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INTRODUCTION TO

DYNAMIC SYSTEMS

1.1 Basic Concepts, Terms and Definitions

In this section standard control system theory terminology is introduced and explained in terms that are as simple and self-continued, with some representative examples.

The study of motion and its cause is called dynamics, from the Greek word “dynamikos” meaning force or power. Dynamic was the name of science which formed a part of the wider concept of mechanics and studied the spatial motion of a particle or rigid body due to the force.

In short dynamic is the science which deals with time changes (variations) of state.

The term like “ system”, “system theory”, “system science” and “ system engineering” have come to in common use in the last three decades from various fields (process control, data processing, biology, ecology, economics, traffic planning, electricity system, management, etc.) Therefore, before beginning our treatment of system, we shall try exactly define the word system.

Definition 1.1 (System): The word system denotes an object, device, or phenomenon whose time evolution appears through the variation of a certain number of measurable attributes.

 Introduction to Dynamic Systems 

For example a machine tool, an electrical motor, a computer, an artificial satellite, the economy of a nation are some examples of system.

System can be divided into two main classes: memoryless or purely algebraic system, and system with memory or dynamic system.

Definition 1.2 Purely Algebraic (Memoryless) System: This  system is one in which the values of the output at any instant of time depend on only on the value of the inputs at the same time.

In dynamic system the concept of state plays a fundamental role. The state of a dynamic  system is the information that need at every instant of time, in order to be able to explain the effects of its past history on its future behavior. More extended definition of dynamic system may be given, in short:

Definition 1.3 (Dynamic System): This System is in which the values of the output at any instant of time depend also on the past time evolution of inputs.

In control problems, it is natural to divide inputs variables into manipulatable and non manipulatable variables. The former are those whose values can be imposed at every instant of time in order to achieve a given control goal. The latter are those that cannot be arbitrarily varied; if unpredictable, they are more precisely called disturbances.

Differential equations, ordinary and partial, are the characteristic mathematical tools used to describe the motion of a dynamic system. When we say motion, we no longer mean only displacement or change of a rigid body’s  spatial coordinate , but any time change in coordinates defining the state of the analyzed system. 

Definition 1.4 Mathematical model: Mathematical model, within certain approximations, represents the link between the variables of the system.

From the definitions 1.2 and 1.3  we  can say that the dynamic system is the process which deals with change of state with time.  The time t is one of or the only independent variable in the mathematical model that describes such changes.  If time t is the only independent variable the 
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                       Basic Concept, Terms and Definitions
dynamic system will be described by ordinary differential equations (ODE).  If the independent variables include some other coordinate beside 

time, the dynamic system will be described by partial differential equations (PDE).  In this and subsequent articles we will exam only dynamic system that described by (ODE).

As a rule in order to represent a system with a mathematical model, it is first necessary to separate the variable to in cause or inputs and effect or outputs.

Definition 1.3 Oriented System ((): A system whose variables are divided to in inputs and outputs is called oriented system.

Oriented system can be represented as shown in Fig.1.1 with connection oriented by means of arrows.


                   inputs                                                                 outputs


Figure 1.1 Schematic representation of an oriented system
Examples (Oriented System) Consider for instance a simple electrical circuit shown in Fig.1.2(a), whose variables are the input voltage v and the current  i through the circuit . It can be oriented as in Fig.1.2(b), i.e., with v  as input and i as output: this is the most natural choice if the circuit is supplied by a voltage  generator. But the same system may be supplied by a current generator, in which case i would be the cause and v the effect and the corresponding oriented block diagram would be as shown in Fig 1-2(c).
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 Introduction to dynamic  system 
1.2 Modeling with Lumped linear element: Lumped process are all process in which the spatial dependence of the variable under consideration can be neglected. i.e., in which  a change in those variables is considered equal and simultaneous through the system for which the laws of conservation have been established. For example the current i in a resistor or the force f on a spring can be considered as lumped variables when the current or the force is assumed to exhibit the same value at both terminals. It is obvious, however that due to the finite speed at which 

disturbance and variables changes propagate all the process are in fact distributed in space. The implementation of the practical resister requires a non zero size, and the resistor will exhibit a small distributed inductance along the current path and a small distributed shunt capacitance to adjacent circuits. A practical spring is also constructed with a nonzero size, and the spring will display a distributed mass along its length. 

