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 Appendix  Mathematical Background 

1.1 Introduction: In this article we will study the vertical translational of mechanical system. The mathematical model that describe the system is a second order differential equation with 
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constant coefficient. We will study the connection between second order differential equation and a system of differential of first order, and how to present such a system in to the form of matrix state- space equations.  The dynamic coefficients of resistance, capacitance and inertance will be redefined and their physical meaning given. The system in exam is subjected only to an initial condition. This article has three sections.  In the first section we analyze the system using the classical method, in the second and the third section we analyze the problem using the MATLAB and SIMULINK tools respectively.

1.2 System Description: Consider a mechanical system shown in Figure 1.1. As we see from the figure 1.1 the system is free, damp motion of mass m attached to a spring of force constant k and coefficient of damping b. 
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Figure 1.1a Mechanical System

The free body diagram of the system is shown below
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                Figure 1.1b Free body diagram of the Mechanical System
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From the Newton's law of motion and  the free body diagram of the system it follows that
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We call the motion is a fee damping motion when Mg=0. Therefore, in the free damping case the differential equation that describe the motion of the system is given by 
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 (1.1)

Consider the parallel RLC circuit of figure 1.1b and the translation mechanical system of figure 1.1a. Even if this one is electrical system and our system is mechanical system, they are analogies
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                                                              Figure 1.2. Equivalent circuits

In fact, if we apply the Kirchhoff’s current law on the parallel RLC circuits of figure 1.1b we obtain
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(1.2.)

  if we derivat equation (1.2) with respect to time we obtain 
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(1.3)

We can easily see that Equations (1.1) and (1.3) are of identical mathematical form. This is velocity-voltage analogy with velocity analogous to voltage mass analogous to capacitance, the coefficient of viscous friction analogous to the conductance (the inverse of resistance), and the linear spring constant is analogous to the inverse of inductance.

1.3 System Analysis with a Classical Method: The characteristic equation is obtained by assuming a solution of the form  
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By the quadratic formula 
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(1.5)

We call the quantity which determines the resulting motion by 
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Then 
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(1.7)

If we plug the initial conditions x(0) and 
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(1.8b)

We can rewrite (1.8a) and (1.8b) in matrix form 


From Cramer ‘s rule if follows that


From the last relation we obtain 
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(1.8c)

Now we exam our system case by case. 

Case 1: 
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 In this case the roots (1 and (2 are real numbers. Our solution is 
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(1.7bis)

where c1 and c2 are arbitrary constants.  Since  (>0  we can easily note that (1 and (2 are negative. Thus in solution (1.7)

This is called over damped motion.

Case 2 
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       (1.9)

where c1 and c2 are arbitrary constants. Since 
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and the system is said to be critically damped motion.

Case 2 
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 In this case the roots (1 and (2 are
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where ( is negative. So the roots are complex. (=(-1)((-1) ( (. We can write 

where i is the complex number such that i 2  = -1.

 The general solution is then 
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where c1 and c2 are arbitrary constant.

By Euler’s formula 

If we put 


then (1.10) becomes 

If c1 and c2 are complex numbers they must be complex conjugate of each other.  If we let 

We will have two arbitrary constants.  These two arbitrary real constants are all that required in the solution of the second order differential equation. From the above two relations we can obtain that
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(1.11)

substituting (1.11) in to (1.10) we have 


 Let 2(=A and -2(=B to obtain our final form of the solution
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(1.12)

This is the damped oscillatory motion. 
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1.4 System analysis in time  with MATLBE cods:  Assume that at t=0 the mass m is pulled downward such that x(0)=0.1m and 
[image: image29.wmf]x
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=0.05m/sec. We exam the motion of the mass subjected to the initial condition. Let m= 1Kg, b and k are variables. In this section we study the response of the system based on the transfer function of the system. The transfer function of the system is obtained by transforming the system from time domain to frequency domain by applying the Lapalce transformation method.

For commodity we rewrite the system equation( equation 1.1) with its initial conditions.

The Laplace transform of the system equation is given by

Or

 Solving this equation for X(s)  and substituting the given numerical values, we obtain 


X(s) can be written as 

Hence the motion the mass may be obtained as unit-step response of the following system:
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(1.13)

By using MATLAB code, Now we study the response to initial condition of the system when the motion is Over Damped; Critically damped; Oscillatory damped.
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Case 1.  The following MATLAB code (Scripte1.1) is used to study the step response of the system.  When the motion of the system is critically damped.
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Figure 1.3 The step response of the over damped system

Figure 1.3 shows the step response of the Spring-Mass-Damper system to initial condition when the system is in critically damped case.


