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Mathematical 

Back Ground

The aim of this appendix is to provide a quick reference to standard mathematical background material for  dynamical system theory that covered in part chapter2
A.  The Lapace Transformation

A.1 Definition and Properties: Let f(t) be a real function defined for all value of t(0; and let s= (+j( be a complex variable. 
Definition A.1 ( Lap lace Transformation) The complex function F(s) given by 
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( a.1)

 is called the Laplace transformation of f(t). If equation (a.1) exist for some values

Most text book use the letter L  to indicate the Laplace transformation, i.e.,

 L [f(t)]=F(s).

Example a.1. We consider the step function shown in Figure (a.1)
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    Figure a.1 the step function

From the figure a.1 we can easily observe that the step function f(t) is given by 
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(a.2)
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       Appendix 

 Now we calculate the Laplace transformation of the step function. From the definition (a.1) it follows that  
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We remember that 
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From the above two equations it follow that 

F(s) =
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Therefore the Lapace transformation of the step function is given by
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Example a.2 We consider the impulse function given by 
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(a.3)

In order to calculate  Lapace transformation of imp t , first we consider the  function as shown in figure a.2
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                                                Figure a.2

 From the figure a.2 we can easily observe that the area under the curve  of f([image: image148.emf]0
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(t) is equal to 1.  So from the definition of the impulse function, equation ( a.2), and from the figure a.2 it follow that 
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(a.4)

We plug equation (a.4) in to (a.1) we have:
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Therefore the Lapace transformation of the impulse function is given by
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Now we exam the most interesting properties of the Laplace transformation

 Property a.1 The Laplace transformation is a linear operation 
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Example a.3   The Lapalce transformation of 
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Property a.2 Shifting in the time domain 
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Example a .4  Let  f(t) is 
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             Appendix 

The Laplace transformation of  f(t) is given by
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Property a.3  Shifting in the frequency domain 

            If 
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Example a.5

          If


[image: image20.wmf]t

step

e

t

f

at

=

)

(


       Then


[image: image21.wmf]a

s

t

step

e

at

-

=

[

1

]

L


Example a.6

       If f(t) is given by 
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We want to calculate the Lapace transformation of f(t)

We know that 
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The Laplace Transformation 
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 Property a.4  Derivation in the Lapace domain 

           If 
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Example a.7

        Let 
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f(t) is called the ramp function. We can observe that 
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Therefore, the Lapace transformation of ramp t is 
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  Property a.5 First Order Derivation in the time domain 

        If 
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If f(t) is not continues at t=0, f(t) is substitute by f(0+) where 
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Example a.8

We consider the following function 
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f(t) can be written as 
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  Property a.6 Second order derivation in the time domain 

 If 
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Example a.9

We consider the parabola function given by 
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We want to calculate its Laplace transformation. We know that the second derivative of the parabola  function is equal to the step function. So  
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From the property a.6 it follows that 
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Therefore, the Lapace transformation of  the parabola is  
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Definition A.3 ( Poles and  Zeros) Given the Laplace transformation F(s) of  f(t), the values of  s that make F(s)=( are called the poles of  F(s), similarly the value  of s that make F(s)=0 are called the Zeros of F(s).

Example a.10

Let 
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s=0 and s=-1 are the pole and the zero of F(s) respectively

Definition A.2 (  Inverse  Lap lace Transformation) Let L [f(t)]=F(s). The invers Lapace transformation of  F(s), i.e., L-[F(s)]=f(t),  is given by  
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( a.5)

Where the integration is carried out along a line parallel to an imaginary   axis  and such that all the poles of F(s) lay to the left side of this imaginary axis.
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There is one to one correspondence between the Lapace transformation and its inverse. This means for every f(t) their exist one and only one F(s)
Theorem a.1 The initial value theorem:  Let F(s) be the Lapace transformation of f(t). The value of f(0)  that f(t) is calculated at t=0 is  given by 
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Example a.11

Let 
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The inverse Laplace transformation f(0) of  F(s) at t=0 is given by
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Theorem a.1 The final value theorem:  Let F(s) be the Lapace transformation of f(t). If all the poles of F(s) lay on the left side (the negative real part and on the origin) of the complex plane then the value of f(()  of f(t) is  given by 
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A.2 .The Differential Equation and the Lapace transformation: In this paragraph we study how to solve ordinary differential equation by applying the Lapace transformation tools. In particular  we will study how the Lapace transformation is applied to transform differential equations (linear with constant coefficient) to algebraic equations. We will also see that solving algebraic equation is more direct than solving a differential one.