The presence of the distributed parameter acts to extend the time required for a current to traverse the resistor or the force to traverse the spring. The propagation time, however, is usually substantially less than the response time of the system, as determined by the natural dynamic of the system. Therefore, this effect is not normally a significant factor in the evaluation of  performance, and the use of the lumped parameters model is reasonable approximation. Every process in which  a change in the state variable  under consideration takes longer than it takes for the input ( and or  disturbance) of the state variables to propagate through the hole process volume can be considered a process with lumped variables.

A linear process are all process in which the relationships between process variables of input u, state x, output y can be described by linear mathematical expression of the following type
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Where

Coefficients A, B, C and D are real constant or real matrices with appropriate dimensions. Variables x, u and y are time variant function, and could consequently be written x(t),  u(t) and y(t)

Section 1.2 





         Modeling with Lumped Linear Element 
Now we consider some examples that have linear and lumped parameters. 

Example 1.2 (Electrical circuit with linear and lumped parameters): We consider the electrical circuits shown in Figure 1.3. The three electrical elements that are assumed to be lumped and linear are the resistance R the inductance L and the capacitance C, with assumption that R, L and C are constant. The unit of measurements are ohms ((), henry (H), and farads (F) respectively. The elements are described passive because they can dissipate or store energy, but they can not introduce energy into a system. The resister dissipates energy, and the inductance and the capacitor store energy in a magnetic or electrical field respectively. The Table 1.1 shows linear equation and linear differential equation relationships for passive electrical element just described.

	Lumped parameters     Circuits with lumped                 Relationship between lumped 

                                            Parameters                           parameters and voltage or current               
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Example 1.2 (Mechanical circuit with linear and lumped parameters): In this example we exam a set of passive mechanical elements that perform translation, motion. The elements are  the  viscous damper, the mass and  the linear spring.
The Viscous Damper: The viscous damper is composed of a cylinder with movable piston. The cylinder is filled with fluid, and a restricted path allows the fluid return to opposite side of the piston. The viscous damper produces a force that varies with translation velocity.  Ideally , the  resisting force  various in direct proportional to the translation velocity. This devise dissipates energy and does not store energy. The symbol B is used to describe translation action. The coefficient of viscous friction with translation motion is expressed in terms of force pre unit velocity.

The Linear Spring: It is an elastic object and used to measure forces. The spring produce a force that varies with translation position. When stretched the spring it exerts tension force that oppose the stretching, and when compressed it exerts compression forces that oppose the compression. Over a limited range of stretching and compression, the force exerted by the spring is directly proportional to the distance stretched. When this directly proportional holds the spring is said to obey Hooke’s law, and is called linear spring. Then we write F=-Kx ( Hooke’s law) where x is the amount by which the spring stretched or compressed from its normal state, and the minus sign indicate that the spring force is directed oppositely to the stretching or compression. The constant k is called the spring constant; its units are Newton/meter. Both the mass and the springs store energy as kinetic energy or potential energy respectively.  

	
Lumped parameters     Circuits with lumped                 Relationship between lumped 

                                            Parameters                           parameters and force and velocity               
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         Modeling with Lumped Linear Element 

	Lumped parameters          Circuits with lumped                    Relationship between lumped 

                                            Parameters                                parameters and force and velocity               








 Model of the spring in table 1.2 is expressed in terms of displacement x with the assumption that the displacement reference is the position that correspond to zero force.





1.3 Analogous Models: Analogous models play a very important role in situation where basic physical concept and principles are being introduced. For instance, to introduce the basic electrical quantities a water flow system is used in almost all-available books dealing with circuit theory.  We will see that the advantage of this approach is unquestionable.  

If the linear relationships of table 1.1 and 1.2 are compared, similarities are apparent in the electrical and mechanical models. If the mechanical relationships are considered in terms of force and velocity, there are obvious analogies that may be useful when comparing models or performance characteristic of electrical and mechanical systems. Two dynamic systems are called analogies when equivalent mathematical models describe both systems. The following four examples show how to apply analogous models to investigate electrical phenomena comparing electrical circuits (models) with mechanical, hydraulic and thermal models 

 Introduction to dynamic systems 
Example 1.3a(Analogy between Mechanical and Electrical System) We Consider the parallel RLC circuit of figure 1.3a and the translation mechanical system of figure 1.3b. Even if the first one is electrical system and the second one is mechanical 

system, they are analogies.



