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Introduction 
 
For any SISO analytic system, there exists a functional series representation of the form 
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[1] 
where y is the output, x is the input and ),,,( 21 iih τττ L  are the kernels of the system. For 

linear systems, all kernels except )(1 th  are zero. For linear time-varying systems, 2h  
exists also. 
We have the multidimensional Laplace transform pair, 
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Part I - An “Association Reduction” Method [1] 
 
Applying the multidimensional Laplace transform to equation (1), neglecting the trivial 
first term, yields 
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Where iR  is called an “thi order association reduction”, defined to be
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where 11 −≤≤ ni . 
 
It has been shown [2] any kernel in a system composed of linear time-varying subsystems 
and time-invariant nonlinearities represented by a power series and combined by the 
operations multiplication, addition, cascade and feedback, can be written in the form 
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where the ( )snN  are polynomials in n variables. Some of the n variables can be missing, 
but not so as to create overlapping pole terms. “Overlapping” means that two terms 
contain a common complex variable while each contains at least one complex variable 
not contained in the other. For example, the terms ( )α++ 31 ss  and ( )γ++ 21 ss  are 

overlapping since each contains 1s  and only the second, 2s . Clearly ( )α+++ 321 sss  

and ( )γ++ 21 ss  are not overlapping. 
 
A Heaviside-type expansion can be used to reduce and expand multidimensional Laplace 
transform kernels and thus eliminate the need to evaluate the integrals of the association 
reduction formula (5). 
Applying this to two-dimensional kernels, they can be reduced to one s-variable and then 
solved by traditional techniques. 
 
Reduction and expansion of two-dimensional kernels 
The partial fractional expansion can be most easily introduced through its application to 
two-dimensional kernels. 
It is desired to reduce the general two-dimensional kernel 
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Applying the association reduction (5) to this kernel, 
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Since ( )212 ,N ss  is composed of the same three types of factors as may be present in the 

denominator, therefore the substitution of  us −  for 1s  and u for 2s  will produce a 
separable integrand; i.e. the equation will be of the form 
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and the integrand can be evaluated by summing the residues of the integrand at the zeroes 

of ( )u
~

D . Equation (7) thus becomes 
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This expression is a function of only one Laplace variable and therefore can be expanded 
using Heaviside’s theorems [4, pp. 317-323], yielding 
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The variables s and u in the bracketed expressions are defined by the substitutions in (8), 
of us −  for 1s  and u  for 2s . The expressions can now be written in terms of the original 

variables by replacing u  with 2s  and s  with 21 ss + , yielding 
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Comparing this with (7) reveals that each term of the summation contains ( )212 ,F ss . 
Equation (12) can therefore be simplified to the desired result: 
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Theorem 1. The reduction and expansion of a realizable two-dimensional Laplace 
transform kernel of the form 
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Where ( )212 ,N ss  is a polynomial in 1s  and 2s  , yields 
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Note that the realizability criterion is imposed in order to assure that the association 
reduction would not yield a one-dimensional kernel having a numerator of higher degree 
than the denominator, which would mean that the resulting kernel is not Heaviside 
expandable. 
Note that the order in which the association reduction integrals are evaluated is arbitrary, 
and therefore the roles of the variables 1s  and 2s in Theorem 1 could be interchanged, if 
such is deemed beneficial. This will be, of course, equally valid for all n  variables in the 
reduction of an n -dimensional kernel. 
 
Example. Consider the reduction and expansion of a typical two-dimensional kernel 
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Using the above theorem, 
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Plugging in the indicated terms yields 
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This is much easier than direct association reduction followed by partial fraction 
expansion. 
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Part 2 – Reduction of Order Via Association of Variables [5] 
 
In certain types of systems analysis, it becomes essential to invert the n-dimensional 
Laplace transform and specify the inverse image at a single variable, t. We denote this 
image function of one variable as 
(1) ( ) ( ) ttttn n
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One approach to obtain the time function, ( )tg , is to associate with ( )nss ,,,sF 21 L  a 

function ( )sG  from which an application of the one-dimensional inverse transform yields 

( )tg . This particular approach is called “Association of Variables”. The function ( )sG  is 

said to be the associated transform of ( )nss ,,,sF 21 L . 

 
Suppose ( )sG  is the associated transform of  ( )nss ,,,sF 21 L  and ( )sG1  is that of  
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Where nA means the association process for finding ( )sG  from ( )nss ,,,sF 21 L  and 1nA −  

has a similar meaning. (Proof: see [5]). 
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Conclusions 
 
Although the field of multidimensional Laplace transforms does not appear to be a 
heavily-worked one, still, the above is only a tiny sampling of the theorems to be found in 
the literature. The understanding of this subject by humanity is still far from good. 
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