Example a.12 

We consider the following   linear differential equation of the first order 
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Let Y(s) be the Lapace transformation of y(t), then 
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After some steps we obtain that 
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If we plug the value of U(s) and y(0) we obtain
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              Lapace Transformation and differential equation


Our objective is to obtain y. To do so we have to anti transform Y(s). But Y(s) is not appeared on the Table (A.1), so we need to decompose Y(s) in to an equivalent expression such that each term has known anti transform. Therefore, let
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By the identity of polynomials it follows that:
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Now we can write Y(s) as 
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Factoring Y(s) as shown above is called the methods Heavisde.  

The y(t) we are looking for is  obtained by anti transforming Y(s) as shown below
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 Where L-1 is  the inverse Laplace operator. From the Table A.1 we can easily see that
               
[image: image75.wmf]t

step

e

t

step

e

t

step

s

s

t

y

t

t

)

(

)]

[

]

[

)

(

-

-

-

-

-

=

-

=

+

-

=

1

1

1

1

1

1

L

L


And 
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This procedure can be generalized to find the solution of all differential equation ( linear  and constant coefficient) with given  initial conditions and  known input signals.
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   Appendix 

B. First Order Linear Differential Equations 

The aim of this appendix is to provide a quick reference to standard mathematical background material for  dynamical system theory that covered in part article1

We consider a first order linear differential equation of type:
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(b.1)

Equation (b.1) classified as first order non-homogenous ordinary differential equation. The solution of this differential equation consists of two parts. One part is called the forced or steady sate response xf, and the other part is called the natural or transient response xn . The solution of  (b.1) written as: 

x=xf + xn





(b.2)

Since the constant term in equation (1.1) is constant the forced response xf  is also constant. We plug xf  in equation  (b.1)
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(3.3)

Since xf constant
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, and  after some simplification we obtain that 
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(b.4)

The transient or the natural response is obtained by putting c = 0 and x = xn.  So equation (1.1) will be 

   
[image: image81.wmf]0

)

(

)

(

=

+

t

bx

t

x

a

n

n

&
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The characteristic equation of (A.5) is 
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From (b.7) it follows that 
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where k depends on the initial condition of (b.1). From (b.2), (b.4) and (b.8) if follow that 
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(b.9)

We plug the initial condition x(0) = x0 in to (b.9) we obtain that 
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          (b.10)

The solution of the differential equation we are looking for is obtained by plug in (b.10) in to 

(b.9), which is 
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Appendix C 

 Second Order Differential Equations: 

State Space Approach

One of the fundamental and most noticeable characteristic of the system we analyzed in article 5 was that the mathematical tools used to describe its dynamic was a  second  order  ordinary differential equation. We reduce this second order ordinary equation in to two system of     ordinary linear differential equations, then we translate this system  of linear  equation in to the matrix form state Space equations. 

It is very useful to translate every existing model of dynamic process into a system of first order ordinary differential equations. One of the main important reasons why this is so is that mathematical liberties of modern computers contain system programs specially developed for solving system of first order differential equation. 

To illustrate how select a set of variables that reduce the nth-order ordinary equation in to a system of n ordinary first order differential equation, we consider an n-th order linear differential equation given by:
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If we define new variables x1, x2, ,x3,....xn such that 
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The above relation yields the following system of n first order ordinary differential equation, which is usually called normal system of differential equation
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The following examples help as to understand how to reduce n order ordinary equation in to n system of ordinary first order differentials.

Example A.1 

We consider the following differentials equation of the second order 
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We need to determine a system of first order differential equation equivalent to the above equation. To do so we need to introduce a new variable x1 such that 
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If we plug these values in to the original equation we obtain that the following system linear differential equation 
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The above system of equation can be expressed in the matrix form as shown below. 
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If we let 
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be the initial condition of the system. Therefore, the free response of the system is given by
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with In is two by two Identity matrix .

Example A2:

We consider the following system of differentials equation of the second order
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with initial conditions


[image: image103.wmf]î

í

ì

-

=

=

1

0

2

0

2

1

)

(

)

(

x

x

&

&


Let 
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The original problem can be written in matrix form as follow
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The solution of the above equation is given by
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Lastly we consider a vectorial  differential equation with forced response which is given by 
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Where 
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 are  n- dimension column vectors ,

 u is m-dimension column vector

A is n by n constant matrix

B is n by m constant matrix

The solution of the differential equation under consideration is given by:
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Where x0 it the initial conditions of the systems. 

APPENDIX II

Quick Reference to MATALB Functions* and SIMULINK

 i. MATALB FUNCTIONS
This summary contains a detail description of  MATLB function and SIMULINK blocks used in these articles. Since MATLAB functions and SIMULINK Block Library are so big we select strictly necessary functions and blocks that used in this articles.