                                                                                                  A





















v




            Figure 1.3a  A mechanical  model                           Figure 1.3b Electrical model  

Now we need to verify if the above two systems are analogies. Let the velocity of the mass m is  v(t) and the surface is assumed to be frictionless. If the free body diagram of the mechanical system  is constructed, the forces are directed as shown in figuer1.3c

















Figure1.3c A free body diagrams for the mechanical system

If we apply the equation of motion on the free body diagram of mechanical system, we obtain 
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(1.30)

  Now we apply the Kirchhoff’s current law on the parallel RLC circuits  at node A, we have 
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          (1.31)

Where iR, iL, and iC are the current through the resistor, inductor and capacitor respectively and given by 
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(1.32)

From equations (1.31) and (1.32) we can easily obtain that 
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(1.33)

If we compare equations (1.30) and (1.33) we can observe that both have identical mathematical form. This is velocity-voltage analogy with the velocity of the mechanical system is analogous to voltage across the resistance of the circuit, the mass  m of the mechanical system  is analogous to  the capacitance of the  electrical circuit , the coefficient of viscous friction is  analogous to the conductance (the inverse of resistance), and the spring constant is analogous to the inverse of inductance 1/L.

This analogous, however, is not the only possible analogy. Since the electrical circuit has a dual circuit with a mathematically identical form. Although models using analogous electrical and mechanical elements are considered, analogies electrical resistance and capacitance can be extended to hydraulic and thermal systems. 

Example 1.3b (Analogy between hydraulic and electrical Systems) We consider two water reservoirs that connected through the pipe with a single valve S (see Figure1.3d) crate a hydraulic system, while its analogy is the electrical circuit shown in figure below.

                             A1                             A2                                                        R
             h1                                                                       

                                             h1’

                                                   S                                            

                 Figure 1.3d  The hydraulic system and its electrical analogy
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The function of both models may be presented in the form mathematics as follows

 1a)Water volume in the left reservoir: 
     1b)The charge in the left  capacitor:
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2a) The water distribution after the valve is 
     2b) The charge distributed after the switch

 open:  






    is closed:
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3a) The water quantity in the second reservoir:  3b) The charge in the second capacitor:
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4a) The final level of water in both reservoirs:    4b) The final voltage across the capacitor:
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5a) The volume of water remaining in the first   5b) The charge remaining in the first capacitor

 reservoir 
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6a) the other form water distribution:

     6b)The other form of charge distribution:
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7a) From 6a it follows that the final 

     7b) From 6b it follows that the final 

     level of water may be found as:                                  level of voltage may be found as 
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1.4 Introduction to  Simulation :  MATALB( is an interactive mathematical program for numerical linear algebra and matrix computation that includes powerful graphs.  Matrices are the heart of MATLAB since all the data all the data in MATLAB are stored as matrices. Beside common matrix algebra operation, MATLAB offers array operations that allow one to manipulate sets of data in a wide variety of ways quickly. In addition to its matrix orientation, MATLAB offers programming features similar to those of other computer programming languages. MATLAB also offers graphical user interface (GUI) tools that allow one to use MATLAB as an application development tools. And Finally MATLAB has a rich collection of function immediately useful to many field of engineering and applied science. This combination of matrix data structure, programming feature, GUI tools, and collection of functions makes MATLAB an extremely powerful tool for solving problems in many fields. 

SIMULINK is a supplement of MATLAB that is used primarily as a tool to simulate dynamic systems. The representation of a model is developed in an interactive environment by using graphical representation of all the simulation elements. The block diagram format is offered with a large selection of operational block, including transfer function, state models, non-linear relationships, and user defined functions. When using SIMULINK, the major programming tasks are all performed internally. The user must construct the diagram, enter the parameters as required, select a simulation algorithm, and then request simulation. 

An analog computer is a device which simulate the variables of a continues dynamic system in terms of similar physical quantities easy to generate and control continuously. Since analog computers are electronic, the variable are represented by voltage. The advantage of simulation via analog computer is that the results are usually presented in the form of a continuous graph of the variables so that system performance is easily observable.  However, analog computers are inherently inaccurate, so that they are rarely used as a substitute for digital computer when a detailed mathematical information is desired.

