy. May and Nancy are
respong ble for 30% and 50% of the typing work respectively. For those documents typed
by Lucy, 8% of them contains typing errors. For those documents typed by May, 10% of
them contains typing errors. For those documents typed by Nancy, 5% of them contains
typing errors.

a What is the probability that a randomly selected document which contains typing
error?

b. What is the probability that a document with typing errors was typed by May?
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Class: Name: No.:

Class Exercise 1 (Solution)
a) Number of possble arrangements of assgnments
=

b) Number of arrangements which means project D is assigned to Betty
!

P(project D isassigned to Betty) = /=
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Class: Name: No.:

Class Exercise 2 (Solution)

Let L betheevent tha the document istyped by Lucy
N be the event that the document is typed by Nancy
M be the event that the document is typed by May
E be the event that the document contains error.

P(N) = P(M) =
MEL) = PEIN) = MEM) =
AL =1-P( )-P()=1- - =

a) P(E) =P(Eand L) + P(E and N) + P(E and M)

P(EIL) P(L) + P(EIN) A(N) + P(E[M) P(M)

X + X + X
(4 decimal places)

b)  PM[E)
=P( and )/P()
=P( | )Ps )IP()
= X

(4 decimal places)
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