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It is well-known that a line can be easily divided into any given number of equal parts, using
ruler and compass. However, if we try to do the same with an arbitrary angle, the situation is
quite different. For example it has been proven by P. L. Wantzel (1836) using group theory
developed by Galois, that it is impossible to trisect every angle using only ruler and compass.
However, the search for approximate solutions to this problem turned to be very popular.

In this paper will be shown how we can approximately divide a given angle O0<a <7 by a
constructible number n >1 using a ruler and a compass. It is a trivial task to divide o by 2%,
k e N , and for any other n we have

(04 < (04 < o
2k+1 n 2k

where 2¢ <n <2,

Let us begin with n =3, and let the given angle ¢ be ZAOB shown in Fig.1.

Fig.1
In Fig.1 the following relations hold

LAOZ:Ea, 4AO4:£a, 4AO8:la,
2 4 8

and




Next we will show that ZAO3 ~ %a . Let OA’=r . From Fig.1 follows

03 =-02'+-04
2 "2

a:rcos%nrsin%T , a:Zrcong+2rsingT ,

— r

a o, . a . a.z?
03 =—[(cos—+2cos—) 1 + (sin— + 2sin — ,
2[( 5 4) ( 5 4)J]

and finally

. a . a
Sin— +2sin—
ZAQ3 = arctan ’ 4 1)
a a
COS— + 2C0S—
2 4

If we expand the right-hand side of (1) in Taylor series in terms of « , we get

4AO3=1a— L a’ - L a’+--- : (2)
3 5184 995328

From (2) we can conclude that Z/AO3 ~ %a :

In Fig.2 is shown the relative error for n=3 and a (0, 7].

Error in [%], O<alpha<=pi, n=3

180/pi*alpha

Fig.2



Let us now discuss the general case, Fig.3.
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Suppose that ¢ = 2" Snszk”:d,ezz(k{l and n=2%1, where 1< 1 <2, s0we have
g_2k+10_ﬁ
n 24 A

Then with obvious notation we may represent n by the line point N on the line segment

C'D inFig.3 . So we have

CN _n-2
C_(D 2k+l_2k

=1-1 ,and

ON =[1-(1-1)]OC'+ (1 -1)OD ,
=(2-A)r(cos 26’?+ sin 20?) +(4 —1)2r(cos€?+ sin 6?) :

Let ZAON = ¢, then

(2-2)sin260+2(A-1)sin@

@ = arctan : (3)
(2—A1)cos20 +2(4 —1)cos@
. 20 « . .
From (3) we see that if A=1, then g0:2<9:7:— , and likewise if 4=2, then
n
20 « i 4
p=0= Iy as expected. For Asuchthat 2—1=2(41-1) ,itis A= 3’ from (3) follows



2sin 39 c0s?
sin20 +sin @ S 7COSE

Q= arctanﬁ = arctan 2—9 )
COS 20 + COS ZCOS?COSE

o) (p=% . In this case ON bisects /DOC’ and (pzi_ezﬁ . Hence for 1 =1, %and 2,
n

e @ and the construction is exact.
n

It is convenient to expand (3) in Taylor series in terms of < for n> 1, aided by the fact that it
n

must be exact for 1 =1, %and 2. We find

(p:ﬁ+1u—1)@—5@—2){&(2)(3) 0 ] <4 —} @
n 8 3 n n n

where the first few K, (1) are

K, (4) =1,
K, (4) = %(25@2 _724+48),

K,(A) = 1# (15611" —90004° +189604* —172804 +5760),

3440
1

= ————(1819451° —15739922° +5585328* —10402560.1° +107251204° —
3870720

K¢ ()
—58060804 +1290240) .

It is interesting that K, (1), K, (1), K¢ (1) have all their roots in the interval [1, 2].

. (94 .
If we write error R(a,n) = ¢ ——, and relative error
n

- @ "2y 5)
n
then for % <1 from (4) and (5) we get
1 4 o ? a ?
PN - 2)(—) {Ko(z) - KZ(MH } . ©)
n n



Then for ¢ =7 and 1<n<2, numerical search using (3) and (5) gives maximum |p|

occurring at n=1.64 approximately, with p =—-0.03688 (slightly over 3.5%),and (6) gives

p ~—0.03663, close to the correct value, suggesting that we have convergence in (4) for
n>1 and O<a <7, see Fig.4 and Fig.5.

Maximum error in [%)]

Maximum error in [%] multiplied by 4%, a=floor(log2(n))

n real number

Fig.4

Fig.6
In Fig.6 the following relations hold
3 3 3
4AO4/3:Za , ZA08/3 = ga, ZA016/3=—«a,

OA' —20A, OA"= > 0A,
3 4



According to Fig.6 there

If 2* £n<%2k,then

¢:

1

8’/33=%8’/34, 516/3 =
1

—4"16/3,
4

16'/36 =216'/38, ﬁzﬁzgle'ms .

are two cases:

else if %2" <n<2“! then

@ = arctan

(4-2% —3n)sin < + 4(n—2")sin Sa

k k
arctan 20[ 4éi :

4.2% —3n)cos—. +4(n—-2%)cos

( ) ok ( ) 4.0¢

k+1 H 3 K\ : a
2(2 —n)sm4.2k +(3n—4-2%)sin St
2(2%* —n)cos 43?(; +(3n—4-2%)cos 23“

The relative error is shown in Fig.7 and Fig.8.
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