Example 2.1 Consider the differential equation 
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This equation is merely a mathematical expression and is not necessarily related to electrical quantities. Suppose it is assumed that x is the voltage; then 
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 EMBED Equation.3  [image: image22.wmf]t
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 EMBED Equation.3  [image: image23.wmf]would also be voltages. In reality, the equation may represent a chemical process, but there is no way of “seeing inside” the process. However, the process can be simulated electronically on computer in order to observe the dynamic of the system.

The Block diagrams are a convenient representation for systems that consist of numerous interconnected parts. The required building blocks of analog computer are: 

1. Summer: It is linkage element between blocks, and represented in Fig 2.1(a)
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                                           Figure 1.4a Summer 

Realization of Electronic Summer An electronic summer is a devise whose output voltage is equal to the sum of the input voltage. An operational amplifier may be connected to perform electronic summing by connecting a resistor in the feedback path between the amplifier’s output and the summing junction. See Figure 1.4b


                                                           Rf


                e1          R1                           -

                                                                                             e0  

               e2      R2                                                                     

                                                             +


Figure 1.4b Operational Amplifier used to sum two voltages
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 From the configuration of figure 1.4b it can be shown that 
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(1.40)

The minus sign in equation  (1.40 )  is due to the phase inversion of  the amplifier. From equation we can observe that the output of the amplifier is proportional to the (inverted) sum of the inputs. Each tem may also be scaled (weighted)  by the ratio of the feedback resistor Rf to its respective input resistor. When R1=R2 =R  the equation (1.40) becomes 
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(1.41)

and the output is directly proportional to the sum of the inputs

2. Integrator: From elementary calculus we know that mathematical integration of a function yields another function that represent the total area accumulated under the graph of the first function. The mathematical symbol for integration is 
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Which can be thought of as ‘the area under the graph of f(t)  from t=0  up to an arbitrary time t”

Realization of an electronic integrator: an electronic integrator is a device whose output voltage is proportional to the mathematical integral, with respect to time of the input voltage. An operational amplifier may be connected to perform electronic integration by connecting a capacitor in the feedback path between the amplifier’s output and its summing junction D of  figure 1.4c.

                                                           C
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Figure 1.4c Operational Amplifier used as an integrator 
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When the amplifier is connected to perform integration, its output is 


[image: image28.wmf]dt

e

RC

e

t

in

out

ò

-

=

0

1






(1.43)

From equation (1.43) we observe that the output is the integral of the input scaled by the factor 1/RC, and as usual, the amplifier introduce a 180( phase shift in the signal.

For example if the input is 
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Thus the phase inversion introduce by the amplifier cause the output to lead the input by 90(
3 Constant Multiplier: It represents the linear purely algebraic constant input out put relation 
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 where K is a real constant or a real matrix. K is real constant when the system is single input –single output (SISO), and it will be a real matrix when the system is multi-input multi-output (MIMO).


                                            u(t)                                           y(t)=Ku(t)

Figure 1.4d constant multiplier

Realization of Constant Multiplier: The operational amplifier, shown in figure 1.4f, may be connected to perform constant multiplier (voltage scaling).
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Figure 1.4e Operational Amplifier used as an integrator 
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Solving for the transfer function 
[image: image32.wmf]in

out

e

e

, we find 


[image: image33.wmf]÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

+

+

-

=

l

l

f

l

f

in

out

R

R

R

A

A

R

R

e

e





(1.44)

Since the operational amplifier has a very large value of open loop gain A, we have 
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And equation (1.44) may therefore be written 
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The significant of this result is that the closed loop gain of the circuit depends only on the ratio of the resistors and not on the precise value of the amplifier characteristic. This operation is called scaling, since the output is equal to the input multiplied by the scale factor Rf/Ri

4 Branching point: Like summing junction it is also linkage element between blocks, represented in Fig 2.1(c), and described by a simple relation as shown below
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                       Figure 1.4f.  Branching point 
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Figure 1-2 An electrical system with two possible orientations
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                    Table 1.1 Electrical circuits with linear and lumped parameters
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                    Table 1.2  Mechanical circuits with linear and lumped parameters
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