Simulation of Mechanical System                                                                       Article 5

Figure 1.4,  The step response of the over damped system

Case 2 OScillatory  The following MATLAB code (Scripte1.2) is used to study the step response of the system.  When the motion of the system is Oscillatory damped
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Figure 1.5,  The step response of the oscillatory damped system

Figure 1.5. shows the Step Response of the Spring-Mass-Damper system to initial condition when the system is in Oscillatory  damped case.

Case 3 Over Damped Case : The following MATLAB code (Scripte1.3) is used to study the step response of the system.  When the motion of the system is over damped


Response 
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Figure 1.6  The step response of the over  damped system
Figure 1.6 shows the step response of the Spring-Mass-Damper system to initial condition when the system is in over damped case. The following MATLAB code (Scripte1.) is used to study the step response of the system in three dimensions. When the motion of the system is oscillatory damped. 
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Figure 1.7 .The Step Response in three dimension of the Spring-Mass-Damper system to initial condition when the system is in Oscillatory damped case.
The following MATLAB code (Scripte1.5) is used to study the step response of the system in three dimension when the motion of the system is oscillatory damped with five different values of the spring constant k and the damper b,
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The figure 1.8 shows the Step Response in three dimension of the Spring-Mass-Damper system to initial condition when the system is in Oscillatory damped case. The following MATLAB code (Scripte1.6) is used to study the step response of the system in three dimensions when the motion of the system is oscillatory, critically and over damped.  We use 30 different values of the spring constant k and the damper b,
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Figure 1.8

 The Figure 1.8. shows the Step Response in three dimension of the Spring-Mass-Damper system to initial condition when the system is in Oscillatory, over and under damped case.

1.5 System Analysis with SIMULINK: In this section we exam the step response of the mechanical system by applying the Simulink tools.  We simulate the system  first by building  the block diagram of the transfer functions, and then  by building the feedback block diagram.

In figure 1.9  the Transfer Fcn1, Transfer Fcn2 and Transfer Fcn3 indicate the transfer function of the system when the system is oscillatory damped, over damped and critically damped respectively.
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Feedback Simulation: In this section we exam the step response of the system by building the feedback block diagram of it. The block diagram shown in the figure 3.3 has three sub-block diagrams. The sub-block diagrams drawn in cyan, clay and blue produces the oscillatory damped, the critically damped, and the over damped motion of the system respective.


Figure 3.3 The block diagram of the system with three-sub-block that produce the oscillatory, the critically and the over damped response.

Section 1.5






 Simulation with Simulink


Figure  The simulation observed On Scope

 

Figure   Simulation Observed On LTI( Liner Time Invariant ) model
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% Script 1.1 Step Response of Spring Mass Damper System to initial conditions. Critically Damped Case 


m=1;x0=0.1; dot_x0=0.05; % the mass and the initial conditions respectively


k=[0.5 1 2.5 10]; %the values of the spring 


b=[sqrt(2) 2 sqrt(10) sqrt(40)]; % the values of the coefficient of damping 


i=1; %counter 


 y=zeros(200,1); %


  for j=1:4


     num =[0.1 0.1*b(j)+0.05 0]; % the numerator of the  transfer function 


     den[1 b(j) k(j)]; % the denominator of the transfer function 


       t=[0:0.1:19.9]'; %


       y(:,i)=step(num, den,t); % the step responses with different value  of the coefficient of damping and the spring constant


       i=i+1;


            end


       plot(t,y)


       title(‘ The Step Response of the Spring-Mass-Damper system to initial condition. Critically damped case’)



































      xlabel(’time[s]’); xlabel(‘amplitude’);  


grid


       text(4,0.1,'k=0.5; b=1') % insert text on the graph


       text(4,0.08,'k=1; b=3')


       text(4,0.06,'k=2.5; b=4.5')


       text(4,0.04,'k=10; b=7')















































































































































       i=i+1;


       end


       plot(t,y)


       grid


       text(4,0.1,'k=0.5; b=1')


       text(4,0.08,'k=1; b=3')


       text(4,0.06,'k=2.5; b=4.5')


       text(4,0.04,'k=10; b=7')
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% Script 1.1a This program similar to script 1.1, %except the very low values of k and B. We choose %these low values to see the effect of vertical osscilation due to the low values of k and B.