1. Graphing: Scientific and engineering data are examined in MATLAB using “ graph paper” commands to create plots on the screen. There are six different types of “graph paper” from which to choose:

Graph Papers

Plot linear                          X-Y plot

Loglog                               loglog X-Y plot

Semilogx                           Semi-log X-Y plot ( x_axis log)

Semilogy                           Semi-log X-Y polt ( y-axis logaritmic)

Polar                                  Polar  plot

Mesh                                 3-dimenssion mesh surface

Bar                                    Bar chart


Since a graph is on the screen, the graph may be labeled, titled or have grid drawn in 

Title                          Graph title

Xlabel                        X-axis label 

Ylabel                        Y-axis label 

Text                           label data points 

Grid                           Grid lines

There are commands for screen controls, manual axis scaling and  hard copy on a printer

axis               manual axis scaling

hold              hold the plot on the screen

subplot         break the graph screen into sub windows

print              send graph to printer 

Example 1

Suppose  we wish to plot the sine graph. This accomplished as follows. Let y = sin(t) ,and let t vary from 0 to 4( steped by 0.05. The MATLAB cods that plot the sine is 

t= 0:0.01:4*pi;

y=sin(t);

plot(t,y)

title('my first plot using MATLAB')

xlabel('time in [second]');

ylabel('amplitude')

grid

the result in 


Multiply lines: there are two methods for plotting multiple lines on a single graph

The first method is used to plot with multiple argument method:

Plot(X1, Y1, X2, Y2, ...., Xn, Yn)

Where x1, Y1, X2, Y2, are pairs of vectors. Each X-Y pair is plotted, generating a multiple lines on the plot. The second method is use hold on commands.  With these two methods we be able to plot multiply lines on a single graph. Both methods have the benefit of allowing vectors of different length to be displayed on the same graph. The advantage of the hold on command you can add lines to an existing plot. 

Example2: 

 The following MATLAB command is used to plot sine and cosine lines on the single graph using multiple argument.

t= 0:0.01:4*pi;

y=sin(t);

z=cos(t)

plot(t,y,t,z)

title('my first multiple plot using MATLAB')

xlabel('time in [second]');

ylabel('amplitude')

grid


Example 3

The following MATLAB command is used to plot sine and cosine lines on the single graph using  hold on command 

t= 0:0.01:4*pi;

y=sin(t);

z=cos(t);

plot(t,y);

hold on 

ishold 

plot(t,z);

hold off;

title('my first multiple plot using MATLAB')

xlabel('time in [second]');

ylabel('amplitude')

grid


Line and mark style: To identify multiple lines on the same graph different line types must be  used for each pair. For example  

plot(x, y,’ *’)

draws a point plot using * mark symbols while 

plot( X1 Y1,’0’ , X2,Y2, ‘+’)

use a circle line on the first curve, and the plus symbol + for the second curve. Other line points are 

Lines-type
Point Type 

Solid    –

Dashed  - -

Dotted  .

Dah_dot -.
Point   .

Star   *

Circle  0

X marks  X 

Example 4

The following MATLAB command is used to plot sine and cosine lines on the single graph using  hold on command. The dotted line’:’ is used for the sine curve and the plus’+’ symbol is used for the cosine curve.

t= 0:0.01:4*pi;

y=sin(t);

z=cos(t);

plot(t,y,’:’);

hold on 

ishold 

plot(t,z,’+’);

hold off;

title('my first multiple plot using MATLAB')

xlabel('time in [second]');

ylabel('amplitude')

grid


Color : On the system that support color, line, and mark colors may be specified in manner similar to line and mark types. For example 

plot( X,Y,’r’)

plot(X,Y, ‘+g’)

Use a red line on the first graph and green +-marks on the second. Other 

Example 5

The following MATLAB command is used to plot sine and cosine lines on the single graph using  hold on command. The red line is used for the sine curve and the green +marks  is used for the cosine curve.

t= 0:0.01:4*pi;

y=sin(t);

z=cos(t);

plot(t,y,’r’);

hold on 

ishold 

plot(t,z,’+g’;

hold off;

title('my first multiple plot using MATLAB')

xlabel('time in [second]');

ylabel('amplitude')

grid

Subplot:

 In many situations, it is more appropriate to plot several data sets on separate axis in one Figure window rather than plot multiple data sets on a single axis. The subplot(m, n, p) command subdivide the current figure window into m-by-n matrix of plotting areas and choose the p-th area to be active. The subplots are numbered left to right along the top row, then the second row, etc.

Example 6

We want to plot sin(t), cosine(t), 2sin(t)cosine(t) and sin(t)/cosine(t) on separate axis in one figure window.  We use the following MATLAB cods to plot the above given four graphs.

t= 0:0.04:4*pi;

x=sin(t);

y=cos(t);

z= 2*sin(x).*cos(x);

a=sin(x)./cos(x);

subplot(2,2,1)%pick the upper left of the four space

plot(t,x),

title('sin(t)')

subplot(2,2,2)

plot(t,y)

title('cosine(t)');

subplot(2,2,3)

plot(t,z);

axis([0 2*pi -1 1])

title('2sin(t)cos(t)');

subplot(2,2,4)

plot(t,a)

title('sin(t)/cosine(t)');


2. Control Flow:

Control flow is extremely powerful since it lets past computation influence future operations. MATLB E offers three decisions making or control flow structures. They are For loops, While  loops, and If –Else loops. 

For loops: For loops allow a group of commands to be repeated at a fixed, predetermined number of times. The general For Loop is:

For x= array

{commandes}

end

The {command} between the for and end  statements are executed once for every columns in  array.

Example 6: We consider the following codes

for n=1:10

x(n) =sin(n*pi/10);

                                                             end

                                                              x 

x =

  Columns 1 through 7 

    0.3090    0.5878    0.8090    0.9511    1.0000    0.9511    0.8090

  Columns 8 through 10 

    0.5878    0.3090    0.0000

In words the first statements says for n= 1 to ten evaluate all statements until the next end statements. The first time through the for loop n=1, the second time, n=2, and so on until the n=10 case. After the n=10 case, the for loops ends and any commands after the end statements are evaluated, which in this case is to display the computed elements of x.

Three dimensional mesh surface plot: The code mesh(z) creates a three dimensional perspective plot of the element in matrix Z. A mesh surface is defined by the Z coordinates of points above a rectangular grid in the X-Y plane. The plot is formed by joining points with straight lines. Mesh can be used to visualize large matrices that are otherwise too large to print out in numerical form. 

Example 

Suppose we want to plot the function given by
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the above equation is the eqaution of a sphere with radius 1 and center at the origin . To plot the graph first we need to solve for z.
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Where 
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 is the top half of the sphere and 
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 will be the bottom half of the sphere. First we plot the top half of the sphere and the bottom half of the sphere separately. Then by using a subplot command we plot both on the same window.  The following codes plot the top half of the sphere between 
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for m=1:11;

   x=(m-6)*0.1;

   for n=1:11

      y=(n-6)*0.1;

      z1(m,n)=sqrt(abs(1-x.^2-y.^2));

end

end

mesh(z1),title('my first 3-D graph')

xlabel('X axis'), ylabel('Y-axis'), zlabel('Z-axis')


The following codes plot the bottom half of the sphere between 
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for m=1:11;

   x=(m-6)*0.1;

   for n=1:11

      y=(n-6)*0.1;

      z2(m,n)=-sqrt(abs(1-x.^2-y.^2));

end

end

mesh(z2),title('my first 3-D graph')

xlabel('X axis'), ylabel('Y-axis'), zlabel('Z-axis')


The following codes plot the both the top and the  bottom half of the sphere between 
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for m=1:11;

   x=(m-6)*0.1;

   for n=1:11

      y=(n-6)*0.1;

      z1(m,n)=sqrt(abs(1-x.^2-y.^2));

      z2(m,n)=-sqrt(abs(1-x.^2-y.^2));

   end

end

subplot(2,1,1),mesh(z1),title('my first 3-D graph')

subplot(2,1,2), mesh(z2)

xlabel('X axis'), ylabel('Y-axis'), zlabel('Z-axis')

title('my first 3-D graph')


ii. INTRODUCTION TO SIMULINK

As we introduce in chapter 1 SIMULINK is  an extension of MATLAB that is used to simulate dynamics Systems. In this section we will describe the basic concept and some of the command we will be using to simulate dynamic systems. We will take you step by step through simple examples and show you how to build models.  

We can access SIMULINK by typing its name, simulink, at the MATLB prompt. (we must be first in MATLAB).  After the program has been invoked, the main block of SIMULINK will be displayed in a new window. 


Example1

We want to realize a circuit that simulate the behavior of the dynamic system given by 
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The block diagram that simulate the given system is shown below
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The corresponding SIMULINK block diagram is 


Example 2

We consider the second order dynamic system given by

With
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and with two different  value of u which is step t and ramp t

The block diagram that simulate the system is 
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The corresponding SIMULINK block when the input is step given below

The block diagram when the input is Ramp (linear) function is given below
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