m=1;x0=0.1; dot_x0=0.05;


    k=[0.001 0.002 0.003 0.004 0.005 ];


    b=[sqrt(0.004) sqrt(0.008) sqrt(0.012) sqrt(0.016) sqrt(0.02)];   i=1; y=zeros(200,1);


 for j=1:4


 num=[0.1 0.1*b(j)+0.05 0];


 den=[1 b(j) k(j)];


 t=[0:0.1:199.9]';


 y(:,i)=step(num,den,t);


 i=i+1; end


plot(t,y);grid; text(70,0.6, 'k=0.001, b=4k')      


text(60,0.3, 'k=0.002, b=4k');  text(70,0.2, 'k=0.003, b=4k');text(10,0.1, 'k=0.004, b=4k')
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% Script 1.2 Step Response of Spring Mass Damper System to initial conditions. Oscillatory Damped Case 


m=1;x0=0.1; dot_x0=0.05;


    k=[0.1 0.2 0.3 0.4 0.5 ];


    b=[0.1 0.2 0.3 0.4 0.5 ];   


    i=1;


    y=zeros(200,1);


    for j=1:5


       num=[0.1 0.1*b(j)+0.05 0];


       den=[1 b(j) k(j)];


       t=[0:0.1:19.9]';


       y(:,i)=step(num,den,t);


       i=i+1;


       end


       plot(t,y), grid,xlabel('time[sec]'), ylabel('Vertical displacement'),title('step response of Oscillatory damped')


   











Script 1.4 Step Response in three dimension of Spring Mass Damper System to initial conditions. Oscillatory Damped Case with two different values of k and b.


m=1;x0=0.1; dot_x0=0.05;


k=[0.01 0.02 0.01 0.02 0.01]; b=[0.02 0.04 0.02 0.04 0.02];i=1;


     y=zeros(2000,1);


    for j=1:5


       num=[0.1 0.1*b(j)+0.05 0];


       den=[1 b(j) k(j)];


       t=[0:0.1:199.9]';


       y(:,i)=step(num,den,t); i=i+1;end


mesh(fliplr(y),[-100 10]), grid;


ylabel('time'),zlabel('Amplitiud'),xlabel('inputs'),title('Mesh plot showing step response of osciolltory damped')
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% Script 1.3 Step Response of Spring Mass Damper System to initial conditions. Over Damped Case


m=1;x0=0.1; dot_x0=0.05; k=[0.5 1 2.5 10] ;b=[2.5 3 4.5 7];   i=1;


    y=zeros(200,1);


    for j=1:4


       num=[0.1 0.1*b(j)+0.05 0];


       den=[1 b(j) k(j)];


       t=[0:0.1:19.9]';


       y(:,i)=step(num,den,t);


       i=i+1; end


       plot(t,y), grid


text(4,0.1,'k=0.5; b=2.5');text(4,0.08,'k=1; b=3')


text(4,0.06,'k=2.5; b=4.5'); text(4,0.04,'k=10; b=7');
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Script 1.5 Step Response in three dimension of Spring Mass Damper System to initial conditions. Oscillatory Damped case with five different values of k and b.


m=1;x0=0.1; dot_x0=0.05;


    k=[0.01 0.02 0.03 0.04 0.05];


    b=[0.02 0.04 0.06 0.08 0.1];   


    i=1;


    y=zeros(3000,1);


    for j=1:5


       num=[0.1 0.1*b(j)+0.05 0];


       den=[1 b(j) k(j)];


       t=[0:0.1:299.9]';


       y(:,i)=step(num,den,t);


       i=i+1;


       end


       mesh(fliplr(y),[-300 1])


       grid


       ylabel('time'), zlabel('Amplitiud'),xlabel('inputs')


       title('Mesh plot showing step response of osciolltory damped')
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Script 1.6 Step Response in three dimension of Spring Mass Damper System to initial conditions when the system is Oscillatory, critically and over damped. 


m=1;x0=0.1; dot_x0=0.05;


	k_oscil=[0.01:0.001:0.02];


	b_oscil=[0.02:0.002:0.04]; 


	k_critic=[0.1:0.01:0.2];


	b_critic=sqrt(k_critic);


 	k_over=[0.5:0.05:1];


   b_over=[2.5:.05:3],


   k=[k_oscil k_critic k_over];


    b=[b_oscil b_critic b_over];


    i=1; y=zeros(2000,1);


    for j=1:30


       num=[0.1 0.1*b(j)+0.05 0];


       den=[1 b(j) k(j)];


       t=[0:0.1:199.9]';


       y(:,i)=step(num,den,t); 


       i=i+1; end


       mesh(fliplr(y),[-200 10]), grid


ylabel('time'),zlabel('Amplitiud'),xlabel('inputs')


title('Mesh plot showing step